BANDIT PROBLEMS WITH LEVY PAYOFF PROCESSES

ASAF COHEN AND EILON SOLAN

ABSTRACT. We study one-arm Lévy bandits in continuous time, which have
one safe arm that yields a constant payoff s, and one risky arm that can be
either of type High or Low; both types yield stochastic payoffs generated by
a Lévy process. The expectation of the Lévy process when the arm is High is
greater than s, and lower than s if the arm is Low.

The decision maker (DM) has to choose, at any given time ¢, the fraction of
resource over the time interval [¢,t+ dt) to be allocated to each arm. We show
that under proper conditions on the Lévy processes, there is a unique optimal
strategy, which is a cut-off strategy, and we provide an explicit formula for the
cut-off and the corresponding expected payoff from the data of the problem.
We also examine the case where the DM has incorrect prior over the type of
the risky arm, and we calculate the expected payoff gained by a DM who plays
the optimal strategy that corresponds to the incorrect prior.

In addition, we study some applications of the results: (a) we show how
to price information in one arm Lévy bandit problem, and (b) we investigate
who fares better in one-arm bandit problems: an optimist who assigns a prob-
ability higher than the true probability to High, or a pessimist who assigns a
probability lower than the true probability to High.

1. INTRODUCTION

Consider a firm that has to determine, on an ongoing basis, how much to invest
in the research of new technologies for its next line of products. The firm faces a
tradeoff between exploration and exploitation: on the one hand, it can adopt the
technology that seems most successful according to the research conducted so far,
thereby exploiting its investment in research, and on the other hand, it can continue
investing in other technologies, in the hope of finding an even better technology for
its products. If the firm decides to stop investing in a given technology, then no
information will be obtained on that technology, so even if it is actually better than
the finally adapted technology, it will never be adapted.

A similar tradeoff between exploration versus exploitation arises, e.g., in the
market of venture capital funds, where each fund has to decide in which start-up
companies to invest, and in clinical trials, where pharmaceutical companies have to
decide which new drugs or treatments to explore.

To concentrate on the issue of exploration versus exploitation, one assumes that
there are no exogenous factors that affect the firm’s decision (such as new tech-
nologies or drugs that are introduced by competitors). The optimization problem
that the firm faces has been modelled in the literature as a multi-arm bandit prob-
lem (see, e.g., Bergemann and Valimaki (2006), Keller, Rady and Cripps (2005),
Basenko and Wu (2008), Klein and Rady (2008)): a decision maker has finitely
many actions, called arms, each one yields a payoff with an unknown distribu-
tion, that is taken from a finite set of distributions. Each time the decision maker
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chooses an arm, he obtains a payoff, and improves his information regarding the
correct payoff distribution of the arm that he just chose.

Gittins and Jones (1979) in discrete time, and Kaspi and Mandelbaum (1995)
in continuous time, proved that the optimal strategy of the decision maker has a
particularly simple form: the decision maker calculates a real number, an index, to
each arm, based on the payoffs that the arm obtained in the past; he then has to
choose at each period the arm with the highest index. It turns out that to calculate
the index of an arm it is sufficient to consider an auxiliary problem with two arms:
the arm to which we calculate the index, and an arm that yields a constant payoff.
The literature therefore focuses on such problems, called one-arm bandit problems.

The simple structure of the optimal strategy allows one to find an explicit formula
for the index when the payoff is one of two distributions that have simple form.
Berry and Friestedt (1985) provide the solution to the problem in discrete time, e.g.
when the payoff distribution is one of two Bernoulli distributions, and in continuous
time, e.g., when the payoff distribution is one of two Brownian motions. Karatzas
(1984) characterized the index when the payoft’s distribution is a diffusion process.
Using Markovian excursion theory, Kaspi and Mandelbaum (1995) characterized
the index when the payoff’s distribution is a Levy process, and they were able
to obtain an explicit form for the index for special distributions. By studying
the dynamic programming equation that describes the problem, Keller, Rady and
Cripps (2005) and Keller and Rady (2008) provide an explicit form for the index
when the payoff’s distribution is Poisson.!

In practice, payoff processes have a complex form, exhibiting both small random
changes that can be modelled by a Brownian motion, and large shocks that can be
modelled by a Poisson distribution. In fact, Carr and Wu (2004) argue that almost
all economic phenomena can be described by time shifts of Levy processes, and
therefore it is desirable to study the bandit problem when the payoff distribution
is one of finitely many Levy distributions.

In the present paper we provide an explicit solution to the one-arm bandit prob-
lem when the payoff’s distribution is one of two Levy processes. We assume that
one distribution, called High, dominates the other, called Low, in a strong sense
(see Assumption 2.1 below). To eliminate trivial cases, we assume that the con-
stant payoff that is generated by the safe arm is lower than the expected payoff
generated by the High distribution, and higher than the expected payoff generated
by the Low distribution.

In such a case in discrete time, the optimal strategy is a cut-off strategy: the
decision maker keeps on experimenting as long as the posterior belief that the
distribution is High is higher than some cut-off, and, once the posterior probability
that the distribution is High falls below the cut-off, the decision maker switches
to the safe arm. As is well known, in continuous time the notion of a strategy
is not well defined. We prove that when the two payoff distributions are Levy
processes that satisfy our requirements, among all strategies that define a unique
play, the optimal strategy is a cut-off strategy, and we provide an explicit expression
for the cut-off, in terms of the data of the problem. When particularized to the
models studied by Kaspi and Mandelbaum (1995), Keller, Rady and Cripps (2005)

IThese authors also studied the strategic setup, in which several decision makers have the same
set of arms, and their arm’s payoff distribution is the same (and unknown), and they compared
the cooperative solution to the non-cooperative solution.
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and Keller and Rady (2008), our expression reduces to the expressions that they
obtained.

We then apply our solution to three problems. First, in the context of multi-arm
bandit problems in continuous time, we provide an explicit expression for the index
of the arm. This characterization allows one to describe the optimal strategy in a
multi-arm bandit problem, when each arm’s payoff can be one of two Levy processes
that satisfy our assumptions.

Second, we use our characterization to find the fair price of additional informa-
tion. Suppose that the decision maker can purchase additional information, which
refines his information regarding the payoff’s distribution. Plainly, the more in-
formation that the decision maker has, the higher is his optimal payoff. Suppose
that the payoff’s distribution, without the additional information and with the ad-
ditional information, is a Levy process. Our technique can be used to provide an
explicit expression for the fair price of the additional information.

Third, we use our characterization to study the role of optimism and pessimism
in bandit problem. A decision maker is called optimist if his prior probability that
the payoft’s distribution is High is higher than the true probability, and he is called
a pessimist if his prior probability that the payoff’s distribution is High is lower
than the true probability. Using our characterization we find who fares better: an
optimist or a pessimist.

The rest of the paper is arranged as follows. The model and the main results
appear in Section 2. All proofs appear in Section 3.

2. THE MODEL AND THE MAIN RESULTS

2.1. Reminder on Lévy Processes. Lévy processes are the continuous-time
analog of discrete time random walks with i.i.d. increments. A Lévy process
X = (X (t))i>0 is a continuous-time stochastic process that (a) starts at the origin:
X(0) = 0, (b) admits cadlag modification,? and (c) has stationary independent
increments. Few examples for Lévy processes are a Brownian motion, a Poisson
process, and a compound Poisson process. The latter is a continuous time process
in which jumps arrive according to a Poisson process and the jumps are i.i.d.?

We now present the Lévy-Ito decomposition of Lévy processes. Let (X (t)) be
a Lévy process. For every Borel measurable set A C R {0}, and every tg € R, let
N(tg, A) be the number of jumps of (X (¢)) in the time interval [0, o] with jump
size in A:

N(t,A) =#{0 < s <HAX () := X(t) - X(t—) € A} = Y xa(AX(9)),

0<s<t

2That is, it is continuous from the right, and has limits from the left: for every tg, the limit
X(to—) := tl}rrtloX(t) exists a.s. and X (tg) = tli\rrtloX(t).
3Formally, let A > 0 and let D be a distribution over R\{0}. A compound Poisson process with
N(D)

e Z Di7
i=1
where N (¢) is a Poisson process with rate A and D; are independent and identically distributed

random variables, with distribution function D, which are also independent of (N(t));>o-

rate A and jump size distribution D is a continuous-time stochastic process given by X (t)
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where x4 is the indicator of the set A. By Applebaum (2004), for every ¢ € R one
can define a Borel measure on B(R\{0}) by:

u(A) = B[N (1, A)] = / N(t, 4)(w)dP(w).

where (Q, P) is the underlying probability space. The measure v(A) := ¢1(A) is
called the Lévy measure of (X (t)), or the intensity measure associated with (X (¢)).
If the Lévy measure v is finite, that is, if ¥(R\{0}) < oo, then the expected
number of jumps in the time interval [0,1], and therefore in any compact time
interval, is finite a.s. If ¥(R\{0}) = oo, the number of jumps in any compact time
interval is infinite a.s.
By the Lévy-Ito decomposition, every Lévy process can be represented as follows:

(2.1) X(t) = put + B, (t) + /mN(Ldm)—i— /xN(t,dx),

x>|1] z<|1|

with Lévy measure v, where B,(t) is Brownian motion with standard deviation
o, and N(t,A) = N(t,A) — tv(A) is the compensated Poisson process, which is
independent of B, (t). When the Lévy measure is finite, the last two terms in (2.1)
vanish, and X (¢t) = pt + B, (t) + L(t), where L(t) is a compound Poisson process
independent of B, (t): jumps arrive at a Poisson rate with expectation v(R\{0}),
and the distribution of each jump is given by the Lévy measure v.

2.2. Lévy Bandits with a Finite Lévy Measure. A decision maker operates a
one arm bandit machine in continuous time, with a safe arm that yields a constant
payoff s, and a risky arm that yields a stochastic payoff (X(¢)), which is a Lévy
process. The risky arm can be of two types, High or Low. We denote the arm’s type
by 6: if the type is High (resp. Low) we set § = 61 (resp. 8 =05). If 0 =0,,i=1,2,
the risky arm yields payoff (X?(¢)), which is a Lévy process. In this section we as-
sume that the Lévy measures of both (X!(¢)) and (X?2(t)) are finite, and therefore
a.s. there are only finite many jumps in each compact time interval. Denote the
Lévy-Ito decomposition of (X%(t)), i = 1,2, by X(t) = u;t + By (t) + Li(t), where
L(t) is a compound Poisson process with measure v;, independent of B, (t).

Set ; := v;(R\ {0}), and denote by H; := [ hv;(dh)/v; the expected jumps
size of (X'(t)). The expectation of the risky arm at time ¢ = 1 if § = 6; is

Throughout we make the following assumption, which states that the High type
is better than the Low type in a strong sense.

Assumption 2.1.

Al go<s< g <.

A2. 01 =09 =o0.

A3 py > pa.

AY. for every A € BR\ {0}), v2(A) <11(A) < 0.

The first part of Assumption 2.1 merely says that a High (resp. Low) type
provides higher (resp. lower) expected payoff than the safe arm, and it rules out
trivial cases.
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The second part states that both the High and Low type Lévy processes admit
the same standard deviations of the Brownian motion component. Otherwise, the
DM can distinguish between the arms in any infinitesimal time interval.

The third and forth parts of the assumption are less innocuous; they require that
the Lévy measure of the High type will dominate the Lévy measure of the Low type
in a strong sense, and the drift of the High type will dominate the drift of the Low
type.4

At each time instance ¢, the DM chooses the proportion of time to devote to
each of the two arms. If he chooses to devote a proportion k of the current time
instance to the risky arm, then he receives an instant payoff dY* = dY¥ + dYk,
where dY¥ = (1 — k)sdt is the payoff from the safe arm, and dY} = dYE + dY} is
the payoff from the risky arm. Here dY} is the payoff from the compound Poisson
process with the Lévy measure k - v;, i = 1,2, and dY§(t) := kudt + VkodZ(t) is
the payoff from the Brownian motion with drift, where Z(t) is a standard Brownian
motion.

A strategy & is a (measurable) function, that assigns to each history a number in
the interval [0, 1], that is interpreted as the amount of time in the interval [t, ¢ + dt)
devoted to the risky arm. In continuous-time, it is usually assumed that a strategy
is predictable, that is, to determine the behavior at time ¢ it is sufficient to know
the history strictly before time t. Formally, k; is F/_-measurable, where F[_is the
o-algebra generated by the stochastic process (I(t)) of the discounted payoff with
discount rate r, up to (excluding) time ¢: I(t) := fot re”"tdY " (t). Tt is well known
that in discrete-time bandits with independent identically distributed payoffs and
geometric discounting, the optimal strategy depends only on the posterior belief
(see Berry and Fristedt, 1985). Exponential discounting is the continuous-time
analogues of geometric discounting. Therefore we will restrict ourselves to the class
of Markovian strategies.

Definition 2.2. A Markovian strategy is a function & : [0,1] — [0, 1].

The interpretation of x is as follows: if p; := P(6 = 0;|F]_) is the posterior belief
at time ¢ that the risky arm is High, then the proportion of time in the time interval
[t,t + dt) that is devoted to the risky arm is k(p;).

As is well known, the play under a Markovian strategy is not well defined. Indeed,
let pg be the prior belief of the DM, and consider the following Markovian strategy
K

2:2) o) = {i’ oo

That is, the DM plays safe if his belief is pg, and he plays risky otherwise. If the
payoff process is such that when the DM always chooses the risky arm, the belief
is different than pg for every ¢ > 0,°there are two histories consistent with x: one
in which the DM always chooses the safe arm, and one in which he chooses the

4In fact, our results hold without assuming p1 > p2; we use this restriction out of convenience.
Ssuch a case occurs,e.g., when the risky arm is either a constant zero (Low), or yields payoffs
according to a Poisson process (High). Keller, Rady and Cripps (2005) show that the posterior in

this case decreases until a jump arrives, and then the posterior is equal to 1.
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safe arm at ¢ = 0 and the risky arm afterwards. To overcome this difficulty while
capturing the intuition that continuous time is an idealized model of discrete time,
we restrict ourselves to a sub-class of Markovian strategies. [at each time instance
t the DM plays the same action over the time interval [¢,¢ + At), according to the
belief at time t— (the limit from the left always exists due to the cadlag property
of Lévy processes), and taking At — 0]. In the example above, in this construction
the safe arm is always chosen. It is not known if the restriction mentioned is
enough. Therefore we also restrict the discussion for strategies that do not have
two consistent histories. Various classes of strategies that satisfy the restriction are
cut-off strategies: play risky as long as the posterior belief is higher then p*, and
safe otherwise, and piecewise cut-off strategies: any piecewise constant function on
the posterior interval [0, 1] taking values in the action interval [0, 1].

2.3. The Optimal Strategy. The expected discounted payoff under a strategy s
when the prior is pg = p is

Vi(p) = E { /0 b re”dY“(t)]
_E { /0 T rertay ()

91} +(1-p)E [ /0 ety (h)

a

Let U(p) = supV,(p) be the maximal payoff a DM can achieve. As we show below,

a DM has an optimal strategy, so in fact the supremum in the definition of U(p)
is achieved. The function Vi (p) is linear with respect to p, and therefore U(p), as
the supremum of linear functions, is convex. By always choosing the safe arm, the
DM can achieve at least s; Since U(0) = s, the convexity of U(p) implies that U is
non-decreasing.

Proposition 2.3. U(p) is monotone non-decreasing, convex, and continuous in p.

It follows from Proposition 2.3 that there is p* such that U(p) = s if p < p* and
U(p) > s otherwise, so that the strategy x = 0 that always chooses the safe arm, is
optimal for [0, p*].

Our first theorem states that there is a unique optimal strategy, which is a cut-off
strategy. Moreover it provides the exact cut-off and the corresponding expected
payoff in terms of the data of the problem. Let o be the unique solution of

23) fn) = [ walan) (ngjg)"+n<u1—uz>—u2+§<n+1>n (”;’“‘)— 0

in (0,00). The existence and uniqueness of such a solution are proved in Lemma

3.4 below.

Theorem 2.4. Denote p* = (a+1)(;(f;)%i2x(s—g2)' Under Assumption 2.1, the
unique optimal strategy is
«_ )0 ifp<p,
R =
1 ifp>p*.
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The expected payoff under k* is

(2.4) U(p) = Vi (p) = { VPSD,

g2+ (91 —g2)p+ C(L = p)(5B)* if p > p¥,

_ $=92—p"(91—9g2)
where C = ) ()

This theorem generalizes the results of Keller, Rady and Cripps (2005) and
Bolton and Harris (1999) for the one agent problem. In Keller, Rady and Cripps
(2005), the risky arm is either the constant zero (Low, so that v, = 0), or yields
a payoff according to a Poisson process (High). If the risky arm is High, the only
component in the Lévy-Ito decomposition is the compound Poisson component,
which is a standard Poisson process with constant jump size h, so that vy (h) = X
and zero otherwise. Therefore, g; = Ah, go =0, and o = r/\.

In Bolton and Harris (1999), the only component in the risky arm is the Brownian
motion with drift. Therefore v; = 0, so that g1 = 1, g2 = p2, and a = (=1 +
V158007 (i1 — 12))/2.

The cut-off p* is an increasing function of a. As can be expected, « is increasing
in the discount rate r and in vo(dh), and it is decreasing in v;(dh) and in |y — pa| :
the DM switches to the safe arm earlier as the discount rate increases, or as jumps
provide less information. Moreover, a(r = 0) = 0 and a(r = c0) = co. In Sections
2.5 and 2.6 we extend the results to the case that the prior belief of the DM is not
the true prior pg, and to Lévy processes with infinite measure. In Sections 2.4, 2.7
and 3.7 we provide three applications to our results and techniques.

2.4. Gittins Index. Suppose a DM faces a multi-arm Lévy bandit, with n inde-
pendent arms, such that each arm is risky and can be of two types, High or Low,
as defined in Section 2.2. For each arm there is a prior probability that the type is
High. At each time instance t, the DM must operate one arm. According to Git-
tins and Jones (1979) the optimal strategy can be formulated as follows: for each
k, attach an index to the k-th arm called the Gittins index, that depends only on
its data (g¥, g%, p5, o¥), and the history of the payoff received from that arm. At
each time instance ¢, the DM chooses the arm with the highest index. The Gittins
index is the parameter s such that the DM will be indifferent between the safe arm
and the risky arm given his prior pg.

Corollary 2.5. The Gittins index for a Lévy bandit, in which all arms satisfy

Assumption 2.1 is GI(g1, g2, p, ) = ap(gl*g;);;pgﬁa”.

2.5. The Payoff with Incorrect Prior. In decision problems it is usually as-
sumed that the decision maker (DM) either knows the true state of nature, or has
some prior distribution over the set of states of nature. Experiments show that
the prior distribution that decision makers have is often different than the true
distribution. The phenomenon of overconfidence — assigning a too high probability
to the good state of nature — has been observed in various areas (Svenson (1981),
Baumhart (1968), Larwood and Whittaker (1977), Cross (1977), Weinstein (1980),
Camerer and Lovallo (1999)). Babcock and Loewenstein (1997) argue that biases
in bargaining may be self serving, and Heifetz, Shannon and Spiegel (2007) show
that biases of preferences may be stable.
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In every decision problem, a DM who correctly perceives the prior distribution
will fare better than a DM who has some bias, and believes that the prior dis-
tribution is different than the correct one. Indeed, an optimal strategy of a DM
who correctly perceives the prior distribution is a strategy that yields the highest
possible gains for this prior distribution, so it yields at least as much as any other
strategy, in particular, optimal strategies for incorrect prior distributions.

Denote the initial belief of the DM for the High type by qo, and suppose that
it may be different from the true probability pg. In this section we give an exact
formula for the payoff, assuming the DM plays optimally given his belief. We will
also describe the optimal strategy from a different point of view, not as a cut-
off strategy. This point of view is arguably closer to the way people perceive the
decision problem that the DM faces.

Suppose that until time ¢, DM chose the risky arm, observed jumps hq, ...h,, from
a compound Poisson process, and Yé (t) is the Brownian motion with drift payoff
of the risky arm at to time ¢. The posterior belief q; := Py (61 |h1, ...hn; Y3 (t); qo) of
a DM who holds the prior ¢q is:®

(2.5)
_Opm-mn?
_ v A1)
S O L OhW-mgn?
Gy 2 e M Ln(dhy) + (1 —q)sose” 220 e [ a(dhy)

qoemYé(t)/02—uft/202e—:71t [1, 1 (dh;)
= qoemyé(t)/ﬂ,ﬁt/zg?e_glt Ht Vl(dhj) + (1 _ qo)e,ugYé(t)/g—27p,§t/20'26—172t Ht Vg(dhj)'

(Y —ut)?

Indeed, ﬁe ~ 20%¢  is the probability of receiving the payoff YBl,(t), given
the type 60;, and e*ﬁit% 1, vi(dh;)

o s the probability of receiving the jumps that
occurred until time ¢, given the type 6;. The first equality in 2.5 is the Bayesian
belief updating, using the independence of the components in the Lévy-Ito decom-
position, given the type of the risky arm, and the second equality is obtained by
eliminating common components.

Suppose the DM follows a cut-off strategy &’ with cut-off p’,
P 0 ifp<yp,
1 ifp>yp.

If go < p’, the DM will always choose the safe arm. If gg > p’ the DM will initially

choose the risky arm. Then DM plays as long as ¢; > p’, which, by Eq. (2.5), is
equivalent to:

GHt vi(dhj) is the product of v;(dhj) over all jumps h; that occur up to time t—. Similarly,
we use the notation ), as the sum over all jumps up to time t—.
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qoe‘“yé (t)/0®—puit/20° —nt

(1— qo)emYé(t)/a27;4§t/2a27172t

H v1(dh) - P’

(2.6) o T

t

By taking the natural logarithm, and rearranging the resulting terms, we obtain
that this inequality is equivalent to:

(2.7)
1 H1 + p2 o(vy — o) o 90 P’
~YA(t >K )+ t— x |In —In
o 5(0) 20 1 — 2 K1 — fi2 1—qo 1-p
dh;
_ LZIII (Vl( J)> '

H1— H2 = Vz(dhj)
The right hand-side in (2.7) is a piecewise linear function F -t — E — Gy of t, where
the slope F := (”1+“2) 4 o7=ta) 4o independent of ¢, the intercept at t = 0 is

20 1 —p2
. _o / . _o vi(dh;)
E:= 2 x {m(lgoqo) —ln(lf—p,ﬂ, and G, = -2, In (V;(dhj)). Denote
by Gj := mfw In (Z;EZZ;) the contribution of a jump of size h to the intercept.

From Eq. (2.7) we obtain the following alternative description of the optimal
strategy: The DM has a time dependent cut-off which is piecewise linear. The
slope of the cut-off function is always F', and whenever there is a jump of size h,
the cut-off decreases by G, (see figure —). The DM chooses the risky arm as long
as his current payoff from the continuous part of the Lévy process, Y3 (t), exceeds
the cut-off.

Therefore, at first, the DM plays until the payoff from the continuous part divided
by the standard deviation satisfies: Y3 (t) < F -t — Ej if a jump of size h occurs
before he stops, then E decreases by G}, and this behavior repeats itself. In case
there is no Brownian motion component, the DM chooses the risky arm for a fixed
amount of time, and then switches to the safe arm, unless a jump occurs, and then

the amount of time to choose the risky arm increases, as a function of :EZZ;

Theorem 2.6. Under Assumption 2.1, for every po € [0,1], the payoff of a DM
using the cut-off strategy with cut-off p’, denoted U(po, qo), is as follows:" if qo > p’,

(2.8)
Vb0 o) = (5 = guJro (1 ;oqo>a+l (1 p/p’)aﬂ + (s = 92)(1 — po) (1 ;o%)a (1 p/p’)a

+ g1p0 + g2(1 — po),

while if qo < p’, it is given by U(po,qo) = s.

One can verify that when the DM holds the correct prior, and plays according
to the optimal strategy *, Eq. (2.8) coincides with (2.4): U(pg,po) = U(po). Note
that U(po, qo) is continuous in all its parameters.

"We omit the dependency of U on p/, s, g1, g2.
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2.6. Lévy Bandits with an Infinite Lévy Measure. In this section we deal
with Lévy processes with infinite Lévy measures v;, i = 1,2. We make the following
assumption.

Assumption 2.7.

AAS5. g2 < 5 < ga.

AAG6. 01 =09 =o0.

AAT > pa.

AAS. v (R\{0}) = v2(R\ {0}) = oco.

AA9. Vl(R\ {0}) — Z/Q(R\ {0}) < 0.

AA10. v1(A) > va(A) for every A € B(R\ {0}).

As in Assumption 2.1, the first, second and last parts of Assumption 2.7 state
that the High type is better than the Low type in a strong sense. The second part
states that both the High and Low type Lévy processes admit the same standard
deviations of the Brownian motion components. The forth part of the assumption
states that both types have infinite Lévy measures, while the third part states that
V1 — Vo is a finite measure. In case vy — vy is an infinite measure the DM can
distinguish between the types in any infinitesimal time interval.

Let By € B(R\ {0}) be a maximal set (up to measure zero), such that vy (By) >
0 = v2(By); occurrence of a jump from By indicates that the risky arm is High. The
Radon-Nikodym derivative g(h) = Z;EZZ; exists on R\ ({0} U Bp). The assumption
that v; — v is a finite measure implies that v4(By) < oco. In this section we limit
the analysis only to cut-off strategies. The expected discounted payoff Vi (p) that
a strategy yields, as well as the optimal payoff U(p), are defined as in Section 2.2.

It is well known that the Lévy measure v; satisfies v;([—¢,€]¢) < oo® for every
€ > 0 (see Applebaum (2004)). We will therefore analyze the problem with infinite
Lévy measure as the limit of models with finite Lévy measures: we will study the
case in which the DM does not observe, nor receives, the payoff of jumps with
absolute value less then 1/n. Denote this problem by D,,, and denote the optimal
payoff in this problem by U,(p). The problem D,, falls into the class studied in
Sections 2.2, and 2.3, and therefore the optimal strategy x, is a cut-off strategy.
We will solve the original problem D by considering the limit of the solutions for
D,,, in Proposition (2.10) we prove that nlLH;OUn (p) exists.

Denote A,, = (—1/n,1/n)¢. For every cut-off strategy &, let (Y,*(t)), be the
process generated by the payoff process (Y*(t)),, ignoring jumps with absolute

value less then 1/n (jumps in AS). Let F* := a((Y,f(s))sSt) (vesp. Fy =

o ((Y"“(s))sgt)) be the o-algebra generated by the process (Y, (s)), (resp. (Y*(s)),),
up to time ¢.

Let (YT’:B0 (t))t (resp. (Y5, (t))t) be the process generated by the payoff process

(Y*™(t)),, ignoring jumps in A5 U By (resp. By). Let Gf' :== o ((Yj’BO (s))€<t> (resp.
Gii=o0 ((Yﬁ(s))sgt)) be the o-algebra generated by the process (lezBo (5))S (resp.
(Ygo(s))s), up to time ¢.

8For every set X C R, X°¢ is the complement of X.
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We will now construct the posterior process related to the general Lévy case.
By Assumption 2.7, v2(A,) < v1(4,) < 0o, so that Assumption 2.1 is satisfied for
the problem D,,, and therefore we can use the posterior process (2.5). Suppose the
DM always operates the risky arm. Then the posterior process using the filtaration
(G'), satisfies:

(2.9)
p(011G1") P Y5(t) t 0 _ on
le(dhj))
1
" zt: n(VZ(dhj) ’
h]‘GAn\BU

where 7' = [, w;(dh) is the rate of jumps with absolute value at least 1/n given
the type 6;. From this process we can see that the contribution of each jump h is

by a factor Z;Egzg
Since the processes In (%), and (111 (%))n have stationary in-

dependent increments, one can verify that both are Lévy processes. Moreover,
by Assumption 2.7(AA10) it follows that these Lévy processes have only positive

jumps a.s. The next Lemma states that the Lévy process In (%) is the limit
p(01197)

W)' The following lemma describes the evolution
t

of the posterior process when ignoring jumps in By (that reveal that the risky arm
is high). It also says that this posterior process is the limit, as n goes to oo, of the
posterior processes when ignoring jumps in AS U By.

of the Lévy processes In (

Lemma 2.8. Suppose the DM always operates the risky arm. Then the posterior
process using the filtration (Gy); satisfies:

(2.10)
011G Yt t o
(20 ) = (725 )+ T ) a0t =48 = 1t
Vl(dhj))
1 .
" zt: ! <V2(dhj)
h; €R\({0}UBo)

Moreover, P (p(61|G]*)(w) — p(01|G)(w) Vt) = 1.

The next proposition states that a DM who operates only the risky arm, and
ignores jumps that belong to By, will never be sure whether the arm is High or
Low. The intuition is that since jumps with size that is not in By may occur under
both X' and X2, the conditional probability of the High type given such jumps
cannot be 0 or 1. In particular, if all jumps are in R\ By, that is, if 4 (Bg) = 0,
then the DM will never know the true type of the risky arm. Since in continuous
time the amount of information that is revealed in a compact time interval may be
unbounded, it is not straight forward that such a result should hold.

Proposition 2.9. Under Assumption 2.7, 0 < p:(01|G) < 1 with probability 1, for
every t > 0.
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By Proposition 2.9, and by the discussion above, it follows that the posterior
probability 1 is achieved if and only if a jump of size in By occurs. Formally:

p(01|F7") (w) ) ( p(61]G1") (w)
2.11 n{——————"—|=In| ——F"——"———
240 () (e
convergence a.s to

p(01|7) (w) ) ( p(01|G:)(w) )
2.12 In ( AR )y (PO ) s (),
(2.12) (2 5arot) (i) + o
where dp(w) = oo if a jump that belongs to D occurred along the path w, and
dp(w) = 0 otherwise. The statement follows since p(#;|F;)(w) = 1 if and only if

P(B:1F () ) _
In (1—p<191\ft><w>) = 0o.

) + 0By a, (W)

Consider the problem D,. For i = 1,2, let 7> = [, v;(dh) be the intensity of
jumps with size in Ay, let H = [, hv;(dh) be the expected jump size, given that
a jump from A, occurred, let g = v’H + u; be the expected payoff ignoring

Qp
jumps in A¢, and let «,, be the solution of fA" va(dh) (ngg;g) + an (0] —08) —

U3 4+ $(oy, + 1)an(fin — fiz)? = r. The following proposition lists the continuity
properties needed to analyze the case of general Lévy processes. It states that as
the size of the interval which the DM ignores vanishes, the solution converges to
the optimal solution of the limit problem. We will then obtain that the optimal
payoff the DM obtains, ignoring jumps outside A,,, converges to the optimal payoff
using all the information available.

Proposition 2.10. Under Assumption 2.7, lim U,(p) = U(p).

We are now ready to find the optimal strategy for Lévy processes with infinite
measures. Let ¢g; = lim g be the limit of the expected payoffs, let o/ = lim a,
n—oo

n—oo

o 9 P s an(s—9g3) imi
be the limit of the «y,,” let p’ = nlingopn = nh_}rr;o(1+%)(g?_s)+an(s_gg,) be the limit
of the optimal cut-offs in D,,, let C' = lim C"™ = lim w be the limit
n— oo n— o0 (1*17”)(?75)0‘”
. 0 ifp<yp,

of the constants C,, of Theorem 2.4 in D,,, and let ' = 1 i ~, bea cut-off
p>p,

strategy defined by the limit of the optimal cut-off strategies in D,,.

Theorem 2.11. Under Assumption 2.7, k' is an optimal strateqy in the problem
D among all cut-off strategies, and it is the only optimal cut-off strategy. The value
function is:

o _ s ifpﬁp/a
Ulp) = Ve (p) {92 + (91 —g2)p+C'(1 —p)(¥)u/ ifp>p'.

We now present the equivalent of Theorem 2.6 for Lévy processes with infinite
Lévy measures. For every qo € [0,1], let k(go) be the strategy that plays as k,
assuming the prior belief is go rather then py. Define M, := [° re="'dY*(t), the
discounted payoff under the strategy . Set N} := fooo re~"tdY,"(t). Recall that
Y% (t) is the process generated by the payoff process Y*(¢), ignoring jumps in AS.

9Existence of the limit follows by monotonicity, see Lemma 3.7 below.
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This is the discounted payoff under k, ignoring jumps in AS. Let H; be a o-algebra
(H: € {F*, Fi}), denote E[M,|H] (resp. E[N?|H]) the expected payoff (resp. the
expected payoff ignoring jumps in AS) for a DM using the cut-off strategy s, and
updating his belief according to (H:),.

Theorem 2.12. Under Assumption 2.7, the expected payoff of the DM, if he plays
according to the optimal cut-off strategy ', when the true prior is py and the DM’s
subjective belief is qy > po, is:

(2.13)

1— o’+1 ’ o' +1
U(po, o) = E [Myu(q0)|F] = (s = g1)po ( qo) ( : /)
qo 1—p

’ ’

1—go\" P\
map-m (0) (FE) ettt -m)
q0 p

2.7. Optimism vs Pessimism. As mentioned before, the phenomenon of over
confidence is common in many decision problems. In this section we apply the result
of Section 2.6, and investigate who will fare better in one-arm bandit problems, an
optimist who assigns a probability higher than the true probability to the High
type, or a pessimist who assigns a probability lower than the true probability to
the High type.

Suppose that there are two decision makers, DM1 and DM2, who face indepen-
dent identical copies of the decision problem. DMI1 is an optimist, and believes
that the probability of High is pg + p, where p > 0, while DM2 is a pessimist,
and believes that the probability of High is pg — p, and both play optimally given
their beliefs. If pg — p < p*, the pessimist will always choose the safe arm, since
according to his subjective belief the prior is at most the cut-off. Assume then that
po — p > p*. For every € € [p* — po,1 — po] denote by V,,(€) the expected payoff
for a DM playing optimally according to the incorrect prior pg + €, where € may be
negative. It turns out that the answer regarding who will fare better, an optimist
or a pessimist, depends on «.

Theorem 2.13. Assume that Assumption 2.7 holds.

1. Ifa > 1, then for every e > 0 such that p* < pote < 1 we have V,,(€) > V,, (—e):
an optimist will fare better.

2. If 0 < a < 1, then for every ¢ > 0 such that p* < py £ e < O‘T” we
have Vy,(€) > Vpo(—€): an optimist will fare better; for every e > 0 such that
ar2 < po £ e <1 we have Vp,(€) < Vyo(—€): a pessimist will fare better.

Thus, optimism is better than pessimism, unless « is low and py — ¢ is high.
That is, pessimism is better only if the following two conditions are satisfied,
1) The pessimist assigns high probability to the High type.
2) The two DM’s are sufficiently patient, or it is difficult to distinguish between the
two types of the risky arm.
Otherwise, an optimist will fare better.
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a(s—gz)
(a+1)(g1—s)+a(s—gz2)’
If 391 + g2 > 4s, then p* < 2. If 3g; + go < 4s, then p* < 2£2 if and only if

the condition p* < O‘T“ is not always satisfied.

Since p* =

45—3g1—g2—+/(45—3g1—92)2—8(g1—g2) (g1 —5) or 45—3g1—ga++/(4s—391—92)2—8(g1—g2) (91 —5)

@< 2(g1—9g2) 2(91—92)

o >

2.8. Information Pricing. Often the DM can purchase additional information,
that improves his information regarding the state of nature. In the present section
we illustrate the use of our technique to the following problem: suppose the DM
faces a one-arm bandit problem with Lévy payoffs, and suppose that the DM ob-
serves the continuous part of the Lévy process as well as jumps with absolute value
at least %, though his payoff is affected by jumps with absolute value at least % If
n < m, the DM’s payoff is affected by small jumps that he does not observe, while
if n > m the DM observes small jumps that do not affect his payoff. How much
the DM would pay to be able to observe small jumps (that may or may not affect
his payoff, yet they increase the rate of learning)?

In the first part of Theorem 2.14 below we characterize the value of the problem
when the DM does not observe small jumps that do affect his payoff, while in the
second part of Theorem 2.14 we characterize the value of the problem when the
DM observes small jumps that do not affect his payoff. The difference between two
such values is the amount that the DM will be willing to pay for additional informa-
tion. The fair price of additional information in other cases can be similarly derived.

Let (31 be the unique solution of

(2.14)

. VQ(dh) K ~n__=n —n_=m__=n 1 u 27 .
flay = [ oty (220G ) o <o) +5f oo e (M2 ) o
in (—=1,00). Let B2 be the unique solution of
(2.15)

- ZICION R m—p\
o= [ o) (2AG) o o) =+ 0+ 0 (HE2) <=

in (0,00). The existence and uniqueness of such solutions are proved in Lemma 3.8
below.

Theorem 2.14. 1.Let n < m. The expected payoff to a decision maker who uses
a cut-off strategy k' with cut-off p’, observes the continuous part of the process as
well as jumps larger than %, and whose payoff is determined by the continuous part
of the process as well as jumps larger than %, 18

/

B B1 (B1+1)
Vi (p) == E[NS|F™(p) = g5 + (97 — 93)p+ (s — g1 ) (1 — p) (1 p p) ( - >

1—9p
+(s—g5)(1—p) (1;p>5 (13/]9/)52

for every p > p', and Vi (p) = s otherwise.

2. Let n < m. The expected payoff to a decision maker who uses a cut-off strategy
k" with cut-off p’, who observes the continuous part of the process as well as jumps
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larger than %, and whose payoff is determined by the continuous part of the process
as well as jumps larger than %, is
1 _ p Qm
Vi) i= EINEIFI0) = 65 + (af = 98) + o (1= 9) (2
for every p > p', and Vi (p) = s otherwise, where C,, o, = W.
—p T am,

In both cases, using the same method that we use to prove Theorem 2.4, one

can find the optimal strategy.

3. APPENDIX

3.1. Notations and Formulas on General Lévy Processes. Throughout the
proofs we use formulas that are derived using Borodin (1996) p.197 - 223. Hereafter,

21— (i — i o
Br(t) = Z(t) + [ K /;1 k2 _ V} U~2 t, is a standard Brownian motion with
M1 — K2
20— jin — fip V1 — 1y
2 H1 — fi2
9% — i — o
the notations of Section 3.5, denote by F), := HZmi—p2 V,,Q the drift of

2 p1 — po
BH(t), and denote

drift [ } t. Recall that, i = £ is determined by 6. Following

(3.1)

Dbz = P17 <T,7=t,B*(1) € dz, h)
B P(r <T,7 =t,B"(7) € dx,h|01)P(61)
P(r <T,7 =t,B*(1) € dz,h|01)P(01) + P(r < T,7 =t,BH(T) € dx, h|62)P(62)
PoPo, (T < T)f (s (1) 2y (@ )1 (dR) /1

 poPu, (1 < T)f(aé“l(T)7T)‘T<T(ac,t)ul(dh)/ﬁl + (1 = po)Po, (T < T)ffé}L2(7)7T)‘T<T(a:,t)Vg(dh)/Dz'

This is the posterior belief that the type is 8, given that the first jump that occurred
in the time interval [t, ¢ + dt) has size h, it occurred before the DM switched to the
safe arm, and the Brownian motion B*(t) is in the interval [z, z + dx).

The probability that the DM switches to the safe arm before the first jump ap-
peared is:

(3.2) Py(r >T) = Py(_inf B(s) < —E) = ¢~ EEuty204ED),

0<s<T

The expected discounted payoff from the continuous part of the risky arm, until
the switching time to the safe arm, given the DM switched before the first jump, is

(3.3)
T T
/ re "tdt / re"tdz,
0 0

T
Ey [/ re”"tdYA(t) T>T
0
= uBy[l —e "1 > T) = u(1 — Egle™"T'|7 > T)).

T>T| = puEy T>T| +0kFy
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The expected discounted payoff from the safe arm, after the switching time to the
safe arm, given the DM switched before the first jump, is:

(3.4) m{/ re "sdt|r > T| = sEy[e”""|r > T].
T

The expected discounted payoff from the continuous partof the risky arm, until the
first jump occurs, given the first jump occurred before the switching time, is:

(3.5) Ey {/OT re " dYg(t)|T <T| = p(l — Ep [e”"7|7 < T]).

The expressions on the right hand side of (3.4), and (3.5), can be re-written using
the following two lists of equalities:

(3.6)
E —rT _Ttlp T
E9[67TT|T>T]* ole ,7>T] _ fe (T € dty,ty < 7)dty
By(r >T) Py(r>T)

_ JeTTmP(T e dt)Py(ts < T)dty _ [e "M Py(T € dti)e”""1dty

= Py(r>1T) - Py(r > 1)

. fe—(r+l7)t1p9(T € dty)dt; Eg[ef(r+t7)T]

= Py(r>T) T Py(r>T)

_ ¢ P+ ROHNED _ Py(r" >T)

By(r >T) T R(r>T)’

where Py(1" > t) = e~ ")t and Py(r" > T) = ¢ EEuty/204n)+E0)

(3.7)
—Ttlp
Ee[e_m—h— < T] _ /G_Ttlpe(T € dty|t < T)dt, = / e QIET(Git;;I <T) dtq
o\T
_/(m%“€ﬁﬁﬂm<TMt—/ﬁmwwwﬂh<nm
= Py(r <T) L Py(r<T) '
7 e—(r+D)t1P0(t1 < T)
_ . dt
D+r/(1/+r) Polr < T) 1
Py(1t" € dt1)Py(ty < T) v B <T)

= dt = .
v Py(r < T) YT Udr B(r < T)
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In the proof of Theorem 2.6 we use the following identities:

(3.8)
o e P, ( inf B¥(s) > —F,BH(t) € dz,T € dt)
| v mrentae e = =
0 (B#(7),T) |7 <T\* Py(t < T)
e Py | inf B*(s) > —E,B"(t) € dz | Py(T € dt)dt
0<s<t

Pg(’T < T)

-t i H > M &t
fe Py (oggqu (s) > —E,B*(t) € dx> ve Vidt

PQ(T < T)
(@ +y)e0FRtp, (Oinf;tB“(s) > —FE,BH(t) € dx) dt
T U4y Py(r <T) -
P, inf B¥(s) > — w Py(r7
s | Py (quB (s) > —E,BH\(t) € dm) (T € dt)dt B
U4y Py(r <T) B

i w > — I ¥
JF (oiliqu (s) > —E, B"(t) € dx, 7 6dt> dt

v+ Pg(’r <T)
v Py(BH(rY) edx, 77 <T)
v+ Py(r < T)




18 ASAF COHEN AND EILON SOLAN

(3.9)

/_o; /0°° Fpn )< (@ e e dtdr = — i - S P"(B”(TQO(GTCZ?;; <T)e *"dz

G +7)PZ(T <T) /_O; Fo <0<i§1<fﬂBu(s) > —FE,B"(17) € dir) e % dy =

- TR [P o(BH(7) € du)e™* — Py <o<i?<fﬁ3“<s> < -EB'(r) e dm) eﬂ d =
vt Z

27 +7) + F?2 (7 4+7)Py(r <T)

./oo {e(pﬂ_a)x_\x\,/2(a+‘7)+pz _ e—x(,/2(D+7)+F3+6—F”)e—2E,/2(17+'y)+F3} do —

—-FE

-E

_ %) 0
_ 7 . [/ o~ (/2T T FE+5-F) Jr/ T TIN TR 6+ Fy)
(r<T) 0

20 +7)+ FiPy
o 2B\AAN T /Oo em(,/2(17+'y)+F3+6Fu):| _
_E

(1 — e—E(\/2(9+v)+F3+FM—5))
T (Dt 0F, —62)2)Py(r < T)

Where the first equality follows by (3.8).

3.2. Proof of Proposition 2.3. It is left to prove that U is continuous. Since
U(p) is convex, it is continuous on (0,1). If the DM had known the true type of
the arm, his optimal payoff would have been pg; + (1 — p)s. Since this information
is not available, U(p) < pg1 + (1 — p)s, which implies Zl)ii%U(p) = s. Since the DM

can follow the strategy that always selects the risky arm, U(p) > pg1 + (1 — p)ga.
This implies that U(1) = g1 = HH%U(p).
p—)

3.3. The Control Equation. In this section we express the optimal payoff U(p)
using the dynamic programming principle. This representation extends that in
Bolton and Harris (1999) to the more general setup of Lévy processes. To sim-
plify notations, it is convenient to divide various expressions by the standard

deviation o: set fi = £, and denote dY;éf = 1dv} = Vkpdt + dZ(t). Then
Ay p _ @AW - vErdn? ndyk _ kiZdt
P(dY}|fi) = P(dY§|p) = \/ﬁe 3t — O.eVERdYE -5

dependent of 1. Denote P(dY%|i) := 1+ vkjidY}[, and note that VERdY S~
1+ VEadYE + o(dt?).

, where C'is in-

ki2dt
e
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Let p = P;(01) be the belief at time ¢ that the risky arm is High. Then:

Pt-l—dt(ol) _ P(dY§|91)P(dY1]§|91)p
P(dY5101)P(dYE101)p + P(dY}]62) P(dYE]62)(1 — p)
_ P(dY£|0:) P(dY£|01)p
P(dY§]00) P(dYE|0:)p + P(dY§162) P(dYE|0>)(1 — p)
_ P(dYf|61) P(dYE|61)p
P(dY|0))P(dY|01)p + P(dYS]02) P(dYE02) (1 — p)

This is the Bayesian belief updating given the risky arm type 6 using the inde-
pendence of the components in the Lévy-Ito decomposition. The next Lemma
expresses the change in the posterior belief over time. The Lemma handles sepa-
rately the case where there are no jumps in the time interval [t, ¢+ dt), and the case
where there is a jump in this interval. Let dp := P,;4;(f1) — P,(61), be the change
in the posterior, given that there are no jumps in the time interval [¢,¢ + dt).

Lemma 3.1.
1. Suppose that there are no jumps during the time interval [t,t + dt). Then:

dp = p(1 — p)Vk(jir — fiz)dZ — p(1 — p)k(v1 — )dt,

where dZ = d§;§ —VE(pgin + (1 — p)fiz)dt is a standard Brownian motion.
2. Suppose that during the interval [t,t + dt) a jump of size h occurred. Then:

Pitai(61) = Py, + \/%(;h — pi2)Pr(1 — Ph)dZQ,

where Py, = pyl(dhfﬁﬁ}%w(dh),w and dZy = AYE — VE(i1 Py + tia(1 — Py))dt.

10Here % is the Radon-Nikodym derivative, which exists by Assumption 2.1(A4).
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Proof of Lemma 3.1. The proof of the lemma is standard and non-inspiring.
The first statement follows from a long chain of equalities.

dp i ap, _PUL=P)P(@YEIO) PAYEI6:) — P(dYEI62) P(AYEI6,
P(dY|00)P(dYE(01)p + P(AYE|02) P(dYE|0)(1 — p
_p(1 = P+ VEmdYE) (e "+ — (1 + VEyipdYf) (e~ 72h)]
(L VRmAYE) (et + (1 + VEiidYE) (e-72kdt) (1 — p)
P = p)[(1+ VERAYE) (1 — mrkdt) — (1 + VEidYE) (1 — Dokdt)]
(14 Vi dYE) (1 — rkdt)p + (1 + VEfiadYE) (1 — Dakdt) (1 — p)
~ p(L—p) VA — i2)dY; — (1 — m)kdt]
1+ VEQ + (1 - p)i2)dYf — k(pin + (1 - p)i)dt
=p(1 - p) V(i1 — i2)dYE — (1 — 02 kdt]-
(1= VE(ppr + (1 — p)i2)dYE + k(pin + (1 — p)ia)dt + k(pin + (1 — p)in)*di]
=p(1 — p) V(i1 — i) (dY — VE(psis + (1 — p)ia)dt) — k(oy — )]
=p(1 — p)Vk(iy — fi2)dZ — p(1 — p)k(iy — 17, dt.

]

[~

In the calculations we used the fact that dZ = dY} — VEk(piy + (1 — p)fiz)dt is
a standard Brownian motion (see Bolton and Harris (1999)), and the Brownian
motion properties: dZ? = dt, and dZdt = 0. We also ignored terms of order dt3/?
and above.

We now prove the second statement.
pr1(dh)(1 + \/Elfldng)

(w1 (dh)p + vo(dh) (1 — p)) + VE[pr (dh)inp + va(dh)jia(1 — p)ldY

Pi(1 + VEidy})
1+ VR Py + (1 — Pp)]dYE
Pi(1+ ViidY§)[L — VE(Pui + (1 Pu)i)dYh + k(Puii + (1 — Py)iiz)?d]
= Pu[L + VE(ir — fi2) (1 = Pa)(dYE — VE(E Py + ji2(1 — Py))dt)]
= Py + Vk(iin — fi2) Pu(1 — Py)dZs,

Pt+dt (01) =

O

Thus, if there are no jumps during the time interval [¢,t + dt), the Brownian
motion’s contribution to the posterior belief is p(1 —p)v/k (i1 — (i2)dZ, and the com-
pound Poisson process’ contribution to the posterior belief is —p(1 —p)k(D — Do) dt,
which is negative due to Assumption 2.1(A4).

If a jump of size h occurs during the interval [¢, ¢+ dt), then the Brownian motion’s

contribution is dY~J§ — V(111 Py + fi2(1— Py))dt, and the compound Poisson process’
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contribution is P, := pyl(dh)p-:-/tid—};))uz(dh)' The latter is the Bayesian update of the
probability that the risky arm is High given that a jump of size h occurred. Note
that p < P,

We now formulate the control equation that describes the optimal payoff.

(CE)

Ulp) = k@[gfg]{[(1—k)8+/€(P(171H1+/~t1)+(1—P)(172H2+/~L2))]TdH@_Tth[U(erdp)]},

where k is the control variable. The first term within the maximization is the
expected instantaneous payoff, and the last term is the discounted expected contin-
uation payoff. The following lemma provides a more convenient form to the control
equation, in terms of the second derivative of U.

Lemma 3.2. The following equality holds:
(CE2)

U(p) = max {(1 —Fk)s + k(p(t1Hy + p1) + (1 — p) (72 Hy + p11))

ke[0,1]
+ % {k/(Pw(dh) + (1 - p)a(dh))U (pyl(dh) i”zidf)pm(dhﬂ

— kp(1 = p) (71 — 22)U"(p) — k(pi1 + (1 — p)i2)U (p)

+ U A= 2 - 2|} o -as

Proof of Lemma 3.2. Since U(p) is convex, U(p) is twice differentiable p-a.s. (in
the sense of the Lebesgue measure). With probability [p(1 — koydt) + (1 — p)(1 —
kDodt)] there are no jumps in the interval [t,t + dt). Using the Taylor expansion of
U, and ignoring terms of order dt?/? and higher, we obtain that the optimal payoff
is U(d + dp) = U(p) + U'(p)dp + 3U" (p)(dp)? a.s.M!

With probability [pkvy(dh)dt + (1 — p)kva(dh)dt] there is a jump of size h, and
the optimal payoff is U(Py, + V(i1 — fiz) Pn(1 — Py)dZs) = U(Py) + U’ (Py,)dPy, +
LU"(P,)dPy, where dPy, := VEk(jiy — fi2) Py(1 — Py)dZo.

During the subsequent calculations we use the following Eqgs. (3.10), (3.11), (3.12)
and (3.13), that can be derived from Lemma 3.1:
(3.10) Eldp] = —kp(1 - p)(in — p2)dt.

This is the expectation of the change in the belief, given that no jump occurred
during the interval [t,t 4 dt).

(3.11) Eldp®] = kp*(1 = p)?(jix — i) dt.

This is the second moment of the change in the belief, given that no jump occurred
during the interval [¢,t 4 dt).

(3.12) E[dP,] = C, - dt.

Hgince we can ignore terms or order dt3/2 and higher, it is sufficient to consider the Taylor
expansion up to the second derivative.
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This is the expected contribution of the Brownian motion part to the posterior
belief, given that a jump of size h occurred during the interval [¢,t 4 dt).

(3.13) E[dP}] = Cs - dt.

This is the second moment of the contribution of the Brownian motion part to the
posterior belief, given that a jump of size h occurred during the interval [t, ¢ + dt).
In Egs. (3.12) and (3.13), Cy and Cs are constants. Using the above notations we
obtain from (CE):

(3.14)

Up) = max {[(1 —k)s + k(p(t1Hy + p1) + (1 — p)(7eHy + p2))|rdt

ke[o,1]
+ (1 —rdt) {kdt [ / {U ( pv (dh) Ttidf)p)uz(dh))

/ vy (dh)
”]wam+a—mme>““

" pl/l(dh) o
v (pvl(dh)Jr(l p)VQ(dh)> Czdt} (p1(dh) + (1 = p) 2(dh))}

+ 1= Kl + (L= poi] [UG) + U B + 30" 0BG || o s

Using dt? = 0 we obtain:
(3.15)
U(p) = max {[(1 —k)s + k(p(trHy + 1) + (1 — p) (72 Ha + p2))|rdt

kelo,1]
pvi(dh)
it [0 (i 0 ) 0 @90+ 0= )

+U(p) — kdtp(1 — p) (71 — 1)U’ (p)dt — k(ppr + (1 — p)v2)U (p)dt — rU(p)dt

1 L
+ kU (p)p*(1 = p)* (i — M2)2dt} p—as.

Eliminating U(p) from both sides, and dividing by dt, we obtain after simple alge-
braic manipulations:

U(p) = maz {(1—k)s+k(p(t1H1 + p1) + (1 — p)(v2Ha + p2))

ke[0,1]
*iF/@”““+“‘MWWWUQmwmfﬁﬁbwwm>

— kp(1 — p) (1 — m)U'(p) — k(prr + (1 — p)72)U(p)

AU 0P - P | o s,

as desired. O
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From Eq. (3.14) it follows that the contribution of the continuation payoff given
that a jump of size h occurred during the time interval [¢,¢ + dt) is

(3.16)

et [/ [U (pvl(dh) Tﬁdf)pm(dh)) v (pm(dh) %df)pwxdh)) e

1 pv1(dh) ) :| :l
Cadt| (pri(dh) + (1 — p)ra(dh))| .
(oo i ) Cott] () + (1 = ()
Since only C and C5 depend on the parameters of the Brownian motion, and since
Cy and C3 do not appear in Eq. (3.15), it follows that if a jump occurs during the
time interval [¢,t + dt), the information from the compound Poisson process has
more impact than the information of the Brownian motion.

+U

According to (CE2), the payoff is the maximum over the control payoff k of the ex-
pectation of the current flow payoff [(1 — k)s + k(p(71 H1 + a) + (1 — p) (2 Hz + b))]
plus the discounted value of the continuation payoff

pvy(dh) )
pri(dh) + (1 — p)va(dh)

% [k/(pvl(dh) +(1 —p)V2(dh))U(

— kp(1 = p)(71 — 22)U' (p) + %kU"(p)pz(l —p)2(fir — fi2)* — k(pin + (1 — p)in)U(p)

A solution to this maximization problem is :

0 if b(p,U) < s — [pg1 + (1 — p)gal,
(3.17) k=4€10,1] ifb(p,U) =s—[pg1 + (1 —p)gal,
1 if b(p,U) > s — [pg1 + (1 — p)ga],

where

B pvi(dh)
b(p,U) = " |:/(pu1(dh) + (1= p)ra(dh))U (pm(dh) +(1 p)VQ(dh))

—p(1 =p) (71 — m)U'(p) — (pi1 + (1 — p)72)U (p)

50O = P — i)?.

The function within the maximization in (CE2) is linear in k. Therefore it achieves
it’s maximum at k = 1 or k = 0 p-a.s. From Proposition 2.3, U(p) is non-decreasing
and continuous, and therefore there is p* such that U(p) = s for every p < p*. Thus
k = 0 is optimal for p < p*. For every p > p*, we have U(p) > s, so that in this
case k = 1 is optimal p-a.s.'?

12Recall that Eq. (CE2) is satisfied p-a.s., since U’ (p) and U” (p) exist p-a.s., and in Section
3.4 we show that the optimal strategy is really a cut-off strategy.
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3.4. Characterizing the optimal strategy and the value. When it is opti-
mal to play safe, that is, when the optimal solution of (CE) is k* = 0, we have
U(p) = s. When it is optimal to play risky, that is, when the optimal solution of
(CE) is k* = 1, it follows from Lemma 3.2 that U(p) solves the following functional
differential equation:

(FDE) U(p) = p(riHy + p1) + (1 — p) (D2 Ha + p2)
pv1(dh) >

*iU@“““+“‘m”WWUQmwm+umme

—p(1 = p) (71 = 22)U'(p) — (p1 + (1 = p)2)U(p)
+ %U”(p)pQ(l —p)*(iia —ﬂz)Q] a.s. in (p*,1).

A solution U (p) for this equation must be smooth (Friedman (1969), p.56).'® There-
fore, U(p) satisfies Eq. (FDE) in (p*,1) always, and k = 1 is optimal in (p*,1).
Hence, there is an optimal cut-off strategy x* with cut-off p*.

The next lemma suggests one solution to Eq. (FDE). To prove it, substitute the
expression for U(p) defined in Eq. (3.18) below into Eq. (FDE).

Lemma 3.3. One smooth solution to Eq. (FDE) is

3.19 U =g+ - o+ C1-p) (1)

where « € (0,00) solves the equation f(n) = [ Vg(dh)(fgjzg)" + 0y — i) — g +
3+ (i — fi2)? —r = 0.

In fact, one can verify that

Ulp) =92+ (91 — 92)p+ C(1 = p) (1219)& +D(1-p) (1;19)’8

solves Eq. (FDE), where « is as in the statement of Lemma 3.3, and § is the
unique solution of f(n) = 0 in (—o00,0).'* The following Lemma assures that « is
well defined.

Lemma 3.4. Define a function f :[0,00] — RU{oco} by

319) )= [ valan) (LG8 40— p) = 3 0+ Vs — )

The equation f(n) =0 admits a unique solution in the interval (0,00).

Proof.
The function f is a continuous function that satisfies f(0) < 0 and f(c0) = oo. To
show that f(n) = 0 has a unique solution, it is therefore sufficient to prove that f is

13Ty see that the conditions of Friedman (1969) are satisfied, substitute f(p) = [ (pr1(dh) +

(1 = p)va(dh))U (W%) —U(p)(r + (p71 + (1 — p)2)). Since U(p) is continuous,
so is f, and we get U € C2, as Friedman (1969) requires.

My effect, such a solution 8 must be smaller then —1.
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increasing in 1. Note that 1 (n+1)n(1 — i2)? —r — i is increasing in 7. It remains

to prove that [ vo(dh) (Zj(gzg) + n(, — 72) is increasing in 7 as well. Since

/VQ(dh) (Zigjg)nm(m — D) = [VQ (dh) (

) T (dh) — va(dh))] |

it is sufficient to prove that g(n) = ( ))n+77 (v1(dh)—va(dh)) is increasing
in . Now,
’ _ lll(dh) Z/Q(dh) K o
o/ (n) = —va(any i (L) (2250) G lan) = va(an)
141 (dh)

) + (v1(dh) — v2(dh)) >0

and since —In(z) + x — 1 > 0 for every x # 1, it follows that g(n) is increasing, as
desired. (]

We now prove that Eq. (FDE) has a unique solution.

Lemma 3.5. For every p1 < pa, and every uj,us € R, there is a unique solution
U(p) satisfying Eq. (FDE) in the interval (p1,p2) with the boundary conditions
U(p1) = u1, U(p2) = ua.

Proof.

Since Eq. (FDE) is a non-homogenous linear equation in U, if U and V are two
solutions of Eq. (FDE), then U — V is a solution of the homogenous version of
Eq. (FDE). To prove the lemma it is therefore sufficient to fix a solution U of the
homogenous version of Eq. (FDE) that satisfies U(p1) = U(p2) = 0 and to prove
that U = 0.

Suppose that U achieves its maximum at p. Then U’'(p) = 0, and U”(p) < 0. It
follows that

pri(dh) )
pr1(dh) + (1 — p)va(dh)

S0~ 50— ) — (7 + (L= PIUG)|.

U6) =1 | [man) + 0 - (

1
r
L1
T3

Simple algebraic manipulations imply that:

pv1(dh)

(4501 + (= P)m)UG) = [ (o) + (1 = o)V (
U R~ BP0 — i)’

<UG) [ Gra(ah) + (1= pa(an)) +0
— (i + (1 - )V (D),

pri(dh) + (1 — p)va(dh)

)
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where the inequality holds since U”(p) < 0. Since r > 0 we conclude that U(p) = 0.
A similar argument shows that the minimum of U in (p1,p2) is 0, so that U(p) =0
on (p1,p2) as desired. O

As mentioned before, there is an optimal cut-off strategy with corresponding
payoff U. Lemmas 3.3, 3.4 and 3.5 prove that U is the unique solution of Eq.
(FDE). We now prove Theorem 2.4, which provides an explicit form to the optimal
strategy and to the payoff function.

Proof of Theorem 2.4.

Recall that x* is the optimal cut-off strategy (with cut-off p*). To complete the
proof of the theorem, we provide an explicit expression to p* and to U. To this
end, we first prove that the derivative from the right of U at p* is 0.

Let Up(p*) = li\r%w be the right derivative of U at the cut-off p*.
€
Since U is convex, Uf(p*) is well-defined. Since U is non-decreasing, Uy (p*) > 0.
We now prove that Uf(p*) < 0. As defined in Section 2.6, M, := [ re "tdY"(t).
Recall that for every qo € [0, 1], k(go) is the strategy that plays as k, assuming the
prior belief is gg rather then py. Then we note that

lll,%E [Mﬁx(p*+€)| 0= S} Vo € {91,02}.

Indeed, x* stops when the posterior is p*, and therefore E [M,{*(p*+€)| 0= s] If
€ is small, then with probability close to 1 the posterior will decrease beneath the
threshold p* “quite fast”: if there is a Brownian motion component, the fluctua-
tions will cause fast stopping, since in any infinitesimal time interval the Brownian
motion decreases beneath its initial value. If there is no Brownian motion compo-
nent, there are no jumps in infinitesimal time interval, and therefore the compound
Poisson process will cause the posterior to decrease until a jump arrives, since the
Lévy measure is finite.!®

Since k* is the optimal cut-off strategy, and since it is independent of the prior
belief pg, we deduce that for every p € [0,1], U(p) = Vi« () (p). Therefore:

(3.20)  Up(p*) = lim Ulp" +¢) - Up”)

e—0 €
m VK* (P*+€)(p* + 6) — V){* (p*)(p*)
e—0 €

e—0€
—p" E[M-(p)|601] = (1 = p*) E[M,c= (1)1 62]]
: Lo, *
= lim { [P BIMic 0 162) + (1= ) E[Mce 4|6

—p*E[MK*(p*) 01} — (1 —p*)E[MKk(p*)‘eg]]
+E[MH*(p*+E)\91] - E[Mn*(p*+e)|92}} R

15By the same argument we get that Vz(p) is continuous in p, where & is a cut-off strategy
with cut-off p.
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By the optimality of U(p), U(p*) > Vi (p4¢)(p*), and therefore,

(3.21)

hm* [p E[MH*(p*+E)‘91] =+ (1 —p )E[MH*(p*+E)‘92] —p E[MK*(p*)\Gl] — (1 —p )E[Mn*(p*)

e—0€

= hm*[vn*(p“re) (p ) - Vn*(p*)(p )] = eh_{%g[vn*(p“re) (p ) - U(p )] < O,

e—0€
and
(3:22) i (E[Me (e 40)|61] = E[Mye 1) 162]) = 0,
Substituting (3.21) and (3.22) in (3.20) we deduce that Ug(p*) < 0.

As mentioned in Lemma 2.3, U(p*) = s, and U(1l) = g;. By Lemma 3.5 the

unique solution to Eq. (FDE) on (p*,1]is U(p) = g2+ (g1 —g2)p+C(1—p) (1%”) .

By imposing U(p*) = s and Up(p*) = 0 we get p* = (a+1)(;(‘j;ﬂii(5*92)’ and
= %&:?ﬁ)' Uniqueness follows by (3.17).
! O

3.5. Incorrect Prior. To find the expected discounted payoff for a DM who plays
according to an incorrect prior we present here a condition which is equivalent
0 (2.7). Substituting Y3(t) = pt + 0Z(t) and i = £ in (2.7), we get:

2fi— iy — i v~ ' vi(dhy)
Z(t)+[ Aoy ELEJ t> -1 [ln(lﬁ(’qo) —ln(lfp,)}—mi@ > In (V;(dhj)

It follows that the DM selects the risky arm until the first time ¢ that satisfied:

b o
B#(t)::Z(t)+[“ “21 ”2—;1_:?2%

I} i,@ {ln (1 quo) o (1 p/p’)] i iﬂz zln (:EZZ;) .

Proof of Theorem 2.6. If the prior belief of the DM, qq, satisfies qg > p’ then

< —

there is a bijection relation between E and qg, where E = = L_ [ln (1 qf;()) —1In (ﬁ—/p,)}

1—H2 -
is the intercept in Eq. (2.7) at t = 0. If gy < p’ then the DM always chooses the risky
arm, which is equivalent to £ = 0. Therefore, we will use the notation U(po, F)
instead of U(pyg, go) when the former is more convenient. We now prove that under
Assumption 2.1, for every pg € [0,1] and every E € [0, 00), the payoff of the DM is

U(po, E) = g1po+92(1—po)+(s—g1)poe = W1=H2) @+ DE 4 (5 go)(1—pg)e~ (H1—H2)aE,

Using Eq. (3.23), we construct an integral equation, to find the utility function
for a DM who has a prior belief gy while the actual probability of High is py.
Let 7 be the stopping time of the first jump. Let T be the first time ¢ satisfy-
ing (3.23). The DM chooses the risky arm until the stopping time T, and then he

02]]
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switches to the safe arm. The calculations use dynamic programming in which the
continuation payoff is determined by the time of the first jump, 7, and the value of
the continuous part of the payoff at that time.

Constructing the integral equation: The DM chooses the risky arm until
the minimum between the stopping time of the first jump 7, and the stopping time
T. We distinguish between two case. In case the DM stops before the time of the
first jump 7, we calculate the expected discounted payoff from the risky arm until
the stopping time 7', and the expected discounted payoff from the safe arm after
the stopping time 7T'. In case the first jump occurrs before the stopping time T, we
calculate the expected discounted payoff received from the continuous part Y3 (¢)
until time 7. We add the expected discounted payoff from the first jump, and the
expected discounted continuation payoff, updating both the posterior p; j ,, and
the intercept E + G}, + x, according to the time of the first jump, the first jump’s
size, and the value of the continuous part of the payoff.

The notations used are as follows: Py(7 > T') is the probability the DM switches
to the safe arm before a jump occurs. If 7 > T then the expected payoff from the
risky arm is Ep, [fOT re~"tdY2(t)|T > T, and the expected payoff from the safe arm
is Ep, [ re "'sdt|t > T]. Py(t < T) is the probability a jump occurs before the
DM switches to the safe arm. If 7 < T then the expected payoff until the first jump
is Eg,[fy re "t dYA(t)|T < T). f(GB“(T),T)|T<T(x’t) is the probability that the first
jump occurs in the interval [t, ¢ + dt), and B* belongs to [z, 2 + dx), given a jump
occurs before the DM switches to the safe arm. re’”% J hv(dh) is the expected
discounted payoff from the first jump, and ,7—11 Jvi(dh)e " U (pe.ho, E + G + )
is the expected discounted continuation payoff, updating both the posterior p; 5, 4,
and the intercept F+ Gj +x at time t. With these notations, the expected payoff is
as follows. In the equalities that follow we write below each equality the equalities
from Section 3.1 that are used in order to derive it.

(3.24)
U(p07 E) = p0P91 (T < T) [E01 [fOT TeirtdYB}(t)‘T < T]

7 5 S oy e @) (re " [a(@n)h+ 2 [ 1 (dh)e U (prae B+ Gr + )|
+poPy, (7 >T) [Egl [fOT re~"tdYA(t)|T > T + Ey, [f;o re~"tsdt|T > T]}

+(1 = po)Po, (T < T) [E92 [fOT re "t dYE(t)|T < T)

+ 75 5 ff)é,LQ(T)}T)lKT(x, t) (Te_’“tlj—l2 Jva(dh)h + 9—12 Jva(dh)e " U (peha, E+ Ghn + x))}

+(1 —po)Po, (T >T) [E92 [fOT re "t dYA(t)|T > T) + Ey, [f;o re”"tsdt|T > T]}
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(545} ppo(l — Po, (1> T))(1 — Ep, le”""|T < T7)

+poPo, (T <T)Hy [, fo Bm(T) T)|T<T(:I;7t)/re_rt
+poPo, (T <T) [ Jo~ Flhin oy myprer (@ O [ € U (Denw, E + G + z)vi (dh)
+p1poPo, (1> T)(1 — Ep,[e "7 > T)) + spoPo, (1 > T)Eg,[e " T|7 > T
+p2(1 — po) Py, (7> T))(1 — Eg,[e”" |7 < TY)

+(1 = po)Po, (1 < T)H2 f fo Buz(q-) )‘T<T("E7t)’r67,rt

+(1=p0) Poy (T < T) [ Jo~ F s oy myrer (@ 0) 2 [ €U (Dt 2y E+Grtx)v(dh)

+p2(1 = po) Py, (1 > T)(1 — Ey, [e_TT|T > T)+s(1—po)Pa, (7 > T)Eg,[e""T|7 > T

Py, (+7>T) Py, (+7>T)

+po<1 — Py, (> T)Hr - LPoy (7> 1)

71 +r " 1Py, (r>T)

o 1—Py, (7">T)
+:u1p0(1 - P91 (T > T)) (1 - Dlir ’ 1—]39911((T>T) )

Do, (1" >T Py, (1">T
(1 = po)Poy (7 > 1) (1 B %) + 5(1 = po) Po, (T > T)%

1—Py, (r">T)
2 +r 1—Py, (7>T)

+(1 = po)(1 — Py, (T > T))Hor -

7 1—Py, (7">T
Fh2(l = po)(1 = Foo(r > T)) (1 oA 1_139922((T>T))>
+ 55 1 [ e U(pe e, B+ Gh + x)-

[P0 Por (7 < T) f s (2. OV (AR) [ 71+ (L=0) Poy (7 < T) f B (7 1y < (0, D)2 (d) [ 2]

=Po (D’ffr + %) + (1 - po) (pifr 4 17522112:)

+poPo, (1" > T) (s — A 7’7}le> + (1 —po)Po, (1" > T) (s — 2 7’73‘H2T>

v1tr v1+r e Datr

+ 25 17 e U(pthe, E + Gh + x)-

[P0 Po, (7 < DI i () oy < (@ OV AD) 14 (L=p0) Poy (7 < T) (R ) 1y (0 L)) /7]

. »
= o (25 + B + 00— po) (25 + )
+p06—E(FM1+\/m) (3 _par Dlle)

v+r v1+r

— —E(Fuy++/2(2+1)+F3,) (o _ par _ boHor
+(1 —po)e 2 i) (5 — f2r — vt
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+ 55 1 [ e Upe e, B+ Gh + x)-
.[p0P01 (T < T)f(Géul (T),T)‘T<T('T’ t)Vl (dh)/D1+(1_p0)P92 (T < Y‘I)f(eéu2 (T),T)‘T<T('/E’ t)y2(dh)/772]

Simplifying the last expression, the integral equation is:

(IE)
Up,E) = Ap—l—B(l—p)—i—Cpe_mlE—i—D(l—p)e_m2E+/ / /e_TtU(pt,h’z,E+Gh+x)g(x,t,h),
—EJo

where A, B, C, and D are constants, and

(325) g(:c, t? h) = [p0P91 (T < T)f(Héul (7-),7-)|7-<T(x7 t)yl (dh)/ljl
(L= o) Pos(7 < )% oy o s s () ).

We show now that (IE) admits a unique solution U in the region [0, 1] x [0, c0).

Boundary values

First, we find the values of U(p, E) on the boundary of the region [0, 1] x [0, c0].
Note that U(p,0) = s, and U(p,0) = pg1 + (1 — p)ge for every p € [0,1], .

We now argue that there is a unique solution for (IE) when p = 0. U(0,E) is
a function of E with two boundary conditions, at £ = 0 and at £ = oo. Sup-
pose that U(0, E), V (0, E) solve (IE). Then W(0, E) := U(0, E) — V (0, E) satisfies:
W(0,E) =[5, [5° [e "W (0,E + Gp, + x)g(x,t, h), and W(0,0) = W (0, 00) = 0.
Let E be a critical point, where W achieves its maximum. Assume to the contrary
that W (0, ) > 0. By (3.8) it follows that 5% 15" [etg(x,t,h) < 1. Therefore,

wW(0,E) :/: /Ooo/e_”W(O,E—i-Gh—Fx)g(Lt, h)
< W(0, B) /_O; /Ooo/e_”g(x,t,h) < W(0, B),

which implies that W (0, F) < 0. Similarly, one can obtain that W (0, E) > 0, so
that W (0, E) = 0, and the solution is unique.
Similar arguments show that (IE) admits a unique solution on [0,c0) when p = 1.

Since U(p, F) is uniquely determined on the boundary of the region [0, 1] X
[0, 00], similar arguments show the uniqueness of the solution [0, 1] x [0, 00). Using

Egs. (3.1) - (ref9) one can verify that the solution for (IE) is

U(po,E) — 91p0+92(1—po)+(8—g1)poei(ﬂl7ﬂ2)(a+1)E—|—(s—gg)(l—po)ﬁi(mi#})O‘E,
O

3.6. Lévy Bandits with an Infinite Lévy Measure.
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Proof of Lemma 2.8. Fix s € Q. By the martingale convergence theorem it
follows that p(61|G7)(w) — p(61]Gs)(w) a.s. Therefore,

(3.26) P (p(0:1G1)(w) = p(61]G.)(w) Ys€Q)=1.
By Eq. (2.9) and (3.26), it follows that for every s € Q

i ({2005 ) (2 )+Y5§S)<u1—u2>—2jg<u%—u%>—<m—az>s

1_p(91|g5 1_]70 g
141 (dh]) )
+ In ,
ZS: (Vz(dhj)
h; €R\({0}UBo)

p(611G:)

Since the Lévy process (hl (W

that for every t > 0

i (P20 i (2 T s ) — 0 - ) - (1

)) is continuous on the left'% it follows

17p(01|gt 17])0 g
11 (dhj))
+ In ,
zt: <V2(dhj)
h; €R\({0}UBo)

and the first statement of the Lemma is proved.

Define the processes R(t) := ( Do In (28213))’ and for every n,
h; ER\({0}UBo) !

R, (t) :== ( > In (Z;ggﬁ:g)) Since lim (77 — %) = (i — 1a), by Eq. (2.9)
h;€An\Bo ; n—oo
and (2.10), it is sufficient to prove that P (Rn(t)(w) — R(t)(w) VteR\ Q) =

1. Fix w such that p(61|GF)(w) — p(61]Gs)(w) for every s € Q, and that

In (%) (w) is left-continuous. Fix ¢ € R\ Q. Note that by Assumption

2.7(AA10), R, (t)(w) is non-decreasing with n, and bounded by R(t)(w). Therefore,
the limit lim R, (t)(w) exists, and satisfies lim R, (t)(w) < R(t)(w). By Assump-
tion 2.7(AA10), (R(t)):, and for every n, (R,(t)): are non-decreasing processes.
Therefore, for every s € Q satisfies s < ¢, and every n, R,(s)(w) < R,(t)(w).
Fix s, and take the limit n — oo, it follows that R(s)(w) = lim R,(s)(w) <

lim R, (t)(w), where the first equality follows by the choice of w. Since R(t)(w) is
left-continuous, by taking the limit s ¢, we get R(t)(w) < lim R, (t)(w).
(I

Proof of Proposition 2.9.

The Radon-Nikodym derivatives g(h) = Z;Ejﬁg and [(h) = w exist on

16Recall that the process (p(61|Gt)), > 0 is G¢—-adapted, i.e. the posterior belief at time ¢ is
updated according to the payoff received up to time t—.
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R\ ({0} U Bp), and 0 < I(h) <1, 1 < g(h) < oo, v1-a.s. For each i > 1 define the
sets: B; = {h|z+1 < I(h) < 1} = {n|%L < g(h) < 5}, (we use the convention
ﬁ = 00). We need the following two inequalities:

For every 7 > 1,

(3.27) (B < /B (kv (dh) = w1 (Bi) — va(By) < o0,
and therefore v (B;) < co. It follows that
CESREED OF i (B:) < (R ({0} U Bo) — 1a(®\ ({0} U By) < o0

since v1 — v is a finite measure. Notice that > v4(B;)In ( ) < oo if and only if
i>2

>n(B )Z+1 < 00, so in particular

i>1

(3.29) g;m <Z_Z1> v1(B;) < oo.

By Eq. (2.10),'7, when g(h) = 1, a jump of size h does not change the posterior be-
lief. Therefore, we treat only jumps with size in _ngi. Note that P (p(61]G:) < 1) =

1 if and only if P (ln (%) < oo) = 1, which, by Eq. (2.10), is equivalent to

P (Zt In(g(h;)) < oo) = 1. Since
h;

Zln )< oo | =poP Zln i) < oolbr [+(1—po)P Zln

hj hj hj

it is sufficient to show that P (Zt In(g(h;)) < oo|by | = 1. Since v1(By) < oo,

up to time t there are only finitely many jumps with size in B;. Therefore, the
contribution of these jumps to ), In(g(h;)) is finite, and can be ignored. From now

h;
on in the sum ), In(g(h;)) we ignore jumps with size in B;.
h]
Observe that Zt In(g(h;)) < Y Jin (%), where J! denotes the number of
1>2

jumps with 51ze in B; that occur up to time ¢. By the properties of compound
Poisson processes, and by (3.27), we get J! ~ Poisson(v1(B;)t) for every i > 2.

Hence E z};tln(g(hj)) 91] <EFE [Zﬁln( ) 01] — Sty (B;)In (ﬁ) <
0

i>2 1—00 i>2
oo, where the last inequality follows by (3.29).

Recall that M, = fooo re~"tdY"(t), is the discounted payoff under the strategy
K, and N = fooo re~"tdY(t) is the discounted payoff under s, ignoring jumps

T fact, it is sufficient to use Eq. (3.26) to prove the proposition.
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in AS, where Y;”(t) is the process generated by the payoff process Y*(t), ignoring
jumps in A¢. Set L} := M — N}?; this is the discounted payoff under « from jumps
in A,
Lemma 3.6 below states that if a DM observes only jumps with absolute values
higher than 1/m, and plays according to the strategy x (that is, he chooses the
risky arm as long as his belief, which is updated according to F;™, is higher than
the cut-off of k), then the expected discounted payoff converges to the expected
payoff using the same strategy x when updating the belief according to all infor-
mation available.

Lemma 3.6. For every cut-off strategies k, and (k,)22, one has:
Li. lim E[L? |F](p) =0, lim E[L?|F"](p) = 0.
L2. lim E[N"|F™|(p) = E[N"|F](p).
m—0oQ
L3. lim E[M|F™|(p) = E[M|F](p).

Proof of Lemma 3.6.

We start by proving L1. E(LZ|F)(p) is the expected payoff generated only by
jumps in (—1/n,1/n), under the cut-off strategy . For a sufficiently large n the
expected payoff will be small.

We now prove L3. The proof of L2 is similar and therefore omitted. E(M;|F™)(p) =
E[f," re~"tdY"(t)](p) is the expected discounted payoff under the cut-off strategy
%, when the posterior probability is updated according to F™. Let s be sufficiently
large, such that the expected payoff from time s and on is small enough.

We use the convention inf ¢ = 0. Define:

: : 011F7) i
- A A p( 11Vt < .
Tow= nf {tp(th|77) <p'}= f {t ‘ln (1 — 07 ) < In{ < )

this is the first time up to time s, in which the posterior belief reaches the value p’,
when the belief is updated using F;*.

Set
(3.30)
. r / . p(01]F:) P’
:: < = —_— < .
T Oérgis {t|p(01| t) >p } O%Itlis {t In <1 _p(91|7:t) = In 1 _p, )

this is the first time up to time s, in which the posterior belief reaches the value p’,
when the belief is updated using F;. By the dominated convergence theorem, it is
sufficient to show that T, convergence to T a.s. We prove it in two steps.

Step 1: im 7T, > T

By Proposition 2.9, p(6;|F;) = 1, or equivalently, a jump from By occurrs, if and
only if there exists n such that p(6;|F;™) = 1 for every m > n. In this case the DM
never stops according to neither ™ nor F.

Let w be a path with no jumps that have size in By during the time interval (0, s).
Since P (p(01|G)(w) — p(61]Gt)(w) Vt) = 1, we can assume that p(6;|G})(w) —
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p(01]G:)(w) for all 0 < t < s a.s. For every n > 1, define the process

(3.31)
Q(61]G]") :==In (%) — (0 — )t + (v — DY)t

i (2 B ) - ) - e+ Y (A0

o2

h'i eAn

As mentioned in Section 2.6, for every n > 1 the process In (%) is a Lévy
t

process with only positive jumps a.s., and therefore so is Q(01|G}*). Note that,

Q(61167)(w) — In (%) for every ¢ w-a.s., in the sense that

(3.32) P (Q(elgp)(w> —In (%) w) =1

Define

. P’
. = "< .
(3.33) Sn ogtlis{t‘Q(eﬂgt)_ln(lp’)}
By Eq. (2.10), (3.31), and Assumption 2.7(AA10), it follows that for every n, and
every time ¢, Q(61]G7*) < In (%), and therefore, for everyn > 1, S, <T. By
Eq. (3.31), and Assumption 2.7(AA10), it follows that Q(01|G}") is non-decreasing
with n for every t € (0, s). Therefore, there is a stopping time 7" s.t. S,, /T < T.

Moreover, for every n < m, Q(01/G5 ) < Q(01]G5' ) =In (ﬁ—;},) Fixing n, and

taking the limit m — oo, we get Q(61|G% _) < In (12;,). Taking now the limit
n — 00, by Lemma 2.8, and Eq. (3.32), we get
(3.34)

P19 ) ) . ( p(6119s,) > . ( Y )
n<1P(¢91|QT/_) TL1—>H;Q n 17p(01|g5") Q( 1|gT ,) S n lfp/

Since the process p(61]G:) is left continuous, one has p(61|Gr/) = p(61|Gr ) < P/,
and so T < T'. We found that 77 < T, and T < T’, therefore T = T'. By

Eq. (2.9), (3.31), and Assumption 2.7(AA10), it follows that Q(6,|G) < In (%) ,

and therefore S,, < T,,. By taking the limit n — oo, we get lim 7,, > lim S, =T.
Step 2: lim T, <T

n—oo

The Lévy process (ln (%)), has only positive jumps, and therefore, by

Bertoin (1996) (Theorem 1, p.189), once the process reaches the level In (ﬁ—lp,),

it must go below this level in any small time interval. Therefore for every § > 0
there exists 0 < e(w) < ¢ such that p(f|Gric)(w) < p’ w-a.s. By Lemma 2.8,
lim p(0|G7, . )(w) = p(0|Gr+c)(w) < p' w-as. It follows that for every § > 0,

lim T, < T +§. Since 0 is arbitrary, lim 7,, < T, as desired. ([l

n—oo



BANDIT PROBLEMS WITH LEVY PAYOFF PROCESSES 35

The next Lemma states that, fixing a cut-off strategy, additional information is
more profitable.'® Let x,, be the optimal strategy of D,,.

Lemma 3.7.
1. If n <m then a, < ay.
2. If n <1< m then E[N? |F'](p) < E[N}!

Kn

F(p)-

Proof of Lemma 3.7.
1. Fix n < m. We show that «,, < a,. In the proof of Lemma 3.4 we showed that
(3.35)

nla) = [ vl (Z2G0) 4ol - 55) = 5+ o+ Dl )

is increasing in [0, 00).
Since by definition f,,(c,,) = 0, it is left to prove that f,,(c,) > 0. Simple alge-
braic manipulations show that:

120 (dh) 1

o) = [ vatan) (P20 ) b a5 = o) < o+ e+ D~ i) v

m

B I/Q(dh) an o gy g 105 @ ~~ 2*7”
vty (2G) "+ o =) = + o+ Dl - )

o

=fnlon) + /A A [ug(dh) <ZTEZZ;>Q + a1 (dh) — vy (dh)] — (z@(dh))] .

Since, f(an) =0, it is left to prove that

fon et (%) + o dh) = ()] = ()] >0,

This inequality follows by the same arguments as in the proof of Lemma 3.4.

an
) ol - - - )] - (5 — )

2. Fix n < m. By Theorem 2.4, for every p > pj},, one has E[N |F!l(p) =

95 + (97 —g3)p + Crn(1 — p)(%)a“, with C,, = —S(Iii:)p(:‘l(,ggf)ii) and the cut-off,
o

pl = CREmy (‘;‘:;(_55122 =) By constructing an integral equation similar to the

n 17 7S 2

one that appears in the proof of Theorem 2.6, we prove that for every p > pr,

1—p\*"
(3.36) E[N |F™(p) = g5 + (97 — 95)p + Ch.ar,, (1 — p) (pp) ’

where Cy, o, 1= %@i;g;). Since o, < ay, we get E[N” |F'](p) < E[N |F™](p).
_p:; p*n am, n n

Proof of Eq. (3.36). Let 7 be the stopping time of the first jump with size that
belongs to A,,. Let T be the stopping time of the first time ¢ that satisfied:

181t is well known that in one-player optimization problems, additional information cannot
hurt the DM, since he can always ignore it. However, a Markovian strategy does not allow a
player to forget additional information, and therefore the statement is not trivial.
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(3.37)
2%~ i — V{”—V%"}
BH(t) .= Z(t) + |: — —= = |t
(1) :=2(0) 2 i — 2
1 N 1 dh;
) () ()

1 — 2 1 —po 1—p; p1 = pi2 4 vo(dhy;)

In the notations of Section 2.5, F := [2’1_“;1_‘[2 — ‘7?:‘7?} VB = 1 [ln (1f° ) —1In (15’:* )},
p1— 2 H1—H2 Po Pn

and Gy, := ﬁ >In (25322; ) The DM chooses the risky arm until the stopping

time T, and then he switches to the safe arm. The calculations below use dynamic
programming in which the continuation payoff is determined by the time 7 of the
first jump with size in A,,, and the value of the continuous part of the payoff at
that time.

Constructing the integral equation: The construction of the integral equa-
tion is similar to the one in the proof of Theorem 2.6, with one modification: the
first jump with size in A,, is added to the expected payoff if and only if its size is
in A,,. The integral equation is as follows:!?

(3.38)

U(po, E) = poPp, (1 < T) [Egl {/ re "t dY (1)
0
+/ / Fhs () i< (@:1) <T€_Tt—m/ vi(dh)h + m/ vi(dh)e™"U(pe,nws B + G +m)>}
-eJo ’ vy Ja, i Jan
T o0
/ re_TtdYé(t) + Ep, {/ re "tsdt
0 T

T<T:|

T<T:|

—I—pOPgl(T >T) E91 T>T

T>T:|

+ (1 —po)Po, (T <T) |Ep, / re_rtdYé(t)
0

00 00 0 i )
+/ / f2‘ T),7)|T
gy JER@mI<T

T
+ (1 —=po)Po, (7 >T) | Ep, / re”"dY(t)
0

—~

1 1 .
x, t) (,,,e—’l‘t_rn / 120} (dh)h + “m / Vo (dh)€_7tU(pt,h,I7 E + Gh + $)>:|
V' JA, Vs m

+ Ey, [/ re” " sdt
T

T>T

T>T:|

9The different terms, relative to BEq. (3.24) are: re‘”% fAn vi(dh)h, and

re vt e [y, va(dh)h.
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Using similar calculations to those in Section 3.5, we get:
wir v HTr LT vy H3r
3.39 U(po, FE) = 1-—
(3.39) (po, E) po(u{”+r+u;ﬂ+r>+( po)(y5n+r+y5n+T)
—B(Fuy 240+ F2) (. mar  prHPT
+ poe ST Ty
22 tr)TEFE,) (S _ per V;ng)

1_ —E(F,+
+(L=poe T ot

+/ / /e_TtU(pt,h,mE‘i‘Gh‘i‘m)'
—FE JO

[PoPoy (7 < T) b oy e (@ 1 (d) 1

0 _
+(1 a pO)P92 (T < T)f(gw (7—),7—)\7—<T(x7t)V2(dh)/V2} :
One can verify that for every p > p?, the unique solution of Eq. (3.39) is
U(p, E) = g5 + (g7 — g5)p + (s — g )pe(@m VW2 4 (5 — g1y (1 — p)eom =) E,

Therefore, for every p > p}, the unique solution is

1 o Am
(340)  EIN |F"(p) = g5 + (g7 — g3)p + Coarr (1 — p) (pp) .
(]

Proof of Proposition 2.10.
Let k., be the optimal strategy under F", and let k. be a cut-off strategy such
that E[M,_|F](p) > U(p) — e. We prove lim U,(p) = U(p) in two steps; we first

prove that lim U, (p) > U(p) — € for every € >, and subsequently we prove that
n—oo

lim Uy (p) < U(p).

By the definition of U,,, and the optimality of &,,, we get by Lemma 3.6

(3.41)
Un(p) = EIN |F(p) 2 EING|F(p) = BIMy |F(p)—E[Ly |FS1(p) —  E[My |F](p).

Since k. is e-optimal we obtain lim U, (p) > U(p) — e.
n—oo

By Lemmas 3.6(L2) and 3.7, it follows that E[N? |F"](p) < E[N} |F](p) for every
n. By the definition of U, Eq. (3.41), and the optimality of ,, we deduce

(3.42) U(p) = E[M,,|F](p) = EINZ | F(p) + E[Ly, | F](p)
> E[Ng |Ful(p) + E[LY, |F)(p) = Un(p) + E[LE, |F](p)-
By Lemma 3.6 (L1), nli_)rr;oE[LG\f] (p) = 0. Therefore, U(p) > nh—{%oUn(p)' |

Proof of Theorem 2.11.
1. Optimality . Fix p > p’. By Lemma 3.6(L3),

(343) E[My|F)(p) = lim [E[My|F)(p)] = lim [EINDIF,](p) + LY (0)]
= lm B[NZIF,)(p).
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By Theorem 2.6, we obtain for p > p':

(3.44)

l_p ont1 p/ an+1
Jm BN =t {atp+ a0+ G- (SF) T (725)
n lfp o
e-apa-n (22)7(

17p o’ +1 p, o' +1
I >+<s—ga>p() (p)

= gp)(1-p) (52 )

= gy+plgy —g5)+C'(1-p) (

)
= lim [92 +plgr —92) +C"(1 - p) (p)a”]

p
= lim [E[ND |F]@)] = lim Ud(p) = U(p),

where the last equality follows from Proposition 2.10. Observe that for every p < p’:
(3.45) E[M|F](p) = s =U(p).
By Eqgs. 3.43, 3.45 and 3.44 we obtain that E[M,.|F](p) = U(p), so that &’ is

optimal.

2. Uniqueness. Let & be a cut-off strategy, different from the optimal cut-off
strategy k’. As in Eq. (3.43),and the optimality of (k,), we obtain,

(346)  E[M|F)(p) = lim EINZ, |7,)(p) > lim ENE|F,)(p) = E[My| F](0).

We show now that for any cut-off strategy &, with cut-off p, s’ is strictly better
than 5. As in Eq. (3.44), for every p > p,

(3.47)
E[Mz|F](p) = lim  E[NZ|F.](p)

n—0oo

) 1_ an+1 _ an+1
~ lim [g?p+g;<1—p>+<s—g?>p< p) (p)

n—oo
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If p' < p, then E[My|F|(p) > s = E[Mz|F](p),where the inequality follows by
Eq. (3.44). Therefore, ' is strictly better then k. If p < p/, then for every p <
p < P, E[Mg|Fl(p) < E[M.|F](p) = s. Since E[Mz|F|(p) = s, and since the

o’ +1 a'+1
function B(Mx|F)(p) = gip + 951 —p) + (s — g0 (152) (i)  +(s-

o’ _ o’
g5)(1 —p) (%) (1%}) is not constant on any interval, it follows that there
exists € > 0 sufficiently small such that E[Mz|F](p + €) < s and therefore % is not
optimal.

d

Proof of Theorem 2.12.
Let E[M,:(q)|F](p), be the expected discounted payoff for a DM with subjective
belief ¢ > p’. As in the proof of Theorem 2.11, and by Lemma 3.6,

(3.48)
E[MyylFI(p) = lim [B[My)|Fl0)] = lim [EINZ )| Fal0) + B[L )| F)(0)
= lim B[N, 7] (0)

K
n—oo

By Theorem 2.6,

lim E[NZ ) [Fal(p) = Tim

n—oo

gﬁ+£ﬂw+@ﬂm(lq)WH<p/
+<sg;x1p>(1qq)“"<

¢p+¢ap>ms¢m(

Hs-ana-n (1) (1)

—
SH
=)
3
Q\
+
[
N
—

BES
’B\
N———

Q\
+
=

Proof of Theorem 2.13. Substituting gy = po + € in Eq. (2.8) (or in Eq. (2.13)),
yields

¥ a+1 e a+1 . « e «
V() =pols—an) (1257)  (55) +-po)(s—ao) (1252) (5°)
where « is the unique solution of (2.3) in (0, co).
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Simple algebraic manipulation yield:

p* a+1 1—p0—6 a+1
Vpo(€) = glpo+gz(1—po)+po(8—91)<1_p*> ( p— )

+(1 = po)(s — g2) (1 ﬁ*p*>a <1 ;Opiz E)a

= [91po+gz(1—p0)}+( P )a

1—p*
* a+1 o
p 1—po—e 1—po—e
. s — + (1 - 5 — I
[Po( 91)1_p*< Po+ € ) (1= po)( 92)< Do+ ¢ ) ]

= [g1po + g2(1 — po)] + (ai 1)a (Zl_—gz>a
[t () 0o (57

a+1\ pote po+e
a \"(s—g\"“ 1
= +g2(1 — + :
[91p0 + 92(1 — po)] <a+1) (91 s) Po(5 — g2)
« (1p06>a+1+1p0 (1p06>a
a+1\ po+te Po Po+ € '
For every « > 0 define: W(x) = V,,(z) — Vp(—x). This is the difference between the

payoff of an optimist and the payoff of a pessimist. Straightforward calculations
show that

/ _ az |_ (1=(ptx) @ 1 1—(p—=x) @ 1
W(x)_T[ ( pt+T ) (p+2)2(1*(10+1))+( p—z ) (P*Tz)z(l*(P*fL’))}

so that W(0) = W’'(0) = 0. Suppose @ > 1. Since (pjz)g < (p_lz)s, and
a—1 a—1
(%) < (%) we get W/(z) > 0 for every z > 0 such that

p* <pxax <1, and so W(z) > 0: an optimist will fare better.

«
If 0 < a < 1, it is easy to verify that p* < O‘T“ Since the function (I_Ty) m
decreases for 0 < y < O‘T*Q and increases for QTH <y < 1. For every z > 0 such
that p* <ptz < ‘%”2 we get W/(z) > 0: an optimist will fare better. For every
x> 0 such that 22 < p+x we get W/(z) <0, and so W(z) < 0: a pessimist will

fare better. O
3.7. Information Pricing.

Lemma 3.8. Let fi1(n) and fi(n) be the functions defined in (2.14) and (2.15).
The equation fi1(n) = 0 admits a unique solution in the interval (—1,00), and the
equation fa(n) =0 admits a unique solution in the interval (0,00).

Proof of Lemma 3.8.

The function f; is a continuous function that satisfies f1(—1) < 0 and f;(o0) = occ.
To show that the equation fi(n) = 0 in the interval [—1, c0) has a unique solution
it is therefore sufficient to prove that f is convex in 7 in (—1,0) and increasing in
7 in (0,00). The function f> is a continuous function that satisfies f2(0) < 0 and
fa(o0) = 0o. To show that fa(n) = 0 has a unique solution it is therefore sufficient
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to prove that f5 is increasing in 7 in (0, 00). The verification that these properties
hold is done as in the proof of Lemma 3.4 (]

Proof of Theorem 2.14. We construct an integral equation similar to the one in

the proofs of Theorem 2.6 and Lemma 3.7.

Let 7 be the stopping time of the first jump with size that belongs to A,. Let
the stopping time T be the first time ¢ that satisfied:

(3.49)
20 — (1 — 10 =N 5n
B“(t)::Z(t)—i—[ S Vf}t
2 1 — fi2
1 ! 1 dh;
<= {ln( Po )—111( P /)]—~ ~Zln<l/1( j)>
fi = iz 1—po 1—p fin — iz 5~ \va(dhy)
In the notations of Section 2.5, F' := [2ﬁ7g17;[2 — D?:D?} VB = {1n (1f° ) —In (15' ,)},
H1—H2 H1—H2 po p
and Gy, = ﬁ >In (2%32;;) The DM chooses the risky arm until the stop-

ping time 7', then switches to the safe arm. The calculations below use dynamic
programming. There are two ways to construct the integral equation, both are
similar to the proof of Theorem 2.6.
(a) The continuation payoff is determined by the stopping time 7 of the first jump
with size in A,,, and the value of the continuous part of the payoff at that time.
The modification here is that if the first jump with size in A,, occurs before time
T, then the expected payoff from jumps in A, \ A,, up to time 7 is being added to
the expected payoff.
(b) The continuation payoff is determined by the stopping time 7 of the first jump
with size in A,, and the value of the continuous part of the payoff at that time.
The modification here is that we distinguish between two cases. If the first jump
with size in A,, occurs before the stopping time 7' and if it belongs to A,,, then
the DM updates both his posterior p; j , and the intercept E + Gj + x, according
to the time 7, the size h of the jump, and the value of the continuous part of the
payoff at the stopping time 7. The jump’s size is added to the expected payoff. If
the first jump with size in A,, occurs before the stopping time T and if it belongs
to A, \ Ay, then the DM updates both his posterior p; ., and the intercept E +
according to the value of the continuous part of the payoff at the stopping time 7.
The jump’s size is not added to his expected payoff.

The posterior p; , is updated as follows

Dio = Plbh|r <T,7=1t,B*(7) € dx)
B P(r <T,7=t,B"(r) € dz|61)P(6)
P(r<T,7=t,B*(r) € dx|01)P(61) + P(r < T,7 =t,B*(1) € dx|63)P(02)
B poPe, (T < T)f(eéﬂl(T)ﬂ—)‘T(T(m5 t)
- poPo, (T < T)fféul(T),T)|T<T(wvt) + (1 = po) P, (T < T)fféuz(f),7)|T<T(mvt),
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It is more convenient to use the second way to construct the integral equation:
(3.50)

U(po, E) = poPy, (1 < T) [Eg1 {/ re_rtdYé(t)
0

oo poo . 1 1 .
+ / E/O fféul(T)’T)|T<T(x,t) (re tiz?f /A v1(dh)h + — / vi(dh)e " U(py o, E + )
, n 1 JAN\AR

1
+t— vi(dh)e " U(pep, B+ G + x))]

vy JAn,

T<T:|

+p0P91(7’ >T) Egl T>T

T
/ re "t dY (1)
0

+ Ly, {/ re " sdt
T

7'<T:|

T>T]

+ (1 —po) Py, (T <T) [E92 [ /0 ’ re”"tdYR (1)

/ / fB’W(T T)|T<T<x t < 7/ dh h+— VQ(dh)e_rtU(pt,sz +$>
Vg vy A \A,,

+7 va(dh)e™ " U (peh,ay B + G + ) ]

vy J A
T
/ re_rtdYé(t)
0

The different terms, relative to Eq. (3 24), here are:

+ (1 = po)Po, (T > T) | Ep, T>T

+ Ey, [/ re”"tsdt
T

— / vi(dh)h + — vi(dh)e ""U (py oy E + )
Vl An\A’"l

+— vi(dh)e "' U(pypur E + Gp + ),

ZA .

T>T:|

and

_”—/ va(dh)h + —/ va(dh)e™"'U (py oy E + )
n\A

+ = va(dh)e "' U(pi hwr E + Gp + ).

vy Ja,,
One can verify that for every p > p¥ , the unique solution of Eq. (3.50) is
Up, E) = g5 + (91 — g5)p + (5 — g )pe” (TAVERRIE o (5 — g2)(1 — p)e P —12)E,
Therefore, for every p > pZ,, the unique expected discounted payoff is:

EINIF10) = 5 + (0F ~ o+ s = 9D)1 -~ ) (* _p>ﬁ1 ( p/pl)wn

p 1-
B2 / B2
1-p D
—a?)(1 -
T (5 — g p>( p) (1_p,> ,
as desired.

The proof of the second part of the theorem is similar to the proof of Eq. (3.36),
and is therefore omitted. O
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4. FUTURE DIRECTIONS

Our results call for further research.

We studied the case that the High distribution dominates the Low distri-
bution in a strong sense (see Assumptions 2.1). These assumptions ensure
that the discontinuities of the process of posterior belief are always to one
direction. It is interesting to know whether our characterization holds under
only assumptions Al and A2.

e We assumed that the payoff is distributed according to a Levy process. It
will be interested to solve the model when the payoff is distributed according
to a geometric Levy process.

Bolton and Harris (1999), Keller, Rady and Cripps (2004), and Keller and
Rady (2008) study a strategic version of the model, in which several deci-
sion makers face identical unknown arms. Klein and Rady (2008) study a
strategic version of the model, in which the arms of two decision makers
are negatively correlated. It will be interesting to solve these models, when
the payoff’s distribution are general Levy processes.
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