An almost O(log k)-approximation for k-connected subgraphs

Zeev Nutov

The Open University of Israel

nutov@openu.ac.il

Abstract

We consider two cases of the Survivable Network Design
(SND) problem: given a complete graph G,, = (V, E,)
with costs on the edges and connectivity requirements
{r(u,v) : u,v € V}, find a minimum cost subgraph G of
G, that contains r(u, v) internally disjoint uv-paths for
all u,v € V. Our main result is an O <logk -log ﬁ)—
approximation algorithm for the k-Connected Subgraph
problem (the case r(u,v) = k for all u,v € V'), for both
directed and undirected graphs, where n = |V|. Our ra-
tio is O(log k), unless k = n—o(n). Previously, the best
known approximation guarantees for this problem were
O(log? k) for directed /undirected graphs [Kortsarz and
Nutov STOC 2004, Fakcharoenphol and Laekhanukit
STOC 2008], and O(logk) for undirected graphs with
k < y/n/2 [Cheriyan, Vempala, and Vetta STOC 2002].
As in previous work, we consider the k-Connectivity Aug-
mentation problem of increasing at minimum cost the
connectivity of a given graph J from k — 1 to k; a p-
approximation for it is used to derive an O(p - log k)-
approximation for k-Connected Subgraph. Fakcharoen-
phol and Laekhanukit showed that k-Connectivity Aug-
mentation admits an O(log v)-approximation algorithm,
where v is the number of minimal ”violated” sets in J.
However, we may have v = ©(n), so this gives only an
O(log n)-approximation. We design a novel primal-dual
algorithm that adds an edge set of cost < opt to get
v < % Combined with the algorithm of Fakcharoen-

phol and Laekhanukit, this gives the ratio O (log n"fk)

for k-Connectivity Augmentation, which is O(1), unless
k=mn—o(n).

Our additional result is for the (undirected) Rooted
SND, where for a “root” s € V, the connectivity re-
quirements are {r(s,t) = r(t) : t € T C V}, and the
solution graph should contain r(t) internally disjoint st-
paths for all t € T. For large values of k = max;er r(t)
Rooted SND is at least as hard to approximate as Di-
rected Steiner Tree [Lando and Nutov APPROX 2008].
For Rooted SND [Chakraborty, Chuzhoy, Khanna STOC

08] gave recently a ko(k2)log4 n-approximation algo-

rithm. Slightly later [Chuzhoy and Khanna FOCS 08|
improved the ratio to O(k?logn), and also gave an
O(k® log® n)-approximation algorithm for the case of
node-costs. Independently, we obtained a simple ap-
proximation algorithm with ratios O(k?logn) for edge-
costs, and O(k*log?n) for node-costs.

1 Introduction

1.1 Problems considered and related work

Let kg (u,v) denote the maximum number of internally-
disjoint uv-paths in a graph G. We consider variants of
the following fundamental problem in network design:

Survivable Network Design (SND):

Instance: A complete graph G,, = (V, E,,) with edge-
costs {c(e) : e € E,}, and connectivity
requirements {r(u,v) : u,v € V'}.

Objective: Find a minimum cost subgraph G of G,, so
that kg (u,v) > r(u,v) for all u,v € V.

For an instance of SND at hand, let opt denote the
optimal solution value, let k¥ = max, ,ev 7(u,v) denote
the maximum requirement, and let n = |V|. While the
edge-connectivity case — the so called Steiner Network
problem — admits a 2-approximation algorithm, nontri-
vial approximation algorithms for SND are known only
for metric costs [7] by Cheriyan and Vetta, and for 0, 1-
costs [24, 29]. A hardness result of Kortsarz et al. [20]
suggests that for general costs SND is unlikely to admit
a polylogarithmic approximation; this is so even for 0, 1-
costs [30]. See also a slightly improved hardness result
in [2]. It was recently shown by Y. Lando and the author
[25] by a simple proof that directed SND problems can
be reduced to their corresponding undirected variants
with large connectivity requirements. In particular, this
implies the hardness result of [20] (we will elaborate on
other consequences later).

A simple directed/undirected graph is k(-node)
connected if it contains k internally-disjoint paths from
every node to the other. When r(u,v) = k for all
u,v € V, we have the following particular extensively
studied case of SND:



k-Connected Subgraph

Instance: A complete graph G,, = (V, E,,) with edge-
costs {c(e) : e € E,} and an integer k.

Objective: Find a minimum cost k-connected spanning
subgraph G of G,,.

This problem was studied extensively both in gene-
ral setting [33, 5, 6, 22, 10, 25], as well as for restricted
settings [12, 17, 18, 15, 16, 19, 1, 9, 21, 4, 26]. The
approximability of the problem for general costs, and
its complexity status for 0,1-costs are long standing
open problems. For general edge-costs, the undirected
case is NP-hard for £ = 2, and the directed one for
k = 1. Improving the trivial ratio of 2k, Kortsarz and
the author [21] gave a k-approximation for undirected
graphs and a (k+ 1)-approximation for directed graphs.
Cheriyan, Vempala, and Vetta [6] used the iterative
rounding method to improve for k& = Q(n'/2*¢) the
ratio to n/v/n — k, where n = |V|. In a different paper
[5] they gave an O(log k)-approximation algorithm for
undirected graphs with n > 6k2, based on a result of
Mader [27]; this results extends also for the case n > 2k?
using Mader’s result from [28]. Kortsarz and the author

[22] gave an O(" log? k)-approximation algorithm for

both directed and undirected graphs, which is O(log? k)
unless k = n — o(n). Recently, Fakcharoenphol and
Laekhanukit [10] obtained an O(log® k)-approximation
for all n,k. By a recent result of Y. Lando and
the author [25], for k& > n/2 directed and undirected
variants of k-Connected Subgraph are equivalent w.r.t.
approximation, up to a constant factor.

Better approximation guarantees are known for
small values of k [1, 9, 21], for metric costs [19, 21],
for 1, co-costs, and for 0, 1-costs [12, 17, 18, 15, 16, 26].
We survey the literature on the latter case of 0, 1-costs,
namely, when we are given a graph J (of cost 0), and
the goal is to find a minimum size edge-set I (any edge
is allowed by cost of 1) so that J + I is k-connected.
For undirected graphs, the complexity status of k-
Connected Subgraph with 0, 1-costs is among the oldest
open problems in network design, see [17, 18, 15, 16, 31,
26]. However, the directed case is solvable in polynomial
time Frank and Jorddn [12]. Jordén [17, 18] gave an
algorith that computes a solution of size opt + k/2 for
the problem of increasing the connectivity by 1 (see
an improved version of Jorddn’s algorithm in [26], and
a related result in [31]). This result was generalized
by Jorddn and Jackson [15] that gave an algorithm
that computes a solution of size roughly opt + k2/2
for the general k-Connected Subgraph with 0, 1-costs.
Another very interesting result of Jordan and Jackson
[16] shows that the problem can be solved exactly in
time O(2%poly(n)). See also a survey in [23].

For an edge-set or a graph J on a node set V' and
disjoint X, Y C V, let §;(X,Y) denote the set of edges
in J going from X to Y. By Menger’s Theorem, there
are k internally disjoint st-paths in J if, and only if,
[05(S,T) >k — (n—|SUT)]) for all disjoint S,T C V
with s € S and t € T. We will compare the cost
of our solutions to the optima opt; of the following
LP-relaxation for the minimum cost k-node connected
spanning subgraph that has been introduced in [12]:
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Prior to all mentioned work, Ravi and Williamson
[33] designed a primal-dual algorithm for k-Connected
Subgraph on undirected graphs, and gave an analysis
that this algorithm has ratio O(logk). However, the
proof was found to contain an error, see [34]; in [34],
Ravi and Williamson gave an example showing that
the approximation ratio of their algorithm in [33] is
Q(k). Still, many ideas from the Ravi-Williamson al-
gorithm were used in the subsequent papers [5, 22, 10],
including using small violated sets, and paying only an
O(log k) factor for considering the corresponding ”aug-
mentation” problem. The k-Connectivity Augmentation
problem is the restriction of k-Connected Subgraph to
instances in which G,, contains a (k—1)-connected span-
ning subgraph J of cost zero; namely, we seek to increase
at minimum cost the connectivity of J from ¢ =k — 1
to £ +1 = k. The following statement was implicitly
proved by Ravi and Williamson in [33].

ProposITION 1.1. ([33]) Suppose that k-Connectivity
Augmentation admits a polynomial time algorithm that
computes a solution of cost < a(n,k) - opt,. Then k-
Connected Subgraph admits a polynomial time algorithm
that computes a solution of cost < opty, - Z§:1 ,j‘f’gf)l
In particular, if a(n, ) is increasing in £ then the cost
of the solution computed < a(n,k)H (k) (H(k) denotes

the kth Harmonic number).

The approach in [5, 22, 10] for k-Connected Sub-
graph was to design an approximation algorithm for
k-Connectivity Augmentation. This was done as fol-
lows. A graph G = (V,E) is k-outconnected from s
if it contains k internally-disjoint paths from s to eve-
ry v € V —s. Frank and Tardos [13] showed that
the problem of finding a minimum-cost k-outconnected
spanning subgraph can be solved in polynomial time
for directed graphs; this implies a 2-approximation al-
gorithm for undirected graphs. A k-connected graph is



k-outconnected from every node, hence the minimum-
cost of a k-outconnected subgraph is a lower bound on
opt. The inverse is not true, as a k-outconnected graph
is not k-connected if the root s belongs to a node-cut of
cardinality < k — 1. However, if R is a node set so that
no node-cut of J of size < k — 1 contains R, then by
executing the Frank-Tardos algorithm from every root
s € R, and taking the union of J and the |R| subgraphs
computed, we obtain a k-connected graph. This ap-
proach was used in [5] and [22]. Mader [27] showed that
for undirected graphs with n > 6k2 there exists such
R with |R| = 3; this was used by Cheriyan, Vempala,
and Vetta [5] to obtain an O(1) ratio for undirected
k-Connectivity Augmentation with n > 6k2. Kortsarz
and the author [22] proved that for any n,k one can
find such R with |R| = O(-24 - logk) in both directed
and undirected graphs. However, for k = n — O(1) one
cannot achieve a better bound than O(n) on |R|. Using
decomposition of feasible solutions, Fakcharoenphol and
Laekhanukit [10] observed that the Frank-Tardos algo-
rithm can be used to find a partial augmenting edge set
that decreases the number v of minimal violated sets by
1 and has cost O(1/v) - opt. Using standard set-cover
analysis, this gives an O(logv) ratio for k-Connectivity
Augmentation. In fact, the same decomposition can be
used to compute an edge set of cost < opt that decreases
the number of minimal violated sets from v to |v/2],
which gives another O(log v)-approximation.

We note that the algorithms in [5, 22, 10] require
only a procedure that increases the outconnectivity by
1 at minimum cost. Hence, instead of using the Frank-
Tardos algorithm, they can use for this particular case
the simple and elegant primal-dual algorithm of Frank
[11], which is also faster. Consequently, the algorithms
of [5, 22, 10] can be casted as a combination of the
primal-dual approach with the greedy method.

Our additional result is for a particular case of undi-
rected SND, where for a “root” s € V the connectivity
requirements are {r(s,t) =r(t):t €T CV}:

Rooted SND:

Instance: A complete undirected graph G,, = (V, E,,)
with edge-costs {c(e) : e € £}, aroot s € V,
a set T of terminals, and connectivity re-
quirements {r(t) >0:t € T}.

Find a minimum cost subgraph G of G,, so
that kg(s,t) > r(t) for all t € T.

Objective:

While the k-Connected Subgraph problem was studi-
ed extensively, there is almost no literature on (undi-
rected) Rooted SND, except for the case of 0, 1-costs [24,
31, 30, 29]. Recently, Rooted SND (with general costs)
received some attention because Chakraborty, Chuzhoy,
and Khanna [2] obtained a KOG log* n-approximation

for it. Slightly later, Chuzhoy and Khanna [8] improved
the ratio to O(k%*logn). As for hardness of approxi-
mation, one of the consequences from a recent result
of Y. Lando and the author [25] is that Rooted SND
with & > n/2 is at least as hard to approximate as the
notorious Directed Steiner Tree problem; the currently
best known algorithm for the latter is an O(|T|/e?)-
approximation scheme in O(|T|*/¢n?/¢) time [3].

1.2 Results and techniques The best ratio for k-
Connectivity Augmentation was O(logk) [10] for both
directed and undirected graphs, and O(1) for undirected
graphs with n > 2k? [5]. In this paper we design a
novel primal-dual algorithm, which we combine with
the greedy method used in [22] and [10], to obtain the
following result:

THEOREM 1.1. k-Connectivity Augmentation admits a
polynomial time algorithm that computes a solution of

cost O (log ﬁ) -opty,; the approzimation ratio is O(1),

unless k =n — o(n).

Thus we obtain for k-Connectivity Augmentation a
constant ratio for almost all values of n, k, for both di-
rected and undirected graphs, a result that was known
only for undirected graphs with n > 2k? [5]. Note that
even for k = n—n/logn, our ratio is O(loglog k), which
is better than the O(logk) ratio of [10]. It remains an
open question whether k-Connectivity Augmentation ad-
mits a constant approximation ratio for all n, k, but we
believe that the ratio in Theorem 1.1 characterizes the
problem. Combining Theorem 1.1 with Proposition 1.1
we obtain:

THEOREM 1.2. k-Connected admits

(0] <logk -log "+

n

Subgraph an

)—approximation algorithm; the ratio

is O(log k), unless k =n — o(n).

Our main new technique is a novel primal-dual algo-
rithm that by cost O(opt;,) reduces the number of min-
imal violated sets from n to % The algorithm partly
uses the setting of the Ravi-Williamson algorithm [33],
but is applied on directed graphs, with the following two
crucial changes:

e During the algorithm some minimal violated sets —
so called min-cores — are declared as ”passive”. The
algorithm tries to cover only active (non-passive)
min-cores. We will show that during the algorithm

at most % min-cores are declared as passive.

e When trying to cover the active min-cores, the
dual variables corresponding to them are not raised
uniformly. Instead, we choose an active core C' and
raise the dual variable corresponding to C' only.
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After the number of cores is reduced to v = =
we apply the O(logv)-approximation algorithm of [10]
to obtain the ratio O <log ﬁ) -opt,, for k-Connectivity
Augmentation.

We now describe our results for Rooted SND. As
was mentioned, Chakraborty, Chuzhoy, and Khanna
[2] obtained a EOG?) log* n-approximation for Rooted
SND, and recently Chuzhoy and Khanna [8] improved
the ratio to O(k?logn); they also gave an O(k8log® n)-
approximation for the variant with node-cost. Indepen-
dently, using different techniques from the ones in [2, §],
we obtained a simple proof of the following result:

THEOREM 1.3. Rooted SND admits approzimation al-
gorithms with ratios O(k*log|T|) for edge-costs and
O(k*log®|T|) for node-costs, where k = max;er 7(t).

Remark: For the case of Rooted SND with edge-costs
and requirements in {0, £}, namely, when r(t) = k for all
t € T, our algorithm has ratio O(klogk - log |T|). This
can be proved using standard scaling techniques, similar
to the ones given in Proposition 1.1 for k-Connected
Subgraph. We note that for this restricted version,
Chuzhoy and Khanna [8] obtained the slightly better
ratio of O(klog |T'|). For other variants, our ratio is the
same as in [8] for edge-costs, while for node costs our
ratio is better.

As for k-Connected Subgraph, we consider an inter-
mediate augmentation problem. The Rooted SND Aug-
mentation problem is the restriction of Rooted SND to
instances in which G,, contains a subgraph J of costs 0
with ks(s,t) = k— 1, and the requirements are r(t) = k
for all ¢ € T'; namely, we seek to increase at minimum
cost the connectivity between s and nodes in T from
{=k—-1tol+1=k.

THEOREM 1.4. Rooted SND Augmentation admits ap-
prozimation algorithms with ratios O(klog |T|) for edge-
costs and O(k®log®|T|) for node-costs.

It is easy to see that a p-approximation algo-
rithm for Rooted SND Augmentation implies a kp-
approximation algorithm for Rooted SND; thus Theo-
rem 2.1 follows from Theorem 1.4, so we only need to
prove Theorem 1.4. To see this, consider the following
algorithm for Rooted SND. Start with J = (V,0) and
continue with iterations. Iteration £ starts with a graph
J with k;(s,t) = min{¢,r(¢)} for all t € T, and seeks
to increase the st-connectivity from ¢ to ¢ + 1 for ev-
ery t € T with xy(s,t) = ¢ and r(t) > £ + 1; this is
an instance of Rooted SND Augmentation. We find an
edge set I, of cost p - opt using the p-approximation al-
gorithm for Rooted SND Augmentation. After at most

k iterations, J satisfies the requirements, and its cost is
< kp - opt.

2 Algorithm for k-Connectivity Augmentation
(Proof of Theorem 1.1)

We prove Theorem 1.1 for directed graphs; for undi-
rected graphs the result follows from the known state-
ment (c.f., [23]) that for k-Connected Subgraph and for k-
Connectivity Augmentation a p-approximation algorithm
for directed graphs implies a 2p-approximation algo-
rithm for undirected graphs. Hence in this section all
graphs are assumed to be directed, unless stated other-
wise. Our goal is to augment an ¢-connected (directed)
graph J by a min-cost edge-set I C & — E(J) so that
J+ I is (¢ + 1)-connected.

DEFINITION 2.1. For S C V let T';(S) denote the set
of neighbors of S in J, and let X* =V — X —T';(X).
Let Fj ={X CV |l ;(X)| = £ and X* # 0}, and let
S;={XeF;:|X|<(n—-10)/2}.

An edge e covers a set X € Fy if it goes from X
to X*. The following statement, that was implicitly
proved in [33], summarizes the properties of sets in F;
and Sy that we use.

LeEvMA 2.1. ([33]) Let X,Y € Fy. IF XY # 0 and
X*NY* #£0 then:

i) XNY,XUY € Fy, and (XNY)" = X*UY™,
(XUY) ' =X*NnY"*.

(i1) If an edge e covers X NY or X UY then e covers
X orY.

(iil) If and edge e covers both XNY, X UY then e covers
both X,Y .

Furthermore, if X,Y € Sy and if X NY # 0, then
X*NY* #0; thus (1)—(iil) holds in this case. In parti-
cular, the intersection of two intersecting sets in Sy is
also a set in Sy.

DEFINITION 2.2. A set in Sy is a core if it does not
contain two disjoint members of Sy; an inclusion mini-
mal core is a min-core. Let C; denote the family of
min-cores in J. For C € Cy the halo-family H(C) of C
is the set of cores that contain C. Let Hgo be the union
of the sets in H(C).

LEMMA 2.2. ([22]) Let C € Cy and let X € S;. If
X NHg # 0 then C C X. Thus the members of each
one of the families {Hc : C € C;} and C; are pairwise
disjoint.

LEMMA 2.3. ([10]) Each one of the families C; and
{Hc : C € Cy} can be computed in polynomial time.



2.1 The algorithm (Proof of Theorem 1.1)
An edge set I covers a subfamily F C Fj, or I is an
F-cover, if for every X € F there is an edge in I from
X to X*. It well known and easy is to see that J + I
is (¢ + 1)-connected if, and only if, I covers F; (c.f.,
[22]). For S € Fy, let §;(S) = 6;(S,S5*); for brevity,
0(S) = 0g,(S). Let 7(F) denote the optimal value
of the following LP-relaxation for covering a subfamily

f Q .7:J:
P) 7(F)= min Z Cele
ecE
s.t. Z r.>1 VSeF
e€s(S)
Ze >0 Veecé

THEOREM 2.1. k-Connectivity Augmentation admits a
polynomial time algorithm that computes an F j-cover of

cost <2 (14 1 (|2])) 7(F2) = 0 (1og 32 ) 7(F).

The following two statements summarize the main
ideas of our algorithm. The first is due to Fakcharoen-
phol and Laekhanukit [10], while the second will be
proved in the next section.

THEOREM 2.2. ([10])
There exists a polynomial time algorithm that computes
an Sy-cover of cost H(|C;|) - 7(Fy).

THEOREM 2.3. There exists a polynomial time algo-
rithm that computes a subfamily U of pairwise disjoint
members of Sy and an edge-set I C E such that the
following two properties hold:

Property 1: |Cjir| < [2n/(n—0)].

Property 2: I is an optimal cover of the family
I={X€S8;:XCU for someU €U},
and c(I) =7(T).

Theorems 2.3 and 2.2 easily imply Theorem 2.1. Let
us show an algorithm that covers the family S;. We
first compute an edge set I as in Theorem 2.3; note
that ¢(I) < 7(Z) < 7(Sy) < 7(Fs). Then we compute a
cover I of the residual family F ;. using the algorithm
from Theorem 2.2. The cost of the cover of S; computed
is bounded by:

cI+F) = cI)+c(F)
< 7(S)+H([2n/(n=0)]) - (Fyt1)
< (4 H([2n/(n—=0)])) 7(Fs) -
In order to cover the family F;, we execute this

algorithm twice: once on J and once on the reverse
graph of J; the union of the two partial solutions
computed covers the entire family F ;.

2.2 Proof of Theorem 2.3
The proof of Theorem 2.3 follows. The dual LP of (P)
is:

(D) max > ys
SeF
s.t. Z ys < Ce Vee &
SeFecs(S)
ys > 0 VS eF

For an edge set I C & — E(J) let x! denote the
characteristic vector of I. Given a solution y to (D),
an edge e € £ — E(J) is tight if the inequality in (D)
that corresponds to e holds with equality. Equivalently,
setting ¢é(e) «— cle) — Y {S € F : e € 4(5)}ys to
be the residual costs, we have that an edge e is tight
if, and only if, ¢(e) = 0. The algorithm produces a
subfamily U of pairwise disjoint members of S;, an
edge set I C E, and a dual solution y so that for
IT={Xe€S8;:X CU for some U € U} the following
holds: I covers Z (so z! is a feasible solution to (P)
with F = T), y is a feasible solution to (D), and x and
y satisfy the complementary slackness conditions:

Primal Complementary Slackness Conditions:
e € I = e is tight.

Dual Complementary Slackness Conditions:
ys > 0= |6[(S)| =1.

Before describing the main algorithm, we need to
describe a certain procedure that we use. A family F of
non-empty sets is a ring-family if XNY, X UY € F for
any X,Y € F and F has a unique non-empty minimal
set (the intersection of all sets in F); note that F also
has a unique maximal set (the union of all sets in F).
If |He| < (n — £)/2 for some min-core C, then H(C)
is a ring-family, with minimal set C' and maximal set
He. The procedure that we use is the first phase of a
standard primal-dual algorithm for covering such a ring
family H(C) (the second phase is so called "reverse-
delete”, which we do not apply in the procedure, but
only in the main algorithm). Given a partial solution
I, we raise the dual variable of the (unique) minimal
not yet covered set in H(C'), until some edge covering
it becomes tight, and add it to Io. We repeat this step
until the maximal set H¢ is covered. It is known, and
easy to see, that the produced edge set indeed covers
H(C). Note that at the end, there is a unique edge that
covers the maximal set H¢c, namely
(2.1) 01 (He)| =1

We now describe the main algorithm. The algo-
rithm has two phases.



Phase I starts with I = () and applies a sequence
of iterations. At the beginning of an iteration, we
compute the families C ;45 and H 41, and declare some
cores in Cy41 passive. If a core is declared passive at
some iteration, it remains passive and uncovered in all
the future iterations; moreover, no member of its halo-
family will be ever covered. Then we choose some active
(that is, non-passive) core C; |Heo| < (n —€)/2 if C is
active, hence H(C) is a ring-family. Thus we can apply
a standard primal-dual algorithm to produce an edge
Ic that covers the family H(C), as described above,
and note that (2.1) holds for I¢ and He. The edge-set
I is added to I, the set He is added to U, and the
sets in U properly contained in H¢o are excluded from
U; our definition of active cores will not allow that H¢
will cross some U € U, see Lemma 2.4(iii). Phase I
terminates when no active cores remain.

Phase 2 applies on I “reverse delete”, which means
the following. Let I = {ei,...,e;}, where €11 was
added after e;. For ¢ = j downto 1, we delete e; from
I'if T — {e;} still covers the set-family 7 = {X € S; :
X C U for some U € U}. This can be implemented
in polynomial time as follows. When an edge e € I is
checked for deletion, 7 is covered by I —{e} if, and only
if, no core of J+ (I —e) is contained in a set U € U. At
the end of the algorithm, I is output.

Now we describe formally the update of the family
U and the criteria for declaring cores passive.

The family U: Initially, 4 = (). We will prove later
that each time we cover the family H(C') of some current
core C, Hc does not cross any U € U, see Lemma 2.4(ii).
We set

UHU*{UGUZUch}+Hc,
namely, we replace all the members of U contained in
H¢, if any, by He.

Passive cores: At the beginning of an iteration, a core
C' is declared passive if the union

B(C)=He +| {U eU: HonU # 0}

of Ho and the sets in U intersecting He is larger than
(n — £)/2, namely, if |[B(C)| > (n —¢)/2. If a core is
declared passive at some iteration, it remains passive in
all the future iterations.

It is easy to see that the algorithm can be imple-
mented in polynomial time, by Lemma 2.3. For proving
Property 1, the key point is:

LEMMA 2.4. At any iteration of the algorithm, if I is
the edge set added so far, the following holds:

(i) The members of U are pairwise disjoint and every
U € U is covered by a unique edge ey € I.

(ii) If some X € Syy; and U € U intersect, then
(5[(X n U) = {(:’U} and (5[(X U U) = 0.

(i) For any U € U and any active core C, either
UcCHz orUNHg = 0.

Proof. By induction on the number of iterations of the
algorithms. Initially, i/ = () and the statement is valid.
Suppose that the statement is true at the beginning of
some iteration. We will show that it remains true also
at the end of the iteration.

Proof of (i): At the current iteration, we choose an
active core C, cover the family H(C) by an edge-set
I satistying (2.1), and add He to U. Thus (i) follows
from (ii) and (iii) in the induction hypothesis.

Proof of (ii): Note that X,U € S, hence XNU € S;, by
Lemma 2.1. Since all the members of S; contained in U
are already covered by I, there is an edge e € I covering
X NU. X is not covered by I, hence by Lemma 2.1(ii),
e covers U. But, by the induction hypothesis, ey is the
only edge in I covering U, hence e = ey; ey cannot
cover X UU, as then ey covers X, by Lemma 2.1(iii).

Proof of (iii): Clearly, we cannot have Ho C U, as
for every U € U all the members of §; contained in
U are already covered. Thus if the statement does not
hold for He and U, then He and U cross. As C is
active, |Hc UU| < |B(C)| < (n—¥¢)/2. By (i) in the
induction hypothesis, Ho U U is still uncovered. Note
that Ho U U contains no core distinct from C since
all the members of S; contained in U are covered, and
since, by Lemma 2.2, no min-core except C' intersects
He. But then, Ho UU C H¢, by the definition of H¢,
which gives a contradiction.

The proof of Lemma 2.4 is complete.

COROLLARY 2.1. At any iteration of the algorithm, the
members of U are pairwise disjoint, and for any U € U
there is at most one min-core C so that Hc NU # (.

Proof. Suppose to the contrary that Ho N U # @ and
Her NU # O for distinet min-cores C,C’. Let u be
the tail of eyy. By Lemma 2.4(i), u € Ho N Hes. This
contradicts Lemma 2.2.

Proof of Property 1: The sets B(C) are pairwise
disjoint, by Corollary 2.1 and Lemma 2.2. At the end
of the algorithm, only passive cores remain, hence we
have |B(C)| > (n —£)/2 for every core C' € Cjyr. Thus
ICri1| < [2n/(n —£)], as claimed. |

Proof of Property 2: As any set Ho added to U
is a member of Sy, U C S;. The members of U



are pairwise disjoint, by Lemma 2.4(i). For every set
He added to U, we covered all the members of S
contained in U. Thus at the end of Phase 1, I covers
IT={XeS8;: X CUforsomeU € U}. It is also
clear that I remains a cover of Z after Phase 2. Thus
it remains to prove that ¢(I) < 7(Z). Consequently, to
finish the proof of Theorem 2.3 it is sufficient to prove:

LEMMA 2.5. When the algorithm ends, x! is a feasible
solution to (P), y is a feasible solution to (D), and ',y
satisfy the complementary slackness conditions; hence
z! and y are optimal solutions.

Proof. It is clear that x! is a feasible solution to (P) and
that during the algorithm y remains a feasible solution
to (D). Since only tight edges enter I, after Phase 1
the Primal Complementary Slackness Conditions hold
for I. So, the only part that requires proof is that after
Phase 2, the Dual Complementary Slackness Conditions
hold for z! and y.

Claim: Consider an arbitrary S € T with ys > 0 and an
edge e € 61(S). There exists W, € T such that S C W,
and §;(W.) = {e}.

Proof. Such W, can be chosen as any member of Z which
becomes uncovered if we delete (instead of keeping) e
at the reverse delete step when e was considered for
deletion; note that the algorithm decided to keep e,
hence such W, exists. Moreover, since the edges were
deleted in the reverse order, W, € S;4;_.. Obviously,
0r(We) = {e} and S and W, intersect. Finally, to see
that S C W, note that: (i) at any iteration before e
was added, W, was uncovered; (ii) since yg > 0, there
was an iteration before e was added at which S was a
min-core. Hence S C W,, by Lemma 2.2.

We show that the Dual Complementary Slackness
Conditions hold for z! and y. Assume to the contrary
that there is S € F with ys > 0 such that there are
e1,ea € 07(9), e1 # ea. Let Wy = W, and Wy = W,
be as in the Claim above. Then S C W; N Ws; in
particular W7 and Ws intersect, so Wy U Wy € 7T by
Lemma 2.1, since if two sets in 7 intersect then they
are contained in some U € U, so their union has size
< (n — ¢)/2. Thus, there is an edge e € I covering
W1 U Wy, namely e € 6;(W1 UWs). Note that the head
of e must be in (W; UWs,)" = Wi N W5 (the equality
is by Lemma 2.1). This implies that e € §;(W7) or
e € 6;(W3), by Lemma 2.1(ii). Consequently, e = e;
or e = ey. Since the tail of each one of ey, es is in
W1 N Wy, so is the tail of e. As the head of e is in
W UWs5, we conclude that e € 6;(W1) N do;(Ws). This
is a contradiction since d; (W) = {e1}, o1 (Wa) = {ea},
and e; # es.

The proof of Theorem 2.3 is complete.

3 Algorithm for Rooted SND Augmentation
(Proof of Theorem 1.4)

To avoid considering “mixed” cuts that contain both
nodes and edges, we may assume that st ¢ E; for all
t € T. One way to achieve this is to subdivide every
edge st € Fy with t € T by a new node.

DEFINITION 3.1. A node subset X C V 1is t-tight for
teTifte X, se X", and |T'5(X)| =¢; X is tight if
it is t-tight for some t € T. A tight set is a core if it
does not contain two inclusion minimal tight sets. Let
C;={C1,...,C,} denote the set of min-cores, and for
1=1,...v let M; be some max-core containing C;. Let
My={M,...,M,}.

The families C; and M can be computed in
polynomial time using standard max-flow methods. By
Menger’s Theorem, I is a feasible solution to an instance
of Rooted SND Augmentation if, and only if, I covers all
tight sets (assuming st ¢ E; for all t € T'). Thus our
goal is to find such I of low cost. Note that terminals not
belonging to any min-core can be discarded, as any tight
set containing such a terminal also contains a terminal
that belongs to some minimal tight set. Hence from now
and on we assume that every terminal belongs to some
minimal tight set.

The following “sub-modular” and “posi-modular”
properties of the function I'(:) = T';(+) is well known,
c.f., [17] and [30].

PROPOSITION 3.1. For any X,Y C V the following
holds:

(3.2) (X)) +[C(Y)| = T(X NY)[+ [T(XUY)]

3.3) M)+ TY)| = DX NYT)[ + [0 N X7

(34) (XNY) ' =X*"UY*, (XUY) =X"NnY"*
if equality holds in (3.2)

(3.5) (XNY*)" =X*UY, (YNnX*) " =XuYy*
if equality holds in (3.3)

LEMMA 3.1. Let X be z-tight and let Y be y-tight.
Then:

(i) If x € XNY then XNY,XUY are x-tight,
and if y € X NY then XNY,XUY are y-tight.
Furthermore, in both cases equality holds in (3.2).

(ii) fe e XNY*,y e YN X* then X NY™ is x-tight,
Y N X* is y-tight, and equality holds in (3.3).

(iii) If none of (i),(ii) holds then y € T'(X) orz € T'(Y).
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Figure 1: Illustration to the proof of Lemma 3.1.

Proof. Part (iil) is obvious, so we prove parts (i),(ii)
using (3.2) and (3.3), see Figure 3.

If £ € X NY (the proof of the case y € X NY is
similar) then by (3.2) (see Figure 3(a)):

(+0 = D(X)|+|T(Y)| > IT(XNY) |+ T(XUY)| > £4¢.
Hence equality holds everywhere, so X N Y, X UY are
x-tight.

Ifz e XNY* and y € Y N X* then by (3.3) (see
Figure 3(b)):

(0 = [POOMDY)] > DY) HT(YNX")| > 644

Hence equality holds everywhere, so X NY* is x-tight
and Y N X* is y-tight.

In [14], a set-family F was called uncrossable if
XNY,XUY € For X -Y)Y - X € F for any
X,Y € F. An edge e was said to cover a set X if e
has one endnode in X and the other in V — X. In [14]
is given a 2-approximation primal-dual algorithm that
computes a cover of an uncrossable family F. In our
case, we use the following modified definition:

DEFINITION 3.2. We say that a subfamily F of tight
sets is uncrossable if for any XY € F at least one of
the following holds: X NY, X UY € F and (3.4) holds,
or XNY* Y NX*eF and (3.5) holds.

It is known and easy to verify that the primal-dual
algorithm of [14] can be adjusted to cover “setpair”
families {{X, X*} : X € F}, provided F is uncrossable
in the sense of Definition 3.2. Such an algorithm can
be implemented in polynomial time provided that for
any edge set I the minimal members of the residual
family F; of the members of F not covered by I can be
computed in polynomial time.

Unfortunately, the family of tight sets may not be
uncrossable (in the sense of Definition 3.2), but we
will show a method to decompose it into uncrossable
families.

LEMMA 3.2. For any tight set X and any C; € Cy
either C; N X NT = 0 or (C;NT) C X. Thus
C;NCyNT =0 for any i #j.

Proof. Otherwise, C; N X is tight, by Lemma 3.1 (i),
contradicting the minimality of C;.

DEFINITION 3.3. Let T; = T NC; and let T'; = T'(M;).
We say that M;, M; € M are independent if the sets
T; 0 M7, T N M are both nonempty.

From Lemma 3.1 we have:

COROLLARY 3.1. For any i the set M; is unique. For
any © # j, at least one of the following holds: M;, M;
are independent and thus M; N M, M; 0 M are tight,
or Tz g Fj, or Tj g Fl‘.

Given a subfamily M C M ;, the subfamily of tight
sets induced by M is

FM)={X:XCMeM,X is tight } .

LEMmMA 3.3. If X, Y C M; are tight then X NY, X UY
are also tight, and (3.4) holds for X, Y. If M;, M; with
1 # j are independent then for any tight X C M, and
Y C M; the sets X NY*, Y N X* are tight and (3.5)
holds for X,Y . Thus if the members of M are pairwise
independent, then the family F(M) is uncrossable.

Proof. The first statement follows from Lemma 3.1 (i).
The second statement follows from Lemma 3.1 (ii) and
the fact that if 7; N M # 0 then T; N Y™ # () for any
Y C M;.

LEMMA 3.4. The family M j can be partitioned into at
most 20 + 1 parts so that the members of each part are
pairwise independent, and such a partition can be found
in polynomial time.

Proof. Construct an auxiliary directed graph J as
follows. The node set of J is M ;. Add an arc M;M; if
T; C I'j. The maximum indegree of every node in J is
< ¢. This implies that every subgraph of the underlying
graph of J has a node if degree < 2¢. A graph is d-
degenerate if every its subgraph has a node of degree at
most d. It is well known that any d-degenerate graph is
(d+ 1)-colorable, and such coloring can be computed in
polynomial time. Hence J is (2¢ + 1)-colorable, thus
its node set can be partitioned into at most 2¢ + 1
independent sets.

LEMMA 3.5. If I covers F(My) then the number of
min-cores in G + I is at most v/2.

Proof. Every min-core of J+ I is a tight set in J. Thus
by Lemma 3.2 and by the definition of M; every min-
core C of J + I contains the terminals of at least 2
distinct min-cores C;, C; of J; namely, T3,7; € C. As
the min-cores of J+ I are also disjoint on the terminals,
by Lemma 3.2, the statement follows.



Summarizing, we can find an edge set I of cost
< 2(2¢ + 1) - opt so that the number of min-cores in
G +1is < v/2. Such I is a union of 2-approximate
covers of 2¢ 4+ 1 uncrossable families as in Lemma 3.4.
We can apply this procedure iteratively, until no min-
cores remain. The number of iterations is at most
1+ logr = O(log|T|), and the overall cost over all
iterations is O(¢log |T|) - opt.

Finally, we explain how to obtain an O(k® log? |T'))-
approximation for the case of node-costs. In [32] is given
an O(logv)-approximation algorithm for the problem
of covering an uncrossable (in the sense of [14]) set-
family F by edges, so that the weight of the endnodes
of the edges is minimum, where v is the number minimal
members in F. A slight modification of this algorithm
that invokes an extra term of O(k?) applies also to
cover setpair families {{X,X*} : X € F}, provided
F is uncrossable in the sense of Definition 3.2. Hence
in the case of node-weights, instead of using the 2-
approximation algorithm of [14], we use the O(k?logv)-
approximation algorithm of [32] to obtain the required
ratio.

The proof of Theorem 1.4, and thus also the proof
of Theorem 2.1 is now complete.

4 Open problems

With each open problem we associate a (subjective)
value, according to its “age”, expected “hardness” of
solution, and author’s interest.

e (99%) Does k-Connected Subgraph Augmentation ad-
mits a constant ratio approximation algorithm? As
was mentioned in the Introduction, we conjecture

that the ratio O (log ﬁ) obtained in this paper
characterizes the problem.

e (99%) One of the main open problems is determin-
ing the complexity status of k-Connected Subgraph
Augmentation and k-Outconnected Subgraph Aug-
mentation for the case of undirected graphs and
0,1-costs. The currently best known approxima-
tion algorithms for these problems compute a solu-
tion of size roughly opt + k/2, see [15, 16] (or [26])
and [31], respectively.

e (25%) Does SND admits an approximation algo-
rithm with ratio better than the trivial O(n?)?
Such algorithms exist for 0, 1-costs [24, 29].

e (40$) Does undirected Rooted SND Augmentation
admits a p(k)-approximation algorithm? We con-
jecture that the answer is positive; for 0, 1-costs,
such an algorithms exist even for SND [29].

e (50$%) What is the approximability of undirected
Rooted SND Augmentation? Does the problem
admits a sublinear in n algorithm? By [25], the
problem is harder than Directed Steiner Tree.

e (60%) Does directed Rooted SND Augmentation ad-
mits an approximation scheme with ratio O(n¢/e3),
similar to the one given in [3] for the Directed
Steiner Tree problem? We conjecture the answer
is positive.

e (10%) As was mentioned, even for SND with unit
costs (namely, when every edge is allowed) we are
not aware of any explicit construction that solves
the problem exactly, like the Harary graphs for k-
Connected Subgraph.

For additional open problems see [23].
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