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ABSTRACT

The power-law decay of gamma-ray burst (GRB) afterglow can be well described by synchrotron emis-
sion from a relativistic spherical blast wave, driven by an expanding fireball. We calculate the spectrum
and the light curve expected from an adiabatic blast wave which is described by the Blandford-McKee
self-similar solution. These calculations include emission from the whole blast wave and not just from
the shock front. We provide numerical corrections that can be used to modify simple analytic estimates
of such emission. We find that the expected light curve and spectra are flat near the peak. This rules out
the interpretation of the sharp optical peak observed in GRB 970508 as the peak of the light curve. We
also calculate the observed image of an afterglow. This image could be resolved in future VLBI obser-
vations, and its structure could influence microlensing and scintillation. The observed image is ringlike:
brighter near the edge and dimmer at the center. The image depends on the observed frequency. The
contrast between the edge and the center increases and the ring becomes narrower at higher frequencies.

Subject headings: gamma rays: bursts — gamma rays: theory — hydrodynamics — magnetic fields —

relativity — shock waves

1. INTRODUCTION

The delayed X-ray, optical, and radio emission
“afterglow ” following a gamma-ray burst (GRB) was pre-
dicted as a natural outcome of the fireball model (Paczynski
& Rhoads 1993; Katz 1994; Mészaros & Rees 1997; Sari &
Piran 1997). It is reasonably described by emission from a
spherical relativistic shell, decelerating upon collision with
an ambient medium (Waxman 1997a; Mészaros & Rees
1997; Katz & Piran 1997; Sari, Piran, & Narayan 1998). A
relativistic blast wave is formed and expands through the
surrounding medium, heating the matter in its wake. The
observed afterglow is believed to be due to synchrotron
emission of relativistic electrons from the heated matter.
The surrounding medium will be referred to as interstellar
medium (ISM), although this may not necessarily be the
case.

At any given time, a detector receives photons that were
emitted at different times in the observer frame, at different
distances behind the shock front, and at different angles
from the line of sight (LOS) to the center of the shell. The
properties of the matter are different at each of these points,
and so are the emissivity and the frequency of the emitted
radiation. Early calculations have considered emission from
a single representative point (Mészaros & Rees 1997;
Waxman 1997a; Sari et al. 1998). Later works have
included more detailed calculations. Synchrotron emission
was considered from the shock front (Sari 1998 ; Panaitescu
& Mészaros 1998), and monochromatic emission was con-
sidered from a uniform shell (Waxman 1997c).

Even if the electrons carry a large fraction of the internal
energy, the hydrodynamic evolution becomes adiabatic
after a short time, when the electrons can no longer cool
efficiently (Sari et al. 1998). For reasonable values of the
burst parameters this transition takes place approximately
an hour after the GRB. The adiabatic solution is valid from
there onward. Numerical simulations of the evolution of a
generic relativistic adiabatic fireball with arbitrary initial
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conditions have shown that the solution converges quickly
to the Blandford-McKee (1976, hereafter BM) self-similar
solution. In the following we consider, therefore, synchro-
tron emission from this solution.

We neglect scattering, self-absorption, and electron
cooling. Self-absorption becomes important at frequencies
much smaller than the peak frequency, and for slow cooling,
electron cooling becomes important at frequencies much
higher than the peak frequency, so this should yield a good
approximation for the observed flux density around the
peak. An analysis of the spectrum over a wider range of
frequencies was made by Sari et al. (1998).

In § 2 we derive the basic formula for the observed flux
density from a system moving relativistically. We present
the underlying physical model: synchrotron emission from
a power-law electron distribution in § 3. In § 4 we calculate
the spectrum and the light curve. We show that both the
light curve and the spectra are flat near the peak. This
causes difficulty in explaining the shape of the optical peak
of GRB 970508 (Sokolov et al. 1997). We compare our cal-
culations of the peak frequency and the peak flux with those
of a simpler analytic model. We provide a table for numeri-
cal corrections that can be used to modify the results of this
model. We also compare the spectra and light curves with
those of a uniform shell (Waxman 1997c). We show that the
two results are quite different. This demonstrates the need
to consider synchrotron emission from the full BM solution.
In § 5 we consider three alternative magnetic field models.
We show that the light curve and the spectrum do not vary
significantly when we model the magnetic field differently.
We calculate the surface brightness and obtain the observed
image of a GRB afterglow in § 6. As indicated in previous
works (Waxman 1997c; Sari 1998; Panaitescu & Mészaros
1998), the image is ringlike: it is brighter near the edge and
dimmer near the center. At a given observed time, the con-
trast between the edge and the center of the image increases
and the width of the ring decreases at higher frequencies.
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We conclude, in § 7, with a summary of our results and a
discussion of their observational implications.

2. THE FORMALISM

We consider a system that is moving relativistically while
emitting radiation. We calculate the flux density that is
measured by a distant detector (i.e., D > L, where D is the
distance to the detector and L is the size of the area emitting
radiation). We use a spherical coordinate system centered
on the shell. The z-axis points toward the detector (see Fig.
1). The detector is at rest in this frame, and so is the ambient
ISM. We refer to this frame as the observer frame. Consider
a small volume element dV = r? dr du d¢ (where u = cos 0),
and let j;, be the energy per unit time per unit volume per
unit frequency per unit solid angle, emitted by the matter
within this volume in its local frame (note that generally j,
depends on the direction Q as well as on the frequency,
place, and time). We denote quantities measured in the local
rest frame of the matter with a prime, while quantities
without a prime are measured in the observer frame. Note
that j,/v? is Lorentz invariant (Rybicki & Lightman 1979,
chap. 4, p. 147) and v' = vy(1 — Bu,), where y and fc are the
Lorentz factor and the velocity of the matter emitting the
radiation, respectively, and u, is the cosine of the angle
between the direction of the velocity of the matter and the
direction to the detector, in the observer frame. The contri-
bution to I, from this volume element is given by

wo oy (1 —pu) p

(see Fig. 1). The contribution to the flux density at the detec-
tor is dF, = I, dQ, where Q is the solid angle seen from the
detector, and I, includes all the contributions from different
volume elements along the trajectory arriving at the detec-
tor from the direction Q simultaneously and at the time for
which F, is calculated. Consider a photon emitted at time ¢
and place r in the observer frame. It will reach the detector
at a time T given by

(1)

T U
= = —_ — 2
1+z ! c’ @)

where z is the cosmological redshift of the GRB, and T =0
was chosen as the time of arrival at the detector of a photon
emitted at the origin at t = 0. Using o =~ r(1 — u?)'/?/D, we
obtain

1 27 1 ©
FOv, T)=%L a) duL P2 dr

N J(Qq, vy(1 — Bu,), v, T, + rujc)
y*(1 — Bu,)? ’

where d; is the luminosity distance to the GRB, and
j=j,v,r t), and later P’ = P'(v/, r, t); j' is taken in the
direction Q} at which a photon should be emitted in order
to reach the detector, and y, f, u, should be taken at the
time ¢ implied by equation (2).

For a spherical expanding system, which emits iso-
tropically in its local rest frame, one obtains u, = u and
j» = P,/4m, so that

14z Jl dufwrzdr P,(V'})(l —ﬁﬂ)ﬂ‘a ’Tz + r[,t/C)
2d; )i )o y*(1 — pu)’ ’
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)
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F1G. 1.—The contribution of a volume element dV’ to the flux observed
by a distant observer is dF, & dI, dQ, where dI, = j, ds. Since the observer
is far away, the direction of emission in the observer frame is almost
parallel to the z-axis.

Note that because of relativistic effects, a jet with an
opening angle 0 > 1/y around the LOS can be considered
locally as spherical (Piran 1994).

In order to learn whether the radial integration is
important, we calculate the observed flux density from
emission only along the LOS. We do this by considering a
situation in which at each point the photons are emitted
only radially: j,, = P, 6(Q" — Q'(#)). Note that the correct
limit is obtained when the delta function in the direction of
the emission is taken in the local frame. Since
dQ = y*(1 — Bu)*dQY (Rybicki & Lightman 1979, chap. 4,
p. 141), we obtain

oQ — Q@) = (1 — pu*oQ — QF)) . ©)

Substituting this j' in equation (3), we obtain

1+z (%, , v
Fv, T)= z L r drP(y(l—i—ﬂ)’

Equation (4) is quite general, and includes integration
over all space. In the case of GRB afterglow, radiation is
emitted only from the region behind the shock front. The
spatial integration should therefore be taken over a finite
volume, confined by the surface of the shock front. We
would therefore like to obtain an explicit expression for the
radius R of the shock as a function of u = cos 6 for a given
arrival time T. In the case of a shell moving with a constant
velocity fc, one obtains from equation (2)

PeT,

1—Bu
If one considers a constant arrival time T, this equation
describes an ellipsoid, which confines the volume constitut-
ing the locus of points from which photons reach the detec-
tor simultaneously (Rees 1966). In GRBs, most of the matter
is concentrated in a thin shell which decelerates upon colli-
sion with the ambient medium. When the deceleration of
the shell is accounted for, the ellipsoid is distorted. The
details of this distortion depend on the evolution of the
shock radius R(¢) (Sari 1998; Panaitescu & Mészaros 1998).
In this paper we consider an adiabatic ultrarelativistic
hydrodynamic solution, which implies I" oc R~ 3/2, where I’
is the Lorentz factor of the shock. For this case, equation (2)
yields

r,Tz+f>. 6)
C

7

cT,
=T 8
1—u+ 1/8T?) ®)
The shape of the volume constituting the locus of points
from which photons reach the detector simultaneously
resembles an elongated egg (see Fig. 2) and will be simply
referred to as “the egg.” The side facing the observer (the
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right side in the figures) will be referred to as the front of the
egg, and the side closer to the origin (the left side in the
figures) will be referred to as the back of the egg.

From hydrodynamic considerations, we expect the
typical size of the region emitting radiation behind the
shock to scale as A oc R/T'? in the observer frame. Despite
this fact, it is still important to consider the emission from
the whole volume of the egg, whose limits are given by
equation (8). To illustrate this, we give a simple example.
Consider a photon emitted on the LOS at a distance
d = R/y? behind the shock (point A in Fig. 2) at a time t,, in
the observer frame, where y = I'/,/2 is the Lorentz factor of
the matter just behind the shock. This photon will catch up
with the shock front at a later time ¢, in the observer frame
(at point B in Fig. 2) and will arrive at the detector together
with a photon emitted at that point at ¢,. From equation (8)
we find that, on the LOS, R = 16y%cT,, and so we obtain
R(t,)/R(t,) = 17* =~ 2. This shows that the emission comes
from a substantial part of the volume of the egg, and not
just from a thin layer near its surface. This is illustrated by
the shaded region in Figures 7 and 9, which corresponds to
a shell of width A = R/4y? in the observer frame.

At a given observed time T, the emission should be con-
sidered from the volume of the egg, whose surface is
described by equation (8). Taking this into account, it is
simpler to calculate the flux density at a given observed time
T, using new variables y, y that depend on T (see Figs. 2
and 3):

R_
y== XE1+16y;< r), )

R

where R = R(t) is the radius of the shock front, y, is the
Lorentz factor of the matter just behind the shock at the
front of the radial profile, and R, is the radius of the point
on the shock front, on the LOS, from which a photon

the shock front
at time to

F16. 2—We see here the egg-shaped region from which photons reach
an observer at a given time T In all the figures of the “egg” the observer is
located far to the right, and the symmetry axis is the LOS to the center of
the GRB. In order to reach the observer simultaneously, photons emitted
at different locations should be emitted at different times in the observer
frame, according to eq. (2). Photons that are emitted simultaneously in the
observer frame along the dash-dotted line ac reach the observer simulta-
neously. Therefore, ac represents an equal-y contour line. The location of
the shock front at this time of emission is indicated by the solid line abc,
and its radius R appears in the definitions of y, and y. A photon emitted at
point A, at a distance of d = r/y* behind the shock front and at a time ¢,
(both in the observer frame) caches up with the shock front at point B, at a
later time ¢, in the observer frame.
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Fi1G. 3.—Equal-y contour lines, y = 0.1, 0.15, ..., 0.95 (vertical lines);
equal-y contour lines, log,, x =0, 0.15, 0.3, ..., 3 (curved lines). The hori-
zontal line is the LOS to the observer, which is located far to the right.

reaches the detector at a time T (see Fig. 2). Since we expect
the typical size of the emitting region behind the shock to
scale as A oc R/y?, the choice of y is natural to this problem.
The exact form of y was chosen to suit the BM solution,
discussed below. Using equation (2) we can express r, u in
terms of y, y:

1—yy
16y y °

where v, is the Lorentz factor of the matter just behind the
shock, on the LOS.

We would like to express equation (4) in terms of y, y.
This will enable us to calculate the flux density for the BM
solution. This solution describes an adiabatic highly rela-
tivistic blast wave expanding into an ambient uniform and
cold medium (Blandford & McKee 1976). In terms of y and
¥ the BM solution is given by

r~Ry, p=1-— (10)

5/4 1/2 -17/12
b b

n’:4'yfnox_ s 'y:’yfx_ e’=4n0mpc2v})(

(11)

where n' and ¢ are the number density and the energy
density in the local frame, respectively, y is the Lorentz
factor of the bulk motion of the matter behind the shock, m,
is the mass of a proton, n, = n; x 1 cm~? is the number
density of the unshocked ambient ISM in its local rest
frame, and y, = y,y~>/>. For the BM solution, one obtains
(Sari 1997)

e ses(E) (T}
T ny 1+z ’

~ 17 ESZ T(‘iays 14
R, =553 x10 |:n1(1 n z):| cm, (12)
where Es, is the total energy of the shell in units of 1052
ergs, and Ty, is the observed time in days.

For any spherically symmetric self similar solution we
can define g(y) by: y*> = y7g(x), where g(x) describes how y
varies with the radial profile. For the BM solution
g(x) = x~ ', and for a uniform shell g(y) = 1. Using the defi-
nitions above, we obtain from equation (4) after the change
of variables

SR +2) [= [+
R e
L 1 0

y y'°P(T,, vy(1 — Bu), y, %)
{1+ y*[8g(0) ™" — x1}29(x)

(13)
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This formula for the flux density takes into consideration
the contribution from the whole volume behind the shock
front, and will be referred to as the general formula.

We would like to single out the angular integration and
the radial integration, in order to find out the different
effects each integration has on the observed flux density. In
order to single out the effect of the angular integration, we
consider a thin shell of thickness A in the observer frame
and take the limit A — 0. Because of kinematical spreading
we expect A to scale as A oc R/y%. According to the defini-
tion of y, such a shell corresponds to a constant interval in
1 1.€., the shell lies within the interval y € [1, ., for some
Ymax- The limit A — 0 corresponds to taking a delta function
in y:d(x — 1).

In order to single out the effect of the radial integration,
we changed variables in equation (6) from r to y. For the
BM solution we obtain

_ R4z [* Cian v
ro.n - G2 [Ca e (n g ) 0

3. THE PHYSICAL MODEL

According to the fireball model, a highly relativistic shell
moves outward and is decelerated upon collision with the
ambient ISM. This creates a relativistic blast wave that
expands through the ISM and heats up the matter that
passes through it. The relativistic electrons of the heated
material emit synchrotron radiation in the presence of a
magnetic field.

We now consider the synchrotron emission at a certain
point, in which the values of n/, y, and ¢’ are given by the
hydrodynamic solution. In order to estimate the local
emissivity, we assume that the energy of the electrons and of
the magnetic field at each point are a fixed fraction of the
total internal energy at that point: e, = €, ¢/, e = ege’. We
assume that the shock produces a power-law electron dis-
tribution: N(y,) = Ky_ ? for y, = 7., (for the energy of the
electrons to remain finite we must have p > 2). In the figures
for which a definite numerical value of p is needed, we use
p = 2.5. The constants K and y,,;, in the electron distribu-
tion can be calculated from the number density and energy
density:

-2 4
VYmin = <p ) /Gee 2 K = (P - l)nlygi_nl s (15)
p—1/nm,c

where m, is the mass of the electron.

Assuming an isotropic velocity distribution, the total
emitted power of a single average electron (i.e., with y, =
<y.»)is given by

’

€.e

P, =73 01cBy %, <y = 2 (16)

Wl

n'm,c
(Rybicki & Lightman 1979, chap. 6, p. 169), where o is the
Thomson cross section, and ey = B2/8n, where B is the
magnetic field (in the local frame). Although we refer to the
magnetic field in the local frame, throughout the paper, we
make an exception and write it without a prime.

The synchrotron emission function (power per unit
frequency) of a single electron is characterized by P, , oc v'/3
for frequencies much smaller than the electron synchrotron
frequency, and it drops exponentially at large frequencies.
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The typical synchrotron frequency, averaged over an iso-
tropic distribution of electron velocities, is given by

3y249.B
16m,c ’

where ¢, is the electric charge of the electron.
The hydrodynamic evolution becomes adiabatic after

Viyn(Ve) = A7)

€p 2 €. 2

T, = 0.02(1 + z)<a> <a> Es,n, days (18)
(Sari et al. 1998). At this stage the typical electron, which
radiates around v, no longer cools on the dynamical
time of the system. The cooling frequency v, at a given time
is the synchrotron frequency of an electron that
cools during the dynamical time. This frequency scales as
v, oc T~ 12, On the other hand, the peak frequency scales as
Vpeak ¢ T~ 3/%. Since T;, is defined as the time at which v, =
Vpeak» WE Obtain

T

Vpeak TO

v

(9

19)

This means that for T > T, electron cooling does not have
a significant effect near the peak frequency, which is the
frequency range of interest in this paper.

The adiabatic (BM solution) and the slow cooling
approximations are well justified for T > T;. Various esti-
mates of the burst parameters yield Es, ~n; ~1 and
€, €5 ~ 0.01 (Wijers & Galama 1998; Granot, Piran, & Sari
1998; Waxman 1997b). For these values, and for z ~ 1,
T, ~ 1 hr. Thus the adiabatic approximation is valid from
an hour after the burst and electron cooling can be ignored
(around the peak frequency) after about 5 hours. T;, could
be large if €, ~ e ~ n; ~ 1. Clearly, our solution is not
valid in this case.

We approximate the emission of a single electron as
P, . oc v!/* up to the electron typical synchrotron frequency,
where we place a cutoff in the emitted power. We normal-
ized the emission function so that the total power emitted
by a single electron equals that of an exact synchrotron
emission.

Under these assumptions, we obtain, after integration
over the power-law electron distribution, that the spectral
power per unit volume (in the local frame) at any given
point is

y 1/3
P;,max v, s v < v;nin s
;o min
Py = v\~ -2 (20)
’ ’
Pv,max ’ s V> vmin )

min

where Vi, = Viyn(Ymin) 18 the synchrotron frequency of an
electron with the minimal Lorenz factor at that point. Since
the emitted power at each point peaks at v, ;,, this frequency
can be looked upon as the typical emitted frequency around
which the emitted power is concentrated. Although this
emission function was obtained by approximating the spec-
tral emission of each electron as having the shape of the
low-frequency tail (ocv'/3), the spectral power for the whole
electron distribution resembles that obtained for an exact
synchrotron emission and an isotropic electron velocity dis-
tribution. The solid curve in Figure 4 represents the local
emissivity from an exact synchrotron emission of an iso-
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Fi1G. 4—Local emissivity from a power-law distribution of electrons,
emitting synchrotron radiation. The solid curve represents exact synchro-
tron emission with an isotropic electron velocity distribution, while the
dashed curve represents the approximation we used for the local emiss-
ivity. The differences in the local emissivity tend to smear out when inte-
gration is performed over the whole volume behind the shock front.

tropic distribution of electrons (Rybicki & Lightman 1979;
Wijers & Galama 1998), while the dashed curve represents
equation (20) with

4p — 1)} WP,
P, .. =0.88 - . s 21
: [ 31 | V(o) @D

where a factor of 0.88 was added to improve the fit to the
exact synchrotron emission. In our calculations we use the
local emission represented by the dashed line in Figure 4.
This local emission differs by up to ~45% from that of an
exact synchrotron emission near the peak and is only
slightly different above or below the peak. Note that differ-
ences in the local emissivity tend to get smeared out when
the contribution to the observed flux density is integrated
over the whole volume behind the shock front. We expect
that considering exact synchrotron emission should some-
what lower the peak flux and the peak frequency, and make
the light curve and spectra more rounded and flat near the
peak. We evaluate that the peak flux would be lower by
about 30%. Since there are only slight differences in high
and low frequencies, there should hardly be any effect on
the value of the point where the extrapolations of the power
laws at high and low frequencies meet (see Table 1).

The results are presented as a function of the dimension-
less similarity variable ¢ = v/vy, where v; is defined as the
observed synchrotron frequency of an electron with y, =

TABLE 1

FEATURES OF THE LIGHT CURVE AND SPECTRA FOR DIFFERENT
MaAGNETIC FIELD MODELS

PHYSICAL MODEL

Magnetic Field P bpeac Vpeak  Por Ve
B 2 2.34 0.183 4.11 0.260
B 2.5 1.88 0.205 4.66 0.313
B 3 1.65 0.218 5.33 0.355
B, 2.5 1.67 0.178 4.12 0.273
B 2.5 2.86 0.284 7.30 0.454

rad

NOTE—¢ cas Ypeak> Pextrr a0 Yoy, are defined in the text. ¢ ..,
and V., are numerical coefficients relating the peak frequency and
the peak flux, respectively, to those obtained from simpler analytical
models. They are given for different magnetic field models and differ-
ent values of the electron power law p.
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Ymin just behind the shock on the LOS:
Vr = vmin(y =X= 1)

Z171 x 104 /T T z%egﬂeglzyﬁggy Hz, (22)
where f(p) = [(p — 2)/(p — 1)] Our results can therefore be
looked upon, with the proper scaling of the logarithmic
x-axis, either as the spectra at a given observed time or as
the light curve at a fixed observed frequency.

Similarly, we express the observed flux density in terms of
a “standard ” flux density F, defined by

N(Rl)Pv,peak(l + Z)

F,= 41-ch{ ,
P, pear = 0.88 Pen(R) = 0.88 M ’ (23)
vsyn(yl) vsyn(yl)

where P, , (R;) and v, (y,) are the total power and synchro-
tron frequency of an average electron at y = y = 1, respec-
tively, P, ...« is an estimate of the peak spectral power of an
average electron, and N(R,) = 4nR; n,/3 is the total number
of electrons behind the shock at the time ¢ in the observer
frame for which R(¢) = R;. Allowing for cosmological cor-

rections, F, is given by
Fo=824(1 + z)ei/* Es,nl?d; 5 mly, (24)

where d, , ¢ is the luminosity distance d; to the GRB in units
of 10?8 cm.

4. THE LIGHT CURVES AND SPECTRA

The results for the observed flux density are presented in
Figure 5. The flux density arriving from the LOS (dashed
curve) peaks at ¢, = 0.98, and is only slightly rounded
near the peak. The flux density arriving from an infinitely
thin shell (dotted curve) peaks at ¢, = 1.92 and is quite
rounded and flat near the peak. The flux density arriving
from the whole volume behind the shock front (solid curve)
peaks at ¢, = 1.88 and is flat and rounded near the peak,
quite resembling the flux density from an infinitely thin
shell.

10° 1
x
[
g
>
L
~
>
L
Whole Volume AN
107} \
--------------- Infinitely Thin Shell N
L L L L AY L
107 107 10° 10" 10>

F1G. 5—Observed flux from synchrotron emission of a power-law elec-
tron distribution for the BM solution. The different curves stand for emis-
sion only along the LOS, emission from an infinitely thin shell, and
emission from the whole volume behind the shock. The emission from the
whole volume is very similar to that obtained for an infinitely thin shell,
due to a coincidence that arises from our choice for the magnetic field
model (see § 5).
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Our best prediction for the flux density measured by a
distant detector is obtained when we assume a realistic
hydrodynamical solution (the BM solution) and a realistic
radiation emission and use the general formula (see the
solid curve in Fig. 5). We would now like to examine it more
closely. The curve looks quite flat near the peak, and we
attempt to demonstrate this feature in a quantitative
manner. If one compares the peak flux obtained by extrapo-
lation of the power laws, obtained at low and high fre-
quencies, to the “actual” peak flux, one obtains that it is
larger by a factor of 1.53: F.,,, = 1.53F, ... In order to
further estimate the flatness of the curve near the peak, we
define ¢, and ¢_ by F(¢,) = F (¢_) = 0.5F, ..., where
¢+ > Ppea > ¢—. We obtain that ¢_ ~0.1¢,.,, and
¢+ X 106, 50 that ¢, /¢_ ~ 100. In a similar manner,
we define TJr and T_ for a given observed frequency, by
F(T,)=F(T_) = 0.5F, .., where T, > T, > T_. One
obtains: T, /T_ = (¢, /¢_)*"* ~ 20 (note that T,./T_ is fre-
quency independent).

GRB 970508 displayed a sharp rise in the optical flux just
prior to its peak, followed by a power-law decay
(Sokolov et al. 1997), showing T, /T_ < 3. This rise is incon-
sistent with the flat peak of the light curve found here, as
can be seen in Figure 6. The power-law decay following the
peak was proportional to T~ 118 (Sokolov et al. 1997). For
slow cooling of the electrons this implies 3(p — 1)/4 = 1.18,
i.e., p = 2.57, which is the value we used for the fit in Figure
6. To complete the fit, one needs to determine the time and
the value of the peak flux. The power-law decay imposes
one constraint on these two parameters. We show in Figure
6 three options for the arbitrary choice that is essential
in this stage. The values chosen for the peak flux and the
time of the peak in the curves depicted in Figure 6 were
R, =189; Ty,,, = 040, R, = 19.6; Ty, = 0.68, and R, =
20.4; T 4,y = 1.19, respectively, from top to bottom. These
values imply constraints on the parameters of the burst, but
do not determine them uniquely.

Relaxing the adiabatic assumption, ie., assuming the
hydrodynamic evolution had been radiative at the time of
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F16. 6—Circles and triangles represent optical observations of the
afterglow of GRB 970508 (made by Sokolov et al. 1997 and Metzger et al.
1997, respectively). The three curves are possible fits of the light curve we
calculated for p = 2.57, which fits the power-law decay of the observed flux
density from these data. Although the power-law decay fits relatively well,
the shape of the observed peak is clearly very different from the flat peak
predicted by our calculations.
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the optical peak, results in an even flatter peak to the light
curve (Sari et al. 1998), making it even harder to reconcile it
with the observed optical data. Thus, the optical peak of
GRB 970508 cannot be associated with the typical fre-
quency crossing the observed band, and other possible
explanations for its appearance should be considered. This
association is further undermined by the similarity between
the features of the optical and X-ray afterglow of GRB
970508 which can be seen in the first day or so (Piro et al.
1998). This similarity might suggest an X-ray peak close in
time to the optical peak. Unfortunately, this cannot be
tested, because of gaps in the data. It is possible that during
the early phase of the afterglow of GRB 970508 there was a
continuous emission from the source (Katz, Sari, & Piran
1998). A simultaneous peak in the optical and X-ray after-
glow would be quite natural under this interpretation.
At a given observed time T, the observed flux peaks at

Vpeak = Ppear Vr = 3.22 x 10M4 /1 + z

x ¢peak(p) f(p)
¢peak(2 5) f(2 5)

where ¢, is a slowly decreasing function of p, and the
main dependence on p is through f(p). The maximal flux
density is given by

v, max = lnbpeak FO

€ll2e 2E1/2Td33£2 Hz, (25

F

l/Ipeak(p
ln[/peak(2 5)

where Y., is a slowly increasing function of p.

Two other useful quantities are v,,,, the frequency where
the extrapolations of the asymptotic power laws above and
below v, meet, and F,,, the extrapolated flux density
there. The flux density at v, <v < v, (where v, is the
cooling frequency) can be approximated by F, =
Foys0/Vpea) P~ V2 For v, K v < Vo, (Where v, is the self-
absorption frequency), it can be approximated by F, =~

Fextr(v/vpeak)1/3 :

Vextr = ¢extrvT =798 x 1014« /1 + z

. Seuld) S0)
Del23) 125)

extr lnbextr F 0

=169(1 + z) 22" el2E ., nl/2d; 2 mly, (26)

€l 2E1/2Tda3£2 Hz, @7)

YexulD)
‘//extr(z 5 )

where ¢.,,, and ¥, are both slowly increasing functions of
p. The values @ o, Vpears Pextrs Yexir [OT TEprEsentative
values of p are given in Table 1.

These results can be best understood by looking at the
“egg” that constitutes the locus of points from which
photons reach the detector simultaneously, and mapping
upon it the typical emitted frequency in the observer frame.
Figure 7 depicts the lines of equal v,;, = Vyyn(Ymin)- From the
electron distribution we obtain that <{y,> = y_.../[ f(p)]'/?
and therefore: v,;, = f(P)v,.(<y.)). For this reason, the fre-
quency contour lines that are depicted in Figure 7 also
represent lines of equal typical synchrotron frequency

vsyn(<ye>)'

=25.8(1 + z) —== €L 2E,, nl2d; A mly , (28)
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FiG. 7—Equal observed synchrotron frequency contour lines, at a
given observed time, for the BM solution. Each line represents a different
value of ¢. The bold contour line is ¢ = 1. The lines are separated by a
constant logarithmic interval in ¢: A log,, ¢ = 0.05 (inner contour lines,
which cross the LOS, represent ¢ < 1). The shaded region represents a
finite shell of thickness A = R/4y? in the observer frame.

There are two opposing factors that determine the shape
of the observed synchrotron frequency contour lines that
are depicted in Figure 7. The shift from the local frame to
the observer frame, v = vy(1 — pv), causes the frequency to
decrease as one moves away from the LOS. However, at
earlier emission times, and at locations closer to the shock
front, the typical synchrotron frequencies in the local frame
are higher, and so is the Lorentz factor of the matter. This
tends to increase the observed frequencies of photons that
were emitted earlier (i.e., from the back of the egg) and
closer to the shock (i.e., closer to the surface of the egg).

The result of these two opposing effects, for the BM solu-
tion is that, as one goes backward along the LOS to earlier
emission times, the observed synchrotron frequency for a
constant observed time is almost independent of y:
Veyn(LOS) oc x ~ /2%, This explains the result for the flux
density arriving from the LOS (Fig. 5, dashed curve),
namely, that the peak flux is obtained at a frequency just
slightly lower than vy: @, = 0.98, and the light curve is
only slightly rounded near the peak. The fact thatv_;,, < v,
along the LOS accounts for the fact that the peak flux is
obtained at ¢, < 1. The fact that the decrease in v, as
one goes back along the LOS is very moderate means that
in order for the emitted radiation to be concentrated
around a frequency substantially lower than v;, one has to
go very deep in the radial profile along the LOS to r < R,.
This implies that one gets far from the shock front (to
% > 1), and therefore the contribution obtained to the total
flux density is small. For this reason ¢, is very close to 1.

The observed flux density from an infinitely thin shell
peaks at @, = 1.92, and the light curve (or spectrum) is
quite rounded and flat near the peak (see Fig. 5, dotted line).
This result can be understood by following the surface of
the “egg” (see Fig. 7); v,,;, increases as one goes to the back
of the egg (i.e., to earlier emission times) along its surface,
and it does so much faster than it decreases when one goes
back along the LOS. Therefore, one gets a substantial con-
tribution to the flux density at ¢ > 1, before one gets too far
back in the shell, where the total contribution to the flux
density drops considerably. This explains why the peak flux
for an infinitely thin shell is obtained at a frequency signifi-
cantly higher than v, whereas for the LOS it is obtained at
a frequency only slightly lower than v;.

In order to demonstrate the importance of accounting for
synchrotron emission from the full fireball, we consider a
simpler model of a monochromatic emission from a
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uniform shell. The emission frequency at every point is set
to be the synchrotron frequency of an electron with the
average Lorentz factor at that point: v,,(<y.)), where {y,>
and v, are taken from equations (16) and (17), respectively.
The emitted power per unit volume per unit frequency in
the local frame is given by

P,=nP,,, 00 —V.,,), (29)

e,av syn.

where P, ,, is given by equation (16).

We calculate the observed flux density due to this emis-
sion within a thin shell of matter, of finite thickness A in the
observer frame. This case was calculated numerically by
Waxman (1997¢). He took A = {R/y?, which corresponds in
our notation to y...({) =1+ 16{. We use equation (13),
and integrate only up to y,..({). Substituting g(y) =1 in
equation (13), we obtained an analytic solution which is
shown in Figure 8. The results are expressed by the simi-
larity variable ¢ = v/v;, where in this case v, is obtained by
dropping f (p) from equation (22).

Figure 8 depicts the observed flux density for a few values
of {, including { — 0. It is very different from Figure 5. This
difference can be intuitively understood by looking at
Figure 9, which depicts the frequency contour lines for a
uniform shell. In contrast to Figure 7, the frequency contour
lines are nearly perpendicular to the LOS and higher fre-
quencies come from the back of the “egg” (i.e., from smaller
radii). For this reason the flux density vanishes for ¢ < 1
(see Fig. 8). For every value of { there exists a critical fre-
quency ¢({) for which the frequency contour line touches
the back of the shell, exactly on the LOS. This is demon-
strated by the bold frequency contour line in Figure 9,
which represents ¢, for { = 4, and touches the back of the
shell exactly on the LOS at point C. The flux density peaks
exactly at ¢ ({). From our analytical solution for a uniform
thin shell we obtained a simple analytical expression for the
time (or frequency) of the peak flux as a function of {:

Ppeald) = D0 = (1 + 160)** . (30)

The resulting spectra and light curve for a uniform shell
are qualitatively different from those obtained when full
hydrodynamical radial profile and synchrotron emission
are considered. For a uniform shell, the rather arbitrary
choice of { determines the time of the peak flux for a given

10" ¢

Fu/Fo

F1G. 8.—Observed flux density from a uniform shell, for different values
of the shell thickness in the observer frame: A = {R/y2. The value of ¢ at
the peak is a function of the shell thickness (see eq. [30]).
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F1G. 9.—Equal observed synchrotron frequency contour lines, at a
given observed time, for a uniform shell. The lines (right to left) represent
¢ = 514, 524 53/4 . The typical synchrotron frequency is larger than v,
everywhere (everywhere ¢ > 1), and ¢ increases as one goes to the back
(i.e., to the left) of the “egg” along the LOS, to smaller radii. The shaded
region represents a finite shell of thickness A = R/4y? in the observer
frame. The bold frequency contour line that touches the back of the shell
on the LOS at point C represents the frequency for which the flux density
from a uniform shell, considered in this section, peaks.

observed frequency, and the peak is substantially sharper,
with a smaller width at half-maximum. This illustrates the
need of using a realistic hydrodynamic solution and a realis-
tic emission.

5. ALTERNATIVE MAGNETIC FIELD MODELS

Although the hydrodynamic profile is given by the BM
solution, the structure and profile of the magnetic field are
less clear. So far we have assumed that everywhere the mag-
netic field energy is a fixed fraction of the internal energy:
BZ
8n
Since not much is known about the origin or spatial depen-
dence of the magnetic field, we consider now two alternative
models for the magnetic field. There is no compelling reason
to prefer one of these models over the others. The consider-
ation of alternative models serves just to explore the effect
that a variation of the magnetic field has on our results.
Although quantitative differences exist between the models,
they are small. This also serves, in a way, as a test for the
generality of our results.

We assume that each matter element acquires a magnetic

field according to equation (31) when it passes the shock.
The two alternative models are obtained by assuming that

=e€ge . (31)

e =

Fv/Fo

F1G. 10.—Observed flux density for three different magnetic field
models. B,,; = B= B, on the shock front, while behind the shock front
B...>B>B,.

rad

Vol. 513

the magnetic field is either radial or tangential, and evolves
according to the “frozen field ” approximation.

Consider a small matter element, which passes the shock
at a time t, in the observer frame. Just after it passes the
shock it possesses a magnetic field B, (in the local frame)
given by equation (31). We consider a cubic volume V, = I
(in the local frame) with one face perpendicular to the radial
direction. According to the BM solution, at a later time ¢
this matter element will be at y = [R(t)/R(t,)]*, and it will
occupy a box of a size L,,q = x*/°L in the radial direction,
and a size L, = x'/*L in the two tangential directions (¢
and 6). One also obtains that B, = B, x*/®, where B, is the
magnetic field at the front of the radial profile, just behind
the shock, at the time t. We consider two possibilities for the
direction of the magnetic field at ¢, : a radial and a tangen-
tial magnetic field, B,y and B,. Our previous
“equipartition ” model will be denoted simply by B. In both
new cases the “frozen field ” approximation implies that the
magnetic field will remain in the same direction, while its
magnitude changes in the following way:

Brad=fo71/8a B=foil7/24, BJ_=BfX71' (32)

Using the general formula (eq. [13]), we obtain now the
observed flux density for B,,4 and B, (see Fig. 10). Some of
the features are summarized in Table 1. Since the emission
from the shock front (y = 1) is identical in all three cases,
the results obtained for an infinitely thin shell in the pre-
vious section, including the dotted curve in Figure 5, are
still valid here. This implies that the difference between the
various curves in Figure 10 arises from the radial integra-
tion. Our previous model for the magnetic field led to an
almost negligible effect of the radial profile (see Fig. 5). Now
we find that, generally, the effect of the radial integration is
comparable to that of the angular integration, as the flux
density for B,,; and B, are substantially different than for
an infinitely thin shell.

From equation (32) we can see that B,,4 implies a larger
magnetic field than B, and therefore a larger total emission
and higher emission frequencies, while B, implies a smaller
magnetic field than B, and therefore a smaller total emission
and lower emission frequencies. This is consistent with
the results in Table 1, namely, ¢ . (Brag) > Ppear(B) >
d)peak(BJ_) and !//extr(Brad) > l//extl'(B) > wextr(BJ_)' An impor-
tant feature that appears in all the magnetic field models we
considered is the flatness of the peak: ¢, /¢_ ~ 100-120
and T, /T_ ~ 21-24.

6. THE OBSERVED IMAGE

We turn now to calculate the observed image, as seen by
a distant observer. We consider the BM hydrodynamic
solution. Substituting g(y) = x~ ! in equation (13), we obtain

8R}(1+2z) Pyl%
= dydy . 33
We calculate the surface brightness (energy per unit time
per unit frequency per unit area perpendicular to the LOS)

at a given arrival time T. The distance of a point from the
LOS is given by

R, =rsin0 =Ry /1 —u g{iyf{'«/y—xys. (34)

The maximal value of R, is obtained on the surface of the
“egg” (where y = 1), implying y = 5-'/4, The observed

dF
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Fi1G. 11.—Observed image of a GRB afterglow, for different values of ¢.
The different images can represent either the image at different frequencies
at the same observed time or the image at the same frequency at different
observed times. In the latter case, one should also remember that the size of
the observed image increases with the observed time as R, .., oc T>/%. A
larger value of ¢ represents a higher observed frequency or a later observed
time. The image is brighter near the edge and dimmer near the center, and
the contrast is higher at large values of ¢.

image at a given observed time T is restricted to a disk of
radius R, ..., = 4.14y,cT around the LOS. Using equation
(12), we obtain an explicit expression for the BM solution:

_ 16 E52 18 nays 58
R max =391 x 10*° —= — cm. (35
’ ny 1+z

We calculate the surface brightness within this disk, and
find it useful to work with the variable: x = R, /R ... The
differential of the area on this disk is given by

dSJ_ = 27TRJ_ dRJ_ = ani’max X dx . (36)
Using equation (34), we obtain from equation (33)

dF, 4 (R)\*(1+2> Py
s, = \d, cT (14 Tyy*)?

from which we obtain, after integration, the surface bright-
ness as a function of R,. In this expression, y should be
taken as a function of y for a given x, according to equation
(34). The limits of the integration over y are determined
from the condition y > 1.

We calculated the surface brightness for several values of
¢, and, as before, the different images can be viewed either
as the observed images at a given observed time at different
observed frequencies or as the observed images at a given
frequency at different observed times. The observed images
are quite similar for the different magnetic field models we
considered, and therefore we present detailed results only
for B (Figs. 11 and 12), and summarize in Table 2 the fea-
tures of the images obtained for B,,4, B, and B, .

dy , (37)

F1G. 12.—Observed surface brightness as a function of x = R, /R, ..,
for different values of ¢. The surface brightness peaks near the outer edge
of the image, drops sharply towards the edge (x = 1), and decreases more
gradually toward the center. The normalization preserves the correct ratio
between the absolute surface brightness, for the different values of ¢, which
decreases both for low and for high values of ¢.

The observed image is bright near the edge and dimmer
at the center. At high values of ¢ (high frequencies or late
observed times) the surface brightness at the center is only a
few percent of the maximal surface brightness, which is
obtained near the edge (x ~ 0.93-0.95), and a bright ring is
clearly seen with a sharp edge on the outer side and a more
gradual decrease in the surface brightness toward the
center. At ¢ < 1 (low frequencies or early observed times)
the surface brightness at the center is around 0.32-0.39 of
the maximal surface brightness, and, though the image is
brighter near the edge, the center should be visible as well
(see the left image in Fig. 11).

The observed image calculated considering emission only
from the surface of the shock front (Sari 1998) yielded a
surface brightness diverging at R, ... This divergence is an
artifact of the assumption that the radiation is emitted from
a two-dimensional surface. Other features of the image,
such as the difference between high and low frequencies, are
quite similar to those found here.

The transition in the distribution of the relative surface
brightness along the observed image, between the limiting
cases of small and large ¢, occurs over 1 order of magnitude
in ¢: 1 < ¢ < 10. The relative surface brightness hardly
changes beyond this region (although the absolute surface

TABLE 2
FEATURES OF THE OBSERVED IMAGE

SB(x = 0)/SB,,,, <1 o>1

MAGNETIC FIELD MODEL o<1

¢>1 Xpeak Ax Xpeak Ax

Bl oo 0.32
B 0.34
Brag eeoeeeeeeeeeeenenn, 0.39

0.034 0.95 0.263 0.96 0.151
0.039 0.94 0.296 0.95 0.178
0.065 0.93 0.403 0.90 0.290

Note—We define Ax = x, — x_, where x, > x_ are the values of x = R /R, ,,, at
which the surface brightness (SB) drops to half of its maximal value. Ax is an estimate for
the width of the bright ring that appears on the outer edge of the image; x .., is the value
of x for which the maximal SB is obtained, and its values indicate that the SB peaks near
the outer edge of the image. It is evident that the contrast between the center and the edge
of the image is considerably larger for high frequencies (or late times) than for low fre-

quencies (or early times).
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F16. 13—Flux-averaged value of x =R /R, ., as a function of ¢;
{(x) = 0.74for ¢ < 1,and {x) ~ 0.85for ¢ > 1.

brightness drops both for low and for high values of ¢, due
to the drop in the observed flux density).

The fact that at a given observed time the relative surface
brightness at the center of the image is smaller for high
frequencies than it is for low frequencies may be intuitively
understood: for high frequencies the emittance decays in
time, and is therefore lower at large radii, which correspond
to small values of x oc R, which are located at the center of
the image.

To calculate the effects of scintillation or microlensing,
one needs a good estimate of the effective size of the
observed image. We therefore calculate the flux-averaged
value of x:

(x> = v (38)

A plot of {x) as a function of ¢ is shown in Figure 13. For
¢ < 1 one obtains that {x) is constant: (x> =~ 0.74. As ¢
increases above unity, {x) increases, until it reaches its
maximal value of (x> =~ 0.86 at ¢ ~ 17. Above this value of
¢ there is a slight decrease in {x) as ¢ increases, until for
¢ > 1 it reaches the limiting value: (x> =~ 0.85. These
values are slightly lower than those obtained for an infi-
nitely thin shell: (x> =~ 0.79 for ¢ < 1 and <{x) =~ 0.91 for
¢ > 1. (Note that Panaitescu & Mészaros 1998 and Sari
1998, who also considered the infinitely thin shell approx-
imation, obtained slightly different erroneous results.)

7. DISCUSSION

We have calculated the observed flux density from a
spherical adiabatic relativistic blast wave described by the
self-similar Blandford & McKee (1976) solution. We have
considered synchrotron emission from a power-law dis-
tribution of electrons, using a realistic local emissivity,
which depends on the local hydrodynamic parameters.

We have calculated the peak frequency and the peak flux
(eqs. [25] and [26]) as a function of the observed time. The
value we obtained for the peak frequency is a factor of ~ 1.8
smaller than the value obtained by Sari et al. (1998), a factor
of ~2.5 (for p = 2.5) smaller than the value obtained by
Wijers & Galama (1998), and a factor of ~ 35 (for p = 2.5)
smaller than the value obtained by Waxman (1997b). This
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large difference from the last result is partly due to the fact
that Waxman (1997b) assumes that the peak frequency is
the synchrotron frequency of an average electron vy,(<7.)),
while the peak frequency is actually much closer to
Veyn(Ymin)—the synchrotron frequency of an electron with
the minimal Lorentz factor. The value we obtained for the
peak flux is a factor of ~1.9 (for p = 2.5) smaller than the
value obtained by Wijers & Galama (1998), a factor of ~5.1
larger than the value obtained by Waxman (1997b), and a
factor of ~ 6.5 smaller than the value obtained by Sari et al.
(1998).

We have also calculated the frequency and the flux
density at the point where the asymptotic high- and low-
frequency power laws intersect (egs. [27] and [28]). Like the
expressions for the peak frequency and the peak flux (egs.
[25] and [26]), these expressions are given in terms of
numerical corrections ¢ eai, Pextrs Ypeak> Wextr 0 the results
of a simpler analytic model. Thus, using these values (given
in Table 1 and below the equations mentioned above), one
can modify the results of such an analytic calculation. This
might be particularly important when one is trying to fit the
observed light curve or spectrum to a theoretical model.

Both the light curve and the spectra are flat near the
peak. The flux density at a given observed time drops to half
its maximal value at around 1 order of magnitude from the
peak frequency, on either side. The flux density at a given
observed frequency drops to half its maximal value at a
factor of ~5 before and after the time of the peak flux. This
result was obtained for all the magnetic field models we
considered, and it therefore seems to be of quite a general
nature. We have used an approximate form for the local
synchrotron emissivity. We expect that without this
approximation the values of the peak flux and the peak
frequency would be slightly lower, and the light curve and
the spectrum would be even more rounded and flat near the
peak.

In contrast to the flatness of the peak, discussed above,
GRB 970508 displayed a sharp rise in the optical flux
density, immediately followed by a power-law decay
(Sokolov et al. 1997). Sari et al. (1998) considered both radi-
ative and adiabatic evolution of the blast wave, and found
that the steepest rise in the flux density occurs before the
peak, for an adiabatic evolution and slow cooling of the
electrons, which is the case discussed in this paper. This
steepest rise is T1/2, and, as we have shown in this paper, the
rise in the flux decreases as the peak is approached, and the
peak itself is quite flat. We obtained T, /T_ ~ 21-24, which
indicates a flat peak, while GRB 970508 displayed
T,/T_ < 3. This rules out the interpretation of the optical
peak of GRB 970508 as the peak of the light curve, predict-
ed by the existing fireball models. It therefore appears that
another explanation is needed. The peak in the light curve
might be a result of continuous emission from the source
(Katz, Sari, & Piran 1998).

In order to demonstrate the importance of accounting for
synchrotron emission from the full fireball, we also con-
sidered monochromatic emission from a uniform shell
(Waxman 1997c), for which the results change drastically.
In particular the location of the peak flux depends critically
on the width of the shell { (see eq. [30]), which is chosen
quite arbitrarily.

The image of a GRB afterglow looks like a ring, even
when emission is considered from the whole volume behind
the shock front. Similar results were obtained for simpler
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models (Waxman 1997c; Sari 1998 ; Panaitescu & Mészaros
1998). The image is bright near the edge and dimmer at the
center. The contrast in the surface brightness between the
center and the edge of the image increases and the ring is
narrower at higher frequencies (optical and X-ray). For low
frequencies (as long as self-absorption is not significant) the
contrast is smaller and the ring is wider. The best available
resolution is obtained in radio frequencies, which can be
considered as “low frequencies” for the first few months.
Thus, the afterglow of a future nearby GRB (z ~ 0.2) might
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be resolved in radio. This model predicts that in early times,
when v,,4i, < Vpear, the image should appear as a relatively
wide ring with a relatively small contrast, while for later
times, where v,,4;, > V,.qi (as long as the relativistic regime
is not exceeded), the image should appear as a narrow ring
and possess a large contrast.

This research was supported by NASA grant NAGS-
3516, and US-Israel grant 95-328. R. S. thanks the Clore
Foundation for support.
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