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1. INTRODUCTION

In this work we are interested in various aspects of the stability of entropy solutions of

scalar nonlinear hyperbolic conservation laws,

—

w+divef(u) =0 , ZeR", t>0, f:R-R" |

with respect to the one-sided Lipschitz seminorm,

_l’_
w(zr) —w
(@) zp+ = esssup (”“”) () = max(.0)
zFy =Y
Such LipT-stability was first established by O.A. Oleinik [O2] for one-dimensional conserva-
tion laws,
w+ flu),=0 , zeR,t>0,

whose flux, f(u), is convex. This stability asserts that the increasing part of the entropy
solution is Lipschitz continuous for all £ > 0, even if the increasing part of the initial data
was not, and the corresponding Lipschitz constant decreases like t~1. This LipT-stability
identifies, in the one-dimensional convex case, the entropy solutions and, therefore, may

serve as an alternative, easy to check, admissibility criterion.

Part I of our work is dedicated to the LipT-stability of conservation laws and their

approximate solutions.

In §2.1 we prove the sharper forms of Oleinik’s Lip*-stability estimate, as obtained by
D. Hoff [H2] and E. Tadmor [T4], in the one-dimensional convex case (Theorem 2.1) and
give Hofl’s proof [H2] that Lip*-stability is equivalent to the entropy criteria and, therefore,
guarantees uniqueness for the initial value problem (Theorem 2.2). Later, in §5, we propose

an innovative proof for this equivalence.

§2.2 is dedicated for the nonconvex case. It is known that Lip*-stability fails to serve as
an entropy condition in this case, since there exist weak non-admissible solutions which are
LipT-stable. Furthermore, if f(u) has (at least) two inflection points, the entropy solutions
need not be LipT-stable; namely, there always exist initial data for which the corresponding
entropy solution develops increasing jump discontinuities. We demonstrate these facts by
two examples, due to Hoff [H2], and address the only question which remains open in this

context: the LipT-stability of entropy solutions in case the flux has one inflection point.

In §2.3 we consider the multi-dimensional case. We show that Lip™*-stability does not hold

even if all components of the flux, f(u), are convex. We reproduce Hoff’s result regarding



Lip™-stability for conservation laws of which flux components are all either convex or concave
and proportional to each other, modulo linear terms (Theorem 2.3). A direct consequence
of this theorem is that multi-dimensional conservation laws with quadratic fluxes are Lip™-
stable (Corollary 2.1).

In §3 we consider a different aspect of Lip*-stability, namely — compactness. In §3.1
we prove that LipT-stability of solution operators with finite speed of propagation, implies
their compactness (Theorem 3.1). In §3.2 we comment on the Lip*-stability of approximate
solutions to nonlinear convex conservation laws. Such LipT-stability implies, in view of
Theorem 3.1, the compactness of the family of approximate solutions and, therefore, thanks
to uniqueness (Theorem 2.2), the convergence of the whole sequence to the entropy solution.
This convergence argument, however, lacks convergence rate estimates. This leads to the

second part of our work.

During the recent decade there was a great deal of research activity in the field of approx-
imate solutions of time-dependent partial differential equations. A large part of this research
concentrated on nonlinear equations and particularly on hyperbolic conservation laws. The
available convergence rate estimates were the O(e%) L;-convergence rate for the viscous so-
lution (N.N. Kuznetsov [K2]) and for difference schemes (B.J. Lucier [L3]; R. Sanders [S1]).
However, these global error estimates, sharp as they are, are not satisfying since we are usu-
ally interested in practice in the local value of the entropy solution away from shocks (whose
poor resolution is the reason for this weaker than expected Li-convergence rate).

The first to address the question of local convergence rate of approximations to hyperbolic
conservation laws was E. Tadmor [T4]; he showed that exact values of the entropy solution
may be recovered, within an error as close to O(e) as the local smoothness permits, by
post-processing the corresponding viscous regularization, provided that the initial data are
Lip*-bounded. The two main ingredients of his approach were the Lip™-stability of the
entropy and viscosity solutions and the use of a Holmgren-like dual backward transport
equation in order to estimate the W~1l-size of the error in terms of the W ~1l-size of the
initial and truncation errors. This error estimate in the weak W~'!'-norm implies both the

O(e2) Ly-convergence rate and the above mentioned O() local convergence rate.

Part II of our work is dedicated for convergence rate estimates for approximate solutions

of convex conservation laws and reflects a joint work with H. Nessyahu, [NT3], [NTT].

We begin, in §4, with a brief description of the work of Tadmor, [T4]. We proceed, in
§5, with our main results which generalize the results described in the previous section by

dealing with general families of approximate solutions, {u®(x,t)}.j0, and allowing possibly
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Lip*-unbounded initial data. We define LipT-stability for approximate solutions and derive
convergence rate estimates for such Lip*-stable approximations (Theorems 5.1 and 5.2). We
further show that Lip™-stability and W~!-consistency imply convergence in W11 whose
rate is O(€), where € = ¢ in case of LipT-bounded initial data (in agreement with the results
given in §4) and & = ¢|lne| in case of LipT-unbounded initial data (Corollary 5.1). These
WLl error estimates may be translated into a variety of global W*P-error estimates and
local Ly-error estimates (Corollary 5.2). One of the consequences of these estimates is that
by post-processing the approximate solution, pointwise values of the exact solution and its

derivatives may be recovered with an error as close to O(€) as the local smoothness permits.

In the following sections we demonstrate these results for various types of approximate
solutions. We start in §6, by dealing with viscous parabolic regularizations of the hyperbolic
conservation law.

In §7 we describe a larger class of parabolic regularizations — the so-called pseudo-viscosity
approximations. These parabolic approximations are characterized by a gradient-dependent
viscosity coefficient [NR], [MN]. We impose conditions on the viscosity coefficient which
enable us to apply the convergence rate estimates of §5.

§8 is devoted to the regularized Chapman-Enskog expansion [R], [ST], which is another
viscous approximation of the hyperbolic conservation law, where the viscosity coefficient acts
on the approximate solution by means of convolution (rather than multiplication, as in the
viscous or pseudo-viscous approximations).

In §9 we demonstrate our convergence rate analysis for the spectral viscosity method [T3].
In this method, one approximates the solution of periodic conservation laws by a sequence
of trigonometric polynomials of increasing degrees.

Finally, in §10, we apply our analysis to Godunov type schemes, in the case of Lip™-
bounded initial data. In §10.1 we show how the question of consistency for Godunov type
schemes can be answered solely in terms of the behavior of the associated projection operator.
Namely, we prove that W ~1!-consistent projections guarantee the W~"!-convergence of the
corresponding Godunov scheme, provided that the latter is LipT-stable. In §10.2 we apply
these convergence rate estimates to a variety of scalar Godunov type schemes on a uniform

grid as well as variable mesh size ones.

In Part IIT of our work we show how the LipT-stability of convex conservation laws may
be translated into higher order regularity. The results of this part are mainly summarized

in [TT] and [T6].

In §11 we deal with the piecewise smoothness of entropy solutions to convex conservation

laws. It is well known that such entropy solutions consist of at most countable number of C'-



smooth regions. We obtain in §11.2 new upper bounds on the higher order derivatives of the
entropy solution in any one of its C*-smooth regions. These bounds enable us to quantify the
high order piecewise smoothness of the entropy solution. To this end we introduce in §11.3
an appropriate new CV-semi norm, localized to the smooth part of the entropy solution, and
we show that the entropy solution is stable with respect to this seminorm.

In §11.4 we address the question regarding the number of C'-smooth pieces, i.e, the size
of the set of shock discontinuities. This question has been the subject of many studies by
O.A. Oleinik [O1]-[03], C.M. Dafermos [D1], D.G. Schaeffer [S2] and others. We give a final
answer to that question by showing that the number of future shocks equals the number of
decreasing inflection points of the initial speed, f’(u(z,0)), thus providing an elementary
and simple tool for an a-priori determination of the size of the set of shock discontinuities.

Loosely speaking, the above described results of §11, combined, imply that in the case of
such generic initial data, the entropy solution consists of a finite number of smooth pieces,
each of which is as smooth as the data permits. It is this type of piecewise smoothness
which is assumed, sometime implicitly, in many finite-dimensional computations of such

discontinuous problems.

This high order regularity for the exact solution raised the question of whether analogous
results may be established for numerical approximations. This question is related to the
convergence rate analysis of §5, since the high order regularity of the approximate solution
may be used in order to improve our local error estimates. In §12 we restrict our attention
to the Lax-Friedrichs approximation governed by scalar convex conservation laws, subject
to increasing C™-smooth initial data. The exact solution amounts to a smooth rarefaction
wave. We quantify the high order regularity of the approximation and obtain estimates

which agree with the analogous ones in the differential case.



PART I: Lip™-STABILITY
2. LipT-STABILITY FOR NONLINEAR CONSERVATION LAWS
2.1. One-dimensional convex conservation laws
Consider the scalar nonlinear conservation law
(2.1.1) ur+ f(u)e =0,
subject to the initial data
(2.1.2) u(z,0) =up(x) , wp€ Ly .

Here and henceforth, L§® denotes the space of compactly supported and uniformly bounded

functions.’

We deal here with convex conservation laws, i.e., the flux f(u) is strictly convex,
(2.1.3) f">a>0.
The results which we survey here apply equally to the concave case as well.

Oleinik has shown [02] that when f is convex, (2.1.3), and C?-smooth, then the entropy
solutions of (2.1.1) satisfy

(2.1.4) u, < —

and furthermore, that weak solutions of (2.1.1) which satisfy (2.1.4) are uniquely determined
by their initial value and are, consequently, admissible entropy solutions. Her proof is by
means of finite difference methods.

The one sided Lipschitz estimate (2.1.4) may be easily obtained by recalling the structure
of entropy solutions of (2.1.1) in the convex case [D1], [L.1]: They are continuous except on
the closed union of an at most countable set of Lipschitz continuous shock curves; the solution

remains constant along straight characteristics of the form
(2.1.5) z(t) = xo + alug(xo))t , a=f",
and the shock curves, x = £(t), satisfy Lax entropy condition

(2.1.6) a(u(€(t) —0,t)) > £(t) > a(u(€(t) +0,1)) .

IThe results of this work applies equally to the periodical case.




Let (z,t) be a point in the region of continuity, R. Since R is open, we can find = and =™
such that

(2.1.7) v <x<zt and |27,z x{t}CR.
Denoting by i the two initial points of the characteristics on which z* lay, we have
(2.1.8) v =a2* —a(u(@®,t))t and xf >azj .

We conclude by (2.1.7) and (2.8) that

0 < xOJr — ma -1 a(u(:ﬁ,t)) - G(U(.I'_,t» ot
xt —a~ xt —ax~
Letting 2 — x we get
1
(2.1.9) a(u), < —.

~~

Since, on the other hand, Lax entropy condition, (2.1.6), implies that a(u), < 0 (in the sense

of distributions) along the shocks, (2.1.9) is satisfied everywhere in the weak sense.

The one sided Lipschitz estimate for the speed a(u), (2.1.9), is sharper than Oleinik’s
condition, in virtue of (2.1.3). This estimate, due to Hoff [H2], was optimized by Tadmor in

[T4] in the following manner:

Theorem 2.1. (Lip™-Stability). Assume that f € C' is convez, (2.1.3), and let u(z,t) be
an entropy solution of (2.1.1). Then

>0,

(2.1.10) et Dl = o opin = 0 12

where a = f" and ||-||Lip+ denotes the one-sided Lipschitz seminorm

J’_
(2.1.11) |lw(zx)||Lip+ = esssup (M) , ()" = max(-,0) .
T#Y r—Y

Proof. We assume that f € C?; the result for C! fluxes follows by means of regularization
(consult [CM, Corollary 5.1]).
The entropy solutions of (2.1.1), u, are those which may be realizable as small viscosity

solutions of

(2.1.12) ui + f(uf), =eQ(u)pe , Q >0,e40.



We show below that

1
2.1.13 a(u®(-,t it < — , t>0,
i R (o) e

which implies (2.1.10) in view of the strong L;-convergence of u° to u. To this end we denote
w(z, 1) = Qu)e = Q' (u)us .

Multiplying (2.1.12) by @’(u®) and differentiating with respect to = we get that w® satisfies

5 aluf) — Q//(us)ws we al(us)
BLI e el e e T T )

Since w*(z,t) is smooth and tends to zero as |x| — oo, it attains its maximal value, say in
(x(t),t). Since in those points w; = 0 and w:, < 0, we conclude by (2.1.14) that

(w)? = eQ'(u)us, .

(2.1.15) We(t) = m;lxwe(x,t) = |Q(u (-, 1)) || Lip+

is dominated by the Ricatti inequality

(2.1.16) ;ltWE +B(W)*<0 , B=min a’/(<~')) >0
Hence,
(2.1.17) |Q(us (-, 1)) ! 0.

||Li + S — ) t Z
T 1QuE(, 0)) I + Bt

Choosing the regularization coefficient Q(u) = a(u), S equals 1 and we obtain (2.1.13). O

Remark. Taking Q(u) = u we get, in view of (2.1.15)—(2.1.17) and (2.1.3), that

1

— t>0.
||u('70)|le%p+ +at

bl iy

(2.1.18) [u D)lLipr <

Next, we show that LipT-stability, (2.1.10), identifies the entropy solutions in the class
of weak solutions of (2.1.1) and, therefore, may serve as an admissibility criterion for convex

conservation laws.

Theorem 2.2. Assume that f € C* is convex, (2.1.3). Then all weak solutions of (2.1.1)
satisfying (2.1.10) are uniquely determined by their initial value.

Proof. (Hoff [H2]) Let u and v be two weak solutions of (2.1.1) subject to the same Cauchy
data, ug, both satisfying the Lip*-decay estimate (2.1.10). We need to show that e = u —v
is identically zero for all £ > 0.



Let 0 < t; < ty and ¢ be a smooth function for which suppe N {t; <t < ¢y} is bounded.

Then, since u and v are weak solutions of (2.1.1), we have

JRICRER)

/ / uy + f(u)py)dadt |

and
/%v(x,t)gb(x t) d:v

Subtracting, we get that

= [ [wor+ f@yo)dude

flw) = f)

u—v

(2.1.19) /%e(x,t)gzﬁ(x 1) dm

= [7 [ {0+ fluloddndt . fluv) =
Now, fix n(z) € C§°(R) and let

n*(z) [ i/ IdS]

denote its increasing and decreasing monotone parts. Clearly, n = n* + 7~ and (n7) <

0 < (n*). Next, we denote by ¢% the solutions of the following backward linear transport

equations,
(2.1.20) (0d)e + [e x a(w)](65)e =0, (dl5)(w,t2) = ¥s x 0" (2) ;
(2.1.21) (@25)e + [e x a(v)](925)e =0 (fs) (2, b2) = ths x 0~ (2)

where £,0 > 0 and ., ¥s denote non-negative smooth unit mass mollifiers. Finally, let
b5 = @15 + 5 . Since ¢4 is smooth and suppd.s N {t; < t < ty} is bounded, we may set
¢ = ¢s in (2.1.19) and get, using (2.1.20)—(2.1.21),

(2.1.22) /%e(x,tg)(@[)g*n)(x)dx—/§Re(m,t1)¢55(x,t1)dx:

/ fe o] = e o) N6 + / [ e 4] = e x alo) o5 dadt

Now, we turn to estimate the derivatives u* = 5 = (¢%), . Denoting w* = u and
w~ = v, we differentiate (2.1.20) and (2.1.21) with respect to x to obtain that

C [ x a(wi)]ﬂf = [t x a(w®), ™
Therefore, if z(t) is the characteristic curve

X vovaw @), 0) . alt) =y



then

1)

(2.1.23) pEl0),1) = i) - exp | [ (v 5 alw),) (o(s), )ds]

But, since we assumed that u and v satisfy (2.1.10), we have that a(w®), < ¢! and,
therefore, the exponential in (2.1.23) is bounded by ¢5/t. We conclude that

t
(2.1.24) | (a, 1)] < flln’HLm vE>0.
In addition, since

sen [ (y, ta)] = sen [(vs + (1)) ()] = £1,

we obtain, in view of (2.1.23), that
(2.1.25) po <0< put.

We may now estimate the integrals on the right hand side of (2.1.22). Denoting fy = ¥gx*f,
so that fp is sufficiently smooth, the first integrand on the right hand side of (2.1.22) may

be rewritten as

e { (flu,v] = folu, v]) + (folu, o] = folu, ul) + (folu, u = f'(u)) + (a(u) = ¢e * a(u)) } .

The first and third terms in the curly braces tend to 0 as 6 | 0 ; we, therefore, abbreviate

them as 0g(1). The second term is non-positive, in view of (2.1.25) and convexity:

1!

2 —_ )
Hence, using (2.1.24), the first integral on the right hand side of (2.1.22) is upper-bounded
by

e (folu,v] — folu,u]) = eut (v —u) folu, v,u] = —e*p ¢ € conv{u,v} .

||€($,t)HLOOZII(n+)’I|Lm (00(1) + lla(w) — ve % a(u) |y )

for an appropriate bounded domain B C R X [t1, 5] .
The second integral on the right hand side of (2.1.22) is treated similarly. Finally, we
observe that the maximum principle for (2.1.20) and (2.1.21), implies that

[@es(@, )l e < 1625(2, D)lloe + 1025(2 D)l oe < M0 @) Loe + 107 (@) ]2 -

(2.1.22) thus becomes

/me(%tz)(% sn)(@)dz < JleCt) o, (17 e + 07 llza ) +
He(at)HLmﬁj Y N + 1007 1220
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{oo(1) + [la(w) — v * a(w)||ys) + lav) — e * a()|| L) }

By letting 6,¢,t; and 6 go to zero, in that order, we get that [ e(x,t2)n(x)dx < 0 for all
n € Cg°(R). This proves that e(-,t3) = 0 a.e. for all t5 > 0, i.e. u=v. O

Remarks.
1. The Lip*-stability estimate, (2.1.10), was used in the course of the proof in obtaining

(2.1.24). However, even the weaker one-sided Lipschitz boundedness
lu(-, t)|| Lip+ < 00 vt >0

is sufficient in order to guarantee uniqueness (since any finite bound on the right hand side
of (2.1.24) will do).

2. The method of the above proof of uniqueness makes use of the adjoint equation
and goes back to Holmgren (e.g. [J, §3.5]). In §5 we propose an innovative proof of that
uniqueness which makes use of a different approach.

3. Theorems 2.1 and 2.2 require the flux to be C'-smooth. This requirement is necessary

in view of the following example.
Example 2.1. [H2] Consider the Riemann problem
u+ fu)e=0 , f(u)=ueC\C" ; wulx,0)=sgn(z).

Its entropy solution is given by

-1 T <1
u(z,t) = 0 -1<¥<1
1 1<

t

Thus, a(u(x,t)) =sgn(u(z,t)) is not defined on a set of positive measure. Furthermore, any

arbitrarily assigned value to a(0) results with a(u(x,t)) which violates (2.1.10).
2.2. One-dimensional non-convex conservation laws

Theorem 2.1 implies that Lip*-stability, (2.1.10), guarantees uniqueness whenever the
flux is convex (or concave). The following example shows that whenever f is neither convex
nor concave (i.e., f has at least one inflection point) the Lip*-stability property fails to

identify the entropy solutions.

Example 2.2. [H2] Assume that the flux f has an inflection point. Therefore, we may find

values uy < u, and u,w € (uy,u,), such that
(2.2.1) a(ug) = a(u,)

10



and the point (u, f(u)) lays strictly below the line joining (uy, f(u¢)) and (u,., f(u,)), while
(w, f(w)) lays strictly above it (see Figure 2.1).

> U
Figure 2.1
Consider the initial data
Ju <0
(2.2.2) up(z) = { w >0
The function
_Joup x<st B
u(m,t)—{uT o> st . s = flug,u

is a weak solution of (2.1.1) and (2.2.2) since it satisfies the Rankine-Hugoniot condition, but
it violates Oleinik’s E-condition and, therefore, differs from the entropy solution. However,
like the entropy solution, it satisfies the Lip*-stability estimate (2.1.10) since, by (2.2.1),

a(u(z,t)) remains constant for all (z,t), hence ||a(u(-,t))||Lip+ = 0 for all ¢ > 0.

Example 2.2 showed that whenever the flux f has an inflection point, there exist weak
solutions, other than the entropy solutions, which are Lip*-stable. In the following example
we show that if the flux f has at least two inflection points, there always exist initial data

for which the corresponding entropy solution is not Lip*-stable.

Example 2.3. [H2] Consider (2.1.1) augmented with the initial data
Uq r< -1
Uo(l‘) = u, —l<z<l1 ,

U3 1<z

where f is the function depicted in Figure 2.2 and w4, us, ug are as indicated.

11



Figure 2.2
The solution of this problem contains two approaching shocks (see Figure 2.3) which intersect

at, say, (z1,11).

Ep
(‘rhtl)
‘ il B > T
-1 1
Figure 2.3

Hence, the solution at ¢ = ¢; consists of two constant states, u; and us. As f is nonconvex

on [uy,us], the solution for ¢ > ¢; contains a rarefaction wave inside which

r — I
t—1;

a(u(z,t)) =
Hence, inside that rarefaction wave a(u), = (t — ;)™ > t~* and (2.1.10) is thus violated.

In view of Example 2.3, the only question which remains to be answered concerns con-
servation laws whose flux has only one inflection point: are the entropy solutions of such
conservation laws LipT-stable in the sense of (2.1.10)? This question, though interesting for
its own sake, is of minor significance since, in view of Example 2.2, such Lip™-stability can

not serve as an admissibility criterion.

We mention in this context a related result of Dafermos [D2, Theorem 5.1]: He considered

12



C?-smooth fluxes, f, having one inflection point and normalized so that
fO)=f0)=f(0)=0 , uf(u)<0 Vuz0.
He further assumed that there is p, 0 < p < 1, such that
pa(t) < a(u) — Vu#0,

where @ # u is the unique value associated with every u # 0, defined by the implicit relation

f(@) = f(u)

U— U

a(u) =

Under these assumptions, he established the following estimate for u(x,t), the entropy solu-
tion of (2.1.1)—(2.1.2), as t — oc:

a(u(z,t)) = % +O0@* ') |, =z €supp u(-t) .

2.3. Multi-dimensional conservation laws

Here we deal with multi-dimensional conservation laws,

—

(2.3.1) w4 divef(u) =0 , ZeR", t>0, f:R—R".

Definition 2.1. A function f: R —R", n>1, is called isotropic if for any b e R"™, the

scalar function F(u) =b- f(u) is either convez, concave or affine.

The analogous of Theorems 2.1 and 2.2 for isotropic multi-dimensional conservation laws

is as follows:

Theorem 2.3. Assume that f: R — R is Cl-smooth and isotropic and let @ = ﬁ Then
u(Z,t) is an entropy solution of (2.3.1) iff it is Lip™-stable in the sense of (2.1.10).

Remark. The LipT-seminorm is defined in the multi-dimensional case as

(2.3.2) |0 (Z) || Lip+ = esssup(divgw)™

where the derivatives are taken in the weak sense. This definition coincides with (2.1.11)

when n = 1.

Proof. One can easily verify that f : ® — R" is isotropic iff there exist a unit vector

7 € R", a convex scalar function F'(u) and n affine functions /;(u), 1 <i < n, such that
filu) =y F(u)+l;(u) , 1<i<n.

13



We now propose the change of variables & + i = I'"!#, where I' is an orthogonal matrix

and Iy = 4 . With this choice of spatial variables, (2.3.1) reduces to the ”essentially
one-dimensional” conservation law
0 0 0
233 — —F i—u=0,
(2:3.3) ot T gy, W +;5 o

where (; are constants which depend on the constants I} and I'; ; . Furthermore, one can

easily verify that
a +
(23.4) a0 e = esssup (Pl )
¥ U1

In order to get rid of the additional linear term in (2.3.3) we make a further change of

variables, i+ 2 = ¢/ — Bt . Hence, (2.3.3) is translated into

0 0
and
o +
230 a0 e = esssu Pl

Theorems 2.1 and 2.2 may be now applied to the one-dimensional conservation law (2.3.5)

in order to conclude the proof. O

Corollary 2.1. Consider the multi-dimensional conservation law (2.53.1) where all com-

ponents of the flux are quadratic functions of w. Then u is an entropy solution iff it is
Lip*-stable, (2.1.10).

The restriction that f be isotropic is, therefore, a severe one, since it restricts the problem
to be essentially one-dimensional. However, LipT-stability may fail if the flux is not isotropic,
even if all its components are strictly convex, as demonstrated by the next proposition and

the following example.

Proposition 2.1. Consider the conservation law (2.53.1) and assume that there exists a unit
vector, b € R, such that the scalar function F(u) = b- f(u) has two inflection points. Then
(2.8.1) admits entropy solutions which violate (2.1.10).

Proof. Let I' be an orthogonal matrix such that I'y . = b and let y = I'Z . Suppose now that
(2.3.1) is subject to an initial condition which remains constant along straight manifolds of

the form b - & = y; = Const,
uo(T) = tio(¥) = Un(y1) -
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Then, as can be easily shown by a similarity argument, the resulting entropy solution depends
solely on y; and ¢,
u(@,t) =u(y,t) = Uy, t) ,

and
- 0 "0 0 " 0
t f( ) ot ~ axzf( ) ot 5 J 8y]f( )
0 i 0 0 0
(%U—i— 1':51 1’20y1 fi(U) 8tU+ o0 (U)=0

Since F' is assumed to have (at least) two inflection points, we conclude, in virtue of Example
2.3, that there exist initial conditions, Uy(y;), for which the entropy solutions U(yi,t) are

not LipT-stable, i.e.,

(2.3.7)

J 1
@F(U)>f

for some ¢ > 0. Rewriting (2.3.7) in terms of (Z,t) yields that for that value of t,

O i =0 oL 1
T%F(U)—;axifi(u)—dlvxa(u)>t.

Therefore, these entropy solutions violate (2.1.10). O

We now construct an example of an entropy solution to a two-dimensional conservation law
with strictly convex fluxes, which is Lip™-unstable.

Example 2.4. Consider the two-dimensional conservation law
(2.3.8) u + f(u)y +g(u), =0

with the strictly convex fluxes

utu?
(2.3.9) flu) = Ttg g(u) =u?
Since F'(u) = %f(u)—%g(u) = %(“7:1—“2—2) has two inflection points (u = j:%), Proposition

2.1 implies the existence of entropy solutions to (2.3.8)—(2.3.9) which are not Lip*-stable.
Indeed, by taking the initial condition

~75  r-y< V2
(2.3.10) u(z,y,0) = uo(x,y) = -1 —V2<z—y<v2 |,
1 V2<z—y

the two-dimensional problem (2.3.8)—(2.3.10) translates into the one-dimensional problem

U+ F(U)e=0 F(U)z\%(i—i),

15



1 £<—1

V3
U(£,0) = -1 —-1<¢<1
1 1<¢
where ¢ = %(m —y) . Figure 2.4 depicts the flux F(U) and the three constant states of
which the initial condition consists.
FU)

Figure 2.4

In view of Example 2.3 a rarefaction is formed at (zq,t;) = <1, 36(113‘/51)> and, therefore,
V3

F'(u)e = f'(u); + ¢'(u), becomes infinite at that point, thus (2.1.10) is violated.

In fact, whenever the multi-dimensional flux has two components, f;(u) and f;(u), such
that f/'/f] is not monotone, an example, such as the above, of a Lip™-unstable entropy

solution, may be constructed.

16



3. COMPACTNESS VIA Lipt-STABILITY
3.1. Compactness of LipT-stable solution operators

The significance of Lip™-decay in phenomena governed by hyperbolic equations is that it
ensures the uniform BV-boundedness of the solution for every ¢ > ¢, > 0, even if the initial
condition is merely L3°. Hence, the solution operator of such problems maps Lg° into BV

and is therefore, by Helly’s theorem, compact.

Lemma 3.1. Let Q C R be a bounded domain and let v € L3°(S?). Then
(3.1.1) [0l Bviey < 20Q[v]|Lip+ -

Proof. The proof is given for smooth functions v and may be easily generalized by a standard

regularization procedure.

(3.1.2) [ollavioy = [ [@ldz = [ (/(2))"dw— [ (0'(a)) da

Q
But, since v is compactly supported on €2,

(3.1.3) /Q(v'(:t))erm—F/Q(v’(x))_dx - /Qv'(x)dx —0.
Hence, by (3.1.2) and (3.1.3),

[ollsve =2 [ (/@) dw < 2000 0] i+

The result of this Lemma is as follows:

Theorem 3.1. Let u(x,t) be the solution of the initial value problem u; = Lu, and let S(t)
denote the corresponding solution operator. Assume:

(a) Finite speed of propagation;

(b) Lip*-decay in the sense that

C
(3.1.4) s Ollipr <

for some positive constant C > 0. Then S(t), t > 0, maps L into BV and is therefore

compact.

Proof. Due to the compact support at ¢ = 0 and the finite speed of propagation, u(-,t) is
compactly supported for any ¢t > 0 on, say, ;. Hence, we may apply Lemma 3.1 to u(-,?)
and conclude by (3.1.4) that

C
lul Oy = llul Ollsven < 2ulllul, Ollpr < 20h[— <00 VE>0.

17



We recall that in the case of scalar one-dimensional conservation laws, (2.1.1), the size
of the support behaves like O(1 + /1), [L.2], and therefore we have even BV -decay:

Theorem 3.2. Let u(x,t) be the entropy solution of (2.1.1)-(2.1.3). Then

141

(3.1.5) llu(-,t)||sv < Const - ;

Remark. In the periodical case, since the period does not grow in time, the analogous of

(3.1.5) for the total variation of the solution per period is

Const

Dy < =5

It follows that as t — oo, u(-,t) tends to a constant which, by conservation, equals the

average value of the initial data.
3.2. LipTt-stability of approximate solutions

Here we comment briefly about the applications of LipT-stability to the study of approx-
imate solutions of (2.1.1).
Let {u®(x,t)}es0 be a family of approximate solutions of (2.1.1). Studying such conser-

vative approximations,

(3.2.1) / u(z,t)dx = / uo(x)dx YVt >0,
R R

consistent with (2.1.1)—(2.1.2) in the sense that

u(+,0) — uo(+) QO

and
ug + f(u)y —0

e—0

in some appropriate norm, one aims at having both compactness and an entropy condi-
tion. The compactness of the family of approximate solutions implies the existence of a
convergent subsequence, {u® (z,t)}, &; | 0, whose limit, u(x, t), is a weak solution of (2.1.1)—
(2.1.2). The entropy condition guarantees that this limit is the admissible entropy solution
of (2.1.1)-(2.1.2) and, thanks to uniqueness, the convergence of the whole sequence follows,

W (1) —su(a, 1)
e—0

Lip™-stability (in a sense which will be clarified in the following sections) of the family of
approximate solutions, ensures both compactness and an entropy condition for that family:

If up € BV then Lip*-stability implies, along the lines of Lemma 3.1 and Theorem 3.1,

18



the uniform BV-boundedness of {u°(-,t)}.~o . This implies L}

ivc-compactness by a standard

argument which involves Helly’s theorem, the diagonal process and the L;-Lipschitz conti-
nuity of u°(+,t). Therefore, the L;-limit solution, u(z,t), is a weak solution of (2.1.1)-(2.1.2)
for which, due to LipT-stability, ||u(-,t)|zp+ < oo for all ¢ > 0. This implies, in view of
Theorem 2.2 and Remark 1 thereafter, that u(z,t) is the entropy solution of (2.1.1)-(2.1.2).

The above convergence argument lacks convergence rate estimates. In the proceeding sec-
tions we show how Lip*-stability may be used in order to obtain convergence rate estimates

as well — both global and local ones.
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PART II: CONVERGENCE RATE ESTIMATES
FOR APPROXIMATE SOLUTIONS

4. LOCAL ERROR ESTIMATES FOR PARABOLIC APPROXIMATIONS

The first to address the question of local error estimates for approximate solutions of
hyperbolic conservation laws, was Tadmor in [T4]. He obtained both global and local con-
vergence rate estimates for viscous parabolic approximate solutions, (2.1.12), in the case of
rarefaction-free initial data. The two main ingredients in his approach were the Holmgren

principle and the Lip™-stability of both the approximate solution and the exact one.
Let u(z,t) be the entropy solution of the scalar convex conservation law

(4.1) w+ flu)y=0 , ff>a>0,

subject to the LipT-bounded initial data

(4.2) w(x,0) =up(x) , wo€ Ly, ||uollpip+r < oo .

Let {u®(z,t)}e>0 be a family of viscous parabolic approximate solutions,

(4.3) u; + f(u)e = Q) , Q' >q¢>0,¢]0.

Subtracting (4.1) from (4.3) we arrive at the equation which governs the error,

(4.4) aat[ea(.ic,t)] + i[aa(x,t)ea(x,t)] = eeiZ[Q(uE(x,t))] , e€f=u"—u,

where a°(x,t) denotes the mean-value
1
(4.5) a“(@.t) = [ a(gu (@) + (1 - Qul. 1)) ds .

Proposition 4.1. (Lip*-Stability). The averaged velocity a°(x,t), given in (4.5), satisfies

the one-sided Lipschitz condition

. nLg
4.6 Ol pint < ,
where the constants L and n are given by
(4.7) Ly = max{[la(u(-, 0))l|ip+ lla(u® (-, 0))l| i+ } < 00,
and
(4.8) n— max a’ - max @’

aq
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Proof. Estimate (2.1.17) implies that

RS SR [~/ UGt [
) RS N [T eN0) |

where 8 and ¢ are given, respectively, in (2.1.16) and (4.3). On the other hand, (2.1.10) and
(2.1.3) imply that

t>0,

1 Jau(-,0))] Lip+
(4.10) bt Dl < 3 T e, ) ge

t>0.

Inserting the last two inequalities into (4.5) and using the monotonicity of a(-), we arrive

after little rearrangement at (4.6). O

Now, we consider the dual problem of (4.4), given by the backward linear transport

equation

(1.11) 16 0]+ @ ) (0] =0, t<T

with e-independent and Cj data prescribed at t = T,

(4.12) ¢°(x,T) = ¢(z) .
We recall that if
||d€("t)||Lip+ < m<t> S Ll[t()vT} )
then equation (4.10) is well posed in W* and the following estimates hold for all ¢ € [ty, T
(consult [T4, Theorem 2.2]): 2

(4.13) 16°( Dl < [10]l1es 5

T
(4.14) 167G, D)llzip < 1l - €, M(2) :/t m(T)dr .

Hence, in view of (4.6) and (4.7), the dual problem (4.11)-(4.12) has a unique Lipschitz
continuous solution, ¢°(x,t), 0 <t < T, and, as implied by (4.6) and (4.14),

1+ TL;

(4.15 IO < (T pp

n
)na:uup Co<i<T.

We may now use the dual problem in order to estimate the error e®. Integrating (4.4)

against ¢°(-,t) , (4.11) against e°(-, ) and adding the two equations result in

d 0?
4.16 — (e°(+,1),0°(+, 1)) = e | = ()], o° ()|,
(4.10 i O 00 =< (i) )
*The notation ||-|| sy stands for the Lipschitz (or W) seminorm: [|w(z)||Lip = esssup,., %Z)(y)
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where (-, -) denotes the usual Ly(R,) inner product. The right hand side of (4.16) may be
bounded, using (4.15) and the TVD property of (4.3), by

02 1+TLH\"
(1 e (W[@wsn,wn,qf(-,t))]sm (LL) lolly . 0<t<T,

where Ky = max @’ - sup. ||u®(+,0)||pv . Integrating (4.16) over [0,7] yields, using (4.17),

the following error estimate [T4, Theorem 3.3]:

(e, T)  o() < Krll@llzip (e + [le°(, 0)lw-11)
where the constant Kp is given by
(1+TL{)-Wm(1+TLy) n=1
Li L1+ TLY) n>1
and the W~'1-norm denotes the L;-norm of the primitive, i.e.,

(4.18) el = [ w

L1 (Raz)

Note that this norm is defined only when [ w(z,t)dz = 0. Indeed, in our present case

Jpe®(z,t)de =0 for all t > 0, since the viscous parabolic approximation, (4.3), is conserva-
tive, (3.2.1).

Finally, using the straightforward identity

(1.19) () -s = sup AL
deCH(R) ||¢||Lip

we may summarize the above results as follows [T4, Theorem 3.4]:
Theorem 4.1. (W~11-Convergence Rate). Let u(z,t) and u(x,t) be the entropy solution
and the corresponding viscosity solution of (4.1) and (4.3), respectively. Assume that:

(a) The initial viscosity data, u(-,0), are consistent with the initial entropy data, u(-,0),
in the sense that

lle® (-, 0)|lw-11 < Const - € ;

(b) The increasing part of the viscosity and entropy initial data is Lipschitz, i.e., (4.7)
holds.
Then, for any T > 0, there exists a constant K = Kr, such that

(4.20) ||6€(-, T)||W71,1 < KT - &
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We conclude this section by showing (along the lines of [T4] and [NT2]) how the basic
Wbl error estimate, (4.20), may be translated into various global, as well as local, error
estimates. In the next sections of this part of our work, we shall concentrate on obtaining

error estimates for various approximations, in the W~="!-norm.

We begin by noting that the Lipt-stability of u®(-,¢) implies (in view of Lemma 3.1)
that it is BV-bounded, ||u®(-,t)||py < Const; (although u® is not compactly supported, as
assumed in Lemma 3.1, we may conclude its BV -boundedness due to the exponential decay
of its tail). Since u(-,t) is also BV-bounded we conclude that

(4.21) lec(-, D)y < Cr ,

for some positive constant Cr.
We now invoke the Sobolev inequality (e.g., [F, Theorem 9.3]) which states that for all
1§p§ooand—1§s§%,
1—sp

lwllws» < Const - [wlpy - wliy-1a , v= T

Using this inequality in order to interpolate between the BV -regularity of the error, (4.21),
and the W11 error estimate, (4.20), we get the following global W*?-error estimates:
. 1
(4.22) [ (. T) = ul- Dllwes < O(F) | —1<s<~ , 1<p<oo.
p
Error estimate (4.22) with (s,p) = (0, 1) yields an O(y/€) convergence rate in L;, which
is familiar from the setup of monotone difference schemes [K2], [S1].
Uniform convergence (which corresponds to (s,p) = (0,00)) fails in this case due to
possible shock discontinuities. Therefore, instead of uniform L..-convergence rate, we seek

local convergence rate estimates away from the shock discontinuities of the entropy solution.
To this end, we rewrite error estimate (4.20), using identity (4.19), as follows:
(4.23) (-, T) —ul-, 7)) * o] < Kp-el[dllip »

where ¢ = ¢(z) is any Cj(—1, 1)-unit mass mollifier. Replacing ¢ in (4.23) by ¢s(x) = $¢(%),
we get that

(4.24) (-, T) * ¢5) () = (u(-, T) * ¢s) ()| < Kz - %Hqﬁllup :

If, in addition, ¢(x) is chosen so that

1
(4.25) / 2" ¢(x)dr =0 fork=1,2,...p—1 ,

-1
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then the following error estimate, based on Taylor’s expansion, is straighforward:

or

oP
(4.26) |(u(-, T) * ¢5)(2) — u(e, T)| < HI!GﬁHLl gt T)

Loo(z—6,2+0)

We therefore conclude, using (4.24) and (4.26) and taking § ~ 7tz , that if ¢ is any unit
mass Cg(—1, 1)-mollifier, satisfying (4.25), the following error estimate holds:

(4.27a) (uf(-, T) % ¢s)(x) — u(z, T)| < Consty - £72
where
1 or
(4.27b) Const, r = Constyp - (1 +— - ’ —u(-,T) )
boj|Oxr Loo(2—8,2+6)

Error estimate (4.27) shows that by post-processing the approximate solution, u®(-,t),
we can recover the pointwise values of u(z,t) with an error as close to O(e) as the local

smoothness of u(-,t) permits.
Taking p = 1 in (4.27) we get that

(4.28) |(u(+, T)*¢s)(z) —u(z,T)| < Consty- (1 T ||Uac('7T)HLoo(:s—(s,er(s))'\3/E , O~ Ve

This pointwise convergence rate of order O(/¢) holds even without post-processing the

approximate solution. In order to show that, we consider the difference
5
u (@, T) = (-, T) % 65)(@) = | [u(@, ) = u(a = & T)]es(€)ds =

:/_55 [us(x,T)_gs(x—f,T)] eon(E)de

Choosing a positive Ci-unit mass mollifier, ¢(z), supported on (0, 1), we conclude in view
of the LipT-stability of u¢, (4.9), and the above inequality, that

u*(x, T) — (u®(-,T) * ¢s)(x) < Constr - ¢ .

Similarly, choosing ¢(z) to be a positive Ci-unit mass mollifier supported on (—1,0), leads
to

u(z, T) — (u°(-,T) * ¢ps)(x) > Consty - 6 .
Each of the last two inequalities (with 6 ~ /), together with (4.28), show that the ap-
proximate solution itself converges pointwise to the exact solution with an O(/e) local

convergence rate:

(4.29a) [u® (2, T) — u(x, T)| < Const, 7 - /e ,
(4.290) Const, r = Constr - (1 A e (4 T 1 (o 3204 %))
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5. CONVERGENCE RATE OF APPROXIMATE SOLUTIONS

In this section we obtain convergence rate estimates for general families of approximate
solutions, {u®(z,t)}.~0, to the hyperbolic conservation law, (4.1). We allow possibly Lip™-

unbounded initial data,
(5.1) uw(z,0) =up(x) , uy € Lo NBV , |lug(x)||pip+ < 00,

and thus extend the results of the previous section.
Our convergence analysis (mainly summarized in [NT3]) is presented here for the case of

compactly supported initial data, but it applies to the periodic case as well.

Since the entropy solutions of (4.1) are characterized by their Lip™-stability, (2.1.10),
we seek the convergence rate of conservative approximations, (3.2.1), which mimic this one

sided Lipschitz stability of the exact entropy solution. This leads to

Definition 5.1. A family {u®(z,t)}es0 of approzimate solutions of the conservation law
(4.1) is strongly Lip™-stable if

1
(e (-, 0) |z +

Our first convergence rate result is the content of the following theorem:

(5:2) la(u® (s )l ip+ < a , >0,

Theorem 5.1. Let {u®(z,t)}.~0 be a family of conservative and strongly Lip™-stable ap-
prozimations to the entropy solution of (4.1)+(5.1), u(x,t). Then,

(a) If ||uo||Lip+ < 00, the following error estimate holds (Ky and K, denote constants
which depend on T ):

(53) Hua(aT) - u('vT)HW_lvl <

Kilu(-,0) = u(, 0)[w-rr + Kaflug + f(0)zll Lo w110

(b) If ||uo|| Lip+ = 00 and the approximate solutions are also Li-stable, the following error

estimate holds:
1
(5.4) () = u, Tl < O () 1, 0) = 0w+

O()|u(, 0)[sv + Oe)[[ul-, 0)[[sv + O (| Inel) luf + f(u)all Lo orrw 11007 -

Remark. An approximate solution operator, S¢(t), is considered L;-stable, if for any two

initial conditions, uy and vy,
(55) 15 (tuo — S (E)vollzan,) < Conste|S*(0)uo — S Orlliywy . ¢ 0.
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The first W ~blerror estimate, (5.3), for the case of rarefaction free initial data, holds

even if the family of approximate solutions is merely Lip™-bounded,
(5.6) lu®(-,t)||Lip+ < Const, , >0,

and does not satisfy the strong Lip™-stability requirement (5.2). This stronger Lip*-stability
is necessary for convergence in the case of initial rarefactions.

As a counter-example we mention the Roe scheme (consult [B]): When ||ugl| £+ < oo this
scheme remains LipT-bounded, (5.6), and converges to the exact entropy solution. However,
it is not strongly Lip*-stable and, therefore, it fails to converge to the entropy solution in
case of Lipt-unbounded initial data (as demonstrated by the steady state solution obtained

by this scheme for uy(z) = sgn(z)).

The strong Lip™-stability of the approximation, (5.2), is indeed one of the main ingredi-
ents in establishing convergence when initial rarefactions are present. Unfortunately, many
well-known approximations of (4.1) fail to satisfy this restricted condition. However, these
approximations are still LipT-stable in a weaker sense than that of Definition 5.1. This

weak Lipt-stability proves sufficient in order to establish the same convergence rates as in
Theorem 5.1.

Definition 5.2. Let {u®(z,t)}es0 be a family of approximate solutions of (4.1) and let
We(t) = [la(u(-, )|l zap -

Then this family is e-weakly Lip™-stable if there exists a constant M such that whenever

M
We(0) < —
UEE
the following estimates hold for every T' > 0:
o vonzofl)
€
T T e (+)d
(5.8) / ele WO g < O (|nel) .
0

Note that any strongly Lip™-stable family of approximate solutions is also weakly Lip™-
stable (for any value of the constant M). We henceforth refer by Lip™-stability to either weak
or strong LipT-stability. The following theorem asserts that the convergence rate estimates,
given in Theorem 5.1 for strongly Lip*-stable approximations, hold also for e-weakly Lip™-

stable ones.
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Theorem 5.2. Let {u®(z,t)}.~0 be a family of conservative and Lip™-stable approzimations
to the entropy solution of (4.1), u(x,t). Then,
(a) If ||uo||Lip+ < 00, error estimate (5.3) holds;

(b) If ||uol|Lip+ = o0 and the approzimate solutions are also Li-stable, error estimate

(5.4) holds.

In order to have convergence, the stability of the family of approximate solutions is not

sufficient. The second crucial ingredient is consistency.

Definition 5.3. The family {u(x,t)}.~0 of approzimate solutions is W11 -consistent with

(4.1)+(5.1) if

Const - € it [|uol|ip+ < 00
(- — . 11 < P
(5.9) (-, 0) = o) llw— —{ Const - €2 Ine| i ||ug|| i+ = 00

and

(510) H’Uf + f(us):rHLOO([O,T},W—lvl(éRz)) < ConstT - €.

In view of Theorem 5.2 and Definition 5.3, we may now conclude the following convergence
rate estimates.
Corollary 5.1. (WY !-Error Estimates). If the family {u®(z,t)}.~0 of approzimate solu-
tions is conservative, WY1 -consistent with (4.1)+(5.1), Ly-stable and Lip™-stable, then for

every T > 0 there exists a constant Cp such that

(5.11a) (-, T) — u(-, T)||[w-10 < Cp-€
where

-~} € if ||UOHLip+ < 00
(5.11b) °7 { ellnel if |Jug|lpip+ = 00

Remarks.

1. Error estimate (5.11) suggests that whenever initial rarefactions are present, the
convergence rate in W11 is nearly O(g). The |Ine| term, which somewhat slows the rate
of convergence, is a consequence of the initial rarefaction (as we show later on).

2. Error estimate (5.11) relates to that of Harabetian in [H3]. He has shown an O(g|Iln¢|)
convergence rate in L for the viscous parabolic regularizations, (4.3), when the exact entropy

solution amounts to a pure rarefaction wave.

The W~ error estimate (5.11) may be translated, as shown in the previous section,

into various global, as well as local, error estimates which we summarize as follows:
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Corollary 5.2. (Global and Local Error Estimates). Let {u®(x,t)}cs0 be a family of conser-
vative, W Y1-consistent, Li-stable and Lip™-stable approzimate solutions of the conservation
law (4.1)+(5.1). Then the following error estimates hold (€ is as in (5.11b)):

1—sp 1
(£1) [u (- T) —u(, T)lwse» <Cpr-&2 , —1<s<—-, 1<p<oo ;
p
(E2) ((uS (-, T) * ¢5)(z) — u(z, T)| < Constyr - 6752 | &~ Eve2
where
1 oP
Const, 7 = Constr - | 1+ - —pu(-, T)
D Ox Loo (z—6,2+6)

and ¢5(z) = 3¢ (%) is any unit mass C3(—1,1)-mollifier, satisfying

1
/ *p(x)de =0 fork=1,2,...p—1 ;

-1

(Eg) |U€($7T) — U<J}7T)| < ConSta;,T . \3/5 ’

Const, r = Constp - (1 + llua (- Tl o %7“%))

Remark. A similar treatment enables the recovery of the derivatives of wu(z,t) as well,
consult [T4, §4].

We finally turn to prove our main results, given in Theorems 5.1 and 5.2. Since Theorem
5.1 deals with strongly LipT-stable approximations, which are, as noted before, weakly Lip™-

stable as well, it suffices to prove Theorem 5.2.

Proof of Theorem 5.2. We deal with conservative approximations to (4.1) which take the

following form

(5.12) gt[ue(x,t)] + aagc[f(us(x,t))] =rf(x,t) , t>0 , €40,

where 7¢(z,t) is the truncation error of the approximation, and we need to estimate, in
WLt the error

e“(x,t) = u(x,t) — u(x,t) .
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Step 1. We first assume that both the exact entropy solution, u(z,t), and its approxi-

mation, u(z,t), have a LipT-bounded initial data, i.e.,
(5.13) Ly = max{{la(u(-, 0))l|ip+, lau(, 0))l|Lip+ } < 00 .
Subtracting (4.1) from (5.12) we arrive at the equation which governs the error e°(z,t),
(5.14) 0 [e(x,t)] + 0 [a®(z,t)e (x,t)] = r°(x, t) t>0
: — — =7
at Y al/I; 7 Y Y Y )

where X
@(e,t) = [ aleu(@,0) + (1= Qul, 1)) dé
Note that the monotonicity of a(-) implies that

(5.15) min{a(u), a(u®)} < a(z,t) < max{a(u),a(u)} .
Integration of (5.14) with respect to x yields

(5.16) Q[Ea(x, t)] + a(z, t);

where

Es(a:,t):/;es(f,t)dg , Rs(x,t):/;r&(g,t)dg.

Integration of (5.16) over R against sgn(FE°) and rearranging, yield that

BI0) GIECDI < (@0 (< B de 1ROl

The main effort henceforth is concentrated on upper bounding the integral on the right hand

side of (5.17). To this end we suggest to divide the real line into intervals,
R=tn Ln(t) 5 La(t) = [2a(t), 2011 (1))

in such a way that neither sgn(e®) nor sgn(£°) changes within the interior of these intervals
(the implicit assumption of piecewise smoothness of the solution, as in [L.2], may be removed
by considering a further vanishing parabolic regularization which is omitted). We use this

division to define the following function:

a(u(x,t)) if xel,(t) and E*(x,t) >0

I (t)
(5.18) a(x,t) =

a(u®(z,t)) if xe€l,(t) and E°(z,t) <0

In(t)

We now claim (and prove later on) that
0 0
. ~€ Y e < ~E Y e )
(5.19) /za (x,t) ( ax\E (x,t)]) dr < /ma (z,t) < BazlE (a:,t)|> dx
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Integration by parts of the right hand side of (5.19) yields

(5.20) /xc‘f(x,t) <—£C|E€(a:,t)]> dz g/xai[ae(x,t)] Bz, 0)|de

The following inequality (whose proof is postponed) provides us an upper bound for the
integral on the right hand side of (5.20):

(5.21a) /xaax[&a(.r,t)] B () |de < LEOIE ()|,
where
(5.21b) LE(t) :max{lszar W) = [la(u ()| | -

Inserting (5.20) and (5.21a) into (5.17), we arrive at the inequality

d g 1> £ £
(5.22) e Dl < L@ o + 58

which implies that
T e T T 5
(5.23) €5(, T) w11 < edo ZO% J1e2 (-, 0|1 +/0 eJe X2 () lyoradt .

Since, by the definition of L{ in (5.13), W¢(0) < L§, we conclude, in view of Lip™-stability
(see Definition 5.2), that

T e +
(5.24) eo WO < Const; , Consty ~ -
and
T T .
(5.25) / el T g < Const, ,  Consty ~ [InM — InLi| .
0

Using (5.24), (5.25) and (5.21b) in (5.23), proves the desired error estimate (5.3).
Finally, in order to conclude Step 1, we return to justify (5.19) and (5.21):

First, we prove (5.19) by showing that the inequality holds in each interval I,(t), i.e,

0 0
2 a‘ ——|E* < a° ——|E* .
5 [ e (gl ao< [ i (- g E o)
Suppose that E°(-,¢) > 0 in I,(¢). Then by definition (5.18),
(5.27) a(z,t) = a(u(x,t)) Vo e ().
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There are two possibilities to consider. If e®(x,t) > 0 in I,,(¢) then by (5.15)
0

(5.28) a*(z,t) > a(u(x,t)) —8—|E€(x,t)| = —sgn(E(z,t)) - e*(x,t) <0 Vo e I,(t) .
x

Therefore, (5.26) follows in this case by (5.27) and (5.28). If, on the other hand, e*(z,t) <0
in I,,(t), then

(5.29) a(z,t) < a(u(z,t)) —(i\EE(:c,t)] >0 Vzel()

and (5.26) follows in this case as well. The case E°(-,t) |, < 0 is treated similarly. This
concludes the proof of (5.19).

Next, we prove inequality (5.21). In view of definitions (5.18) and (5.21b), we conclude,
using the Lip™-stability of the exact solution,

L3
i < —2—
a1 s < 1y

that 8%[&5 (x,t)] satisfies the following inequality in the sense of distributions:

0

(5.30) [ (1)) < L) + Y[ (en() 4 0,8) = a(aa(t) = 0,0)]0(x — (1))

the sum being taken over all division points x,(t) where a°(+,t) experiences a jump discon-
tinuity, namely where sgn(E°(-,t)) changes. But, E°(-,t) — being a continuous primitive
function — vanishes at these points. Hence, integration of (5.30) against |E°(z,t)| proves
(5.21a) and completes Step 1.

Step 2. Now we turn to the case of initial rarefactions and prove error estimate (5.4).
To this end we introduce the function ¢s(-) = 3¢(;) , 6 > 0, which is the dilated mollifier of

(5.31) (x) :{ : {i; f%
Clearly

(5.32) |15 * w — wl[z, < O@)||wlsy ,
and

(5.33) s =wlpe <0(3)  dL0.

With this in mind we return to the conservation law (4.1) and its approximate solution (5.12)

and define a new pair of solutions, us and uj, corresponding to the mollified initial data:

D st + L fusa )] =0, us(-,0) = s #u(-,0) :

.34
(5.34) ot ox
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635 S]] =) 0 = v (,0).

We are now able to estimate the W~ l-error in (5.4) by decomposing it as follows:
(5.36) Juf (. T) = w10 <

[u (5 T) = ug( D) lwr 4 [lus (5 T) = us( D) lw-rr + [Jus(5 T) = ul T)llw-ra

Since for compactly supported functions, |wljw-11 < |supp{w}| - ||w|z,, we may bound
the first term on the right hand side of (5.36), using (5.5), (5.35) and (5.32), as follows (Qr
denotes the compact support? at t = T'):

(5.37) [0 (- T) = ug (- T l[wra < Q] - lu (- T) = us( T, <

< Q|- Crllu(-,0) = u5 (-, 0)l[ L, < [Qr]- Cr - O@)[|u(-, 0)[[5v = O0)[[u*(-, 0)l5v -

Similarly, the last term on the right hand side of (5.36), may be bounded by
(5.38) [us(+, T) — u(-, T)|lw-11 < O()[[u(-, 0) |5y -

Hence, it remains only to deal with the term ||u§(:,T) — us(-, T)|lw-1.1. This requires § to
be appropriately chosen so that
M

(5.39) Wi < —  Wi(t) = llaui( )i+

and, consequently, the Lip*-stability estimates — (5.7) and (5.8) — hold. If D denotes the
largest positive jump in u(-,0) then the choice 6 = 2D max[a’(u°(+,0))]e/M will do for
(5.39). By doing so, we may conclude the e-weak Lip™-stability estimates, (5.7) and (5.8),
for Wi (t):

efong(t)dt <0 (1) ; /T eftTW“e(T)det <O(|lne|) .

9 0

These estimates, together with error estimate (5.23) for €5 = u§ — us, imply that

(5.40) 5 (- T) = s, Dl <

1 £ )
O (=) 3(:50) = s, 0) w12 + O( W e oorovs2m,

Since ||¢s * w||w-11 < ||w||p-11 , estimate (5.40) implies that

(5.41) Js () = s, Tl <

3Note that in case u®(-, T) is not compactly supported, the exponential decay which characterizes the tail
of various viscosity-like approximations will suffice for our estimates.
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1 3 3
O (2) I7(,0) = ul-,0) 0 + O( I « I o0y

Therefore, since 6 = O(¢), (5.4) follows from (5.36), (5.37), (5.38) and (5.41) and the proof

is thus concluded. O

Remark. Note that if the approximate solution smoothens the initial data so that

1
a0l <O (2)

3

e.g. — the SV-method, there is no need to mollify the initial data of the approximation, as
we did in (5.35). Hence, in this case, the error term (5.37) does not exist and, therefore,

error estimate (5.4) holds even if the approximate solution is not L;-stable.

Epilogue. Theorem 5.1 implies two straightforward uniqueness and stability results, inter-

esting for their own sake.

One immediate consequence of Theorem 5.1 is the uniqueness Theorem 2.2, stating that
weak solutions of the conservation law which are Lipt-stable are uniquely determined by
their initial value: Let u be the entropy solution of (4.1)+(5.1) and v be another weak
solution of (4.1)4(5.1) which is also Lip™-stable in the sense of (2.1.10). Setting u® = v,

e > 0, we have
u(+,0) —u(-,0) =0 and wuj+ f(u),=0 Ve>0 .
Hence, error estimate (5.4) implies that
[o(T) —u(, T)lw-rr = [0, T) = u, T) w11 < O(e)[Juollpy ~ Ve>0 .
Letting € | 0, we conclude that u = v.
Another immediate consequence of Theorem 5.1 is the following W ~!1-stability result:

Theorem 5.3. Let u and v denote two entropy solutions of the conservation law (4.1),

subject to the Lo, N BV initial data ug and vy, respectively. Then
(5.42) |v(-,t) — u(-, t)|lw-11 < Consty - [|vg — uol[fy-1.1
where n = 1 if ug and vy are LipT-bounded and n = % otherwise.

Proof. We set u® = v for all € > 0 and use error estimates (5.3) and (5.4), given in Theorem
5.1
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In case that both uy and vy are LipT-bounded, error estimate (5.3) holds without the
truncation error term on the right hand side. Therefore, (5.42) follows with Const, = K,
and n = 1.

If either of the initial conditions is LipT-unbounded, we use error estimate (5.4) in order

to conclude that

1
lo(-+1) = uB)llw1a < O (2 ) oo = ol + OE) (ol + uollov)

1
for all ¢ > 0. Taking € = |jvg — uo||3/—1.1, proves (5.42) with n = 1. O
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6. VISCOUS PARABOLIC REGULARIZATIONS

In the following sections, §6-§10, we demonstrate our convergence rate estimates for

various types of approximations.

Here we consider viscous parabolic regularizations to (4.1)+(5.1) of the form

61a) SR+ [f )] = e QW )] . @20 L L0,
(6.10) u(z,0) = up(x) .

These regularizations are:
e Conservative;
® Log-bounded, |[u*(+,¢)]|r. < fluollre ;

e [;-contractive and therefore, thanks to translation invariance of (6.1a), BV-bounded

(see Theorem 7.1, later on, for a proof of L;-contraction in a more general setting);

e Wbl consistent in the sense of Definition 5.2, since u(-,0) = ug(-) and

lui + f(u)allw-r0 = leQ(u)all, <&+ max Q" (u)] - [lu*(-,)l|lsv < O(e) ;

[us[<[luoll Lo
e Lip*t-stable (Theorem 6.1).

In view of the above, error estimates (E1)—(E3) given in Corollary 5.2, apply to this family
of approximate solutions.

We are, therefore, left only with the task of proving Lip™-stability; this is done in the

following theorem and lemma.

Theorem 6.1. (Lip*-Stability). The (possibly degenerate) parabolic reqularization (6.1) is
strongly Lip™ -stable if

(62) (Q') <0

and is e-weakly Lip™-stable otherwise.
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Remarks.

1. Since the most natural choice (already presented by Von-Neumann, Lax and Wendroff,
[RM]) of a regularization coefficient which satisfies (6.2) is Q(u) = a(u), we refer henceforth
to such regularizations as ”speed-like”.

2. The most common choice of a regularization coefﬁicient is Q(u) = u. For this special
choice of Q(u), the speed-like condition (6.2) reads (%) <0, consult [LFX].

Proof. Let us first assume that @’ is strictly positive so that the solution u® is smooth.
Multiplying (6.1a) by a'(u®(x,t)) we get

(6.3) 2 o)) + a(u) - fau)) = e () 25 Q)]
By denoting
da(u®) ou®

w® = w(x,t) =

— o/ €
ox () ox
the right hand side of (6.3) may be rewritten as follows:

82 Owe o '
(6.4) () Q)] = = [Q’w) e () <w€>2] .
Differentiation of (6.3) with respect to z and using identity (6.4) yields
(6.5) if+wwﬁ+ama%f:
e P Q) wt Q) ut Q) ()’
© Q(u>3x2 T a’(ua)w oz +2<a’(u€)> hrr i (a’(u€)> a’(uf)] '

Since u® is smooth and compactly supported, w®(-,t) attains its maximal value, say in =
x(t), and

(6.6) wi(z(t),1) >0 &“uﬁyw:o, el

- ox

(@) ) <0

Hence, denoting
WE(t) = wi(2(t),t) = lla(u (- )| i+
we conclude by (6.5), (6.6) and the positivity of a’ and @', that

dwe
dt

(6.7) + (We)? <eK(We)? |

where

1 Q)Y
(6.8) Tt B [((u)) }
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In view of Lemma 6.1 below, inequality (6.7) implies e-weak Lip™-stability. In case condition

(6.2) holds, K = 0 and inequality (6.7) amounts to Ricatti’s inequality

dwe
dt

+(We)? <0,
which implies strong Lip™-stability.

If @ > 0, equation (6.1a) is degenerate and, therefore, admits non-smooth solutions.
This case may be treated, as in [VH], by introducing a further regularization. We replace
Q(-) by the strictly monotone regularization term @Qs(-) = Q(-) 4+ da(-) . Note that with this
choice of Q)5 the value of K, (6.8), does not change. Hence, the corresponding solution, uj,
satisfies inequality (6.7) and by letting 6 | 0, we obtain the same inequality for the limit

solution, u°®. O

Lemma 6.1. Let y*(t) denote the solution of

d £
6.9 S L) =eK(f)? ., K>0 , t>0,
dt
where
CE
6.10 €t =0) =
(6.10) y(t=0)=
and c& satisfies
(6.11) O<e<cf<e<l , €l0.
Then, for any T > 0,
(6.12) elo vt < (1>
€
and
T T .
(6.13) / ele YOI g < O(nel) .
0

Remark. Lemma 6.1 and inequality (6.7) imply that the approximate solutions u®(z,t) are
e-weakly Lipt-stable with any constant M < 1/K (consult Definition 5.2).

Proof. By rescaling € we may assume that K = 1. Since y°(t) is the solution of a perturbated

Ricatti’s equation, (6.9), we denote by y(t) the solution of the regular Ricatti’s equation,

dy 2
6.14 - =0
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subject to the same initial condition,

(6.14b) y(O):ye(O):; , 0<c<ef<e<l.
The solution of (6.14) is

1 \!
(6.15) 0= (t+ -5
while the solution of (6.9)-(6.10) is given implicitly by

. -1
(6.16) y(t) = <t+D€+eln (1 Y )) ,
sy
with
1 y°(0) )

6.17 Df=———chn|——=
(10 o< (e

First, we note that (6.10) and (6.11) imply that y*(¢) is monotonically decreasing. Hence
(6.18) () <y (0) V>0,
Furthermore, since by (6.9) and (6.14a)
y () zylt)  VE=0,

it follows, using (6.15) and monotonicity, (6.18), that
L\
(6.19) Yy (t) >y (T) > y(T) = <T+ ?JE(O>> vVt € (0,77 .
With the upper and lower bounds on y*(¢), (6.18) and (6.19), we may estimate the terms

in (6.16) and (6.17). We start with the last term in the brackets in (6.16). Using (6.18) and
(6.14b) it may be upper-bounded as follows, for all ¢t > 0:

(6.20) =1n (fy) — el (;j _ 1) < —cln (8;(0) _ 1) <—chn (i _ 1) —0(e) .

£

On the other hand, using (6.19) together with (6.14b), we get a lower bound for this term:

v T+ o

(6.21) 5111(1 )Z—aln —2 = 1| =0(llne]) , 0<t<T.

¢ £
Next, we estimate the constant D?, given in (6.17). Using (6.14b), (6.20) and (6.21) we

obtain the following bounds:

T+ —5

s 1) = O (¢|Inel) ;

(6.22) DP<Steln (
C 3
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+eln ({—1) =0(e) .

C

(6.23) De> <
¢
Hence we conclude by (6.16) and (6.20)—(6.23) that

(6.24) e (1) [t +0(e) + O (¢ ln€|)rl ., 0<t<T.

With (6.24), estimates (6.12) and (6.13) may easily be verified. Indeed,

Tyewar _ | T+ 0(e) + O (e]Ine) 1
el _‘ 0(5) + O (c|me)) <O<g>

and

T T . TT+0()+ O (¢|Ine|)
Jo v gy — dt <O (|1
/0 ¢ dt /0 FT 0 10 (e me) r=Omel)

and the proof is thus completed.
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7. PSEUDO-VISCOSITY APPROXIMATIONS

One of the methods for the approximation of phenomena governed by hyperbolic con-
servation laws is considering parabolic regularizations with a gradient dependent viscosity.

These so-called pseudo-viscosity approximations take the form

(7.1) u; + f(u)e =eQu,p%)e , pFi=ul , €10,
(7.2) u(z,0) = up(x) ,
where
oQ
(7.3) o 20

Note that this class of parabolic regularizations is larger than the class of viscous parabolic

approximations, (6.1).

First, we note that these conservative approximations satisfy the maximum principle and,

therefore, the solution remains uniformly bounded by ||uol| 1., -

Next, we show that the solution operator of (7.1) is Lj-contractive and therefore, thanks

to translation invariance, the solution u® remains BV -bounded.

Theorem 7.1. (L;-Contraction). Let u® and v® be two solutions of (7.1), (7.3). Then
(7.4) [ (- ) = 0", )z, < [lw(,0) =07 (- 0)[z, , £>0.

Proof. Let u®(z,t) and v*(z,t) be two solutions of (7.1). We assume that the regularization
(7.1) is uniformly parabolic, @, > d > 0, hence u® and v® are smooth. L;-contraction for

the degenerate case, ), > 0, easily follows by adding the term ép to the pseudo-viscosity
coefficient Q(u, p) and letting 6 | 0.

As in [L2], we divide the real line into intervals, & =, I, (t) , I.(t) = [z, (t), zn11(2)),
so that

(7.5) (=D)"[u(-,t) = v° (1))

and consequently

(7.6) u(x,(t),t) = v (xn(t),t) .



Using (7.5) and (7.6) we conclude that

d S 154
(7.7) ) =G )z =
d Tnt1(t) Tp+1(t)
S [ () = o Dlde = S (-1 [ [, ) = v (2,0 de
st 0 n 0
Using (7.1) and carrying out the integral on the right hand side of (7.7), we find that
d 3 €
(7.8) (1) = )y

Z |: )+f( :| nt1(t Z |: ue U ) Q(Ug,v;ﬂxfﬁl(t) '

— zn(t)
The first term on the right hand side of (7.8) vanishes in view of (7.6). Equality (7.6) also

implies that the second term may be written as

Tpt1(t)

79 X Q) (1P ]|

Zn (t)

where w® is a mid-value between u; and vZ . Since, in light of (7.5),

0 - @ )| L
and

0 no e c

%[(—1) (u®(z,t) — v (x,t))} o >0,

and since @), > 0, we conclude that (7.9) is nonpositive. Therefore, by (7.8),

d € €
%Hu ('7t) - v ('7t)||L1(§R) <0

and inequality (7.4) follows. O

Finally, we address the question of Lipt-stability. We show that under suitable assump-
tions on the pseudo-viscosity coefficient, Q(u, p), the solution of (7.1) is weakly LipT-stable.

Theorem 7.2. (Lip™-Stability). Let Q denote the domain in R?,

Q = [inf ug , sup ug] x [0,00) .
Assume that the following hold for all (u,p) € Q (My and My denote some constants):
(A1) |Qp(u, )|, |Quplu, p)| < My ;
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(A2) Quul(u,p) < My -p

(A3) Qpp(u,p) <0 .
Then the solution of (7.1)-(7.3) is e-weakly Lip™-stable.

Proof. As in the proof of Theorem 7.1, we first deal with the uniformly parabolic case,
Qp > 0 > 0. Let us denote

wat) = 2ol )] W) = maxu (. 6) = o ()i

In view of Lemma 6.1, it suffices to show that there exists a constant K > 0, such that

(7.10) chWE(t) + (Wet)? <eK(WE(t)? , t>0.

Multiplying (7.1) by a/(u®) and differentiating with respect to z, we find that w = w®(z,t)

satisfies

w? w wy + A'w?)?
w + w? +aw, =€ - [Quual + 2QUP9(wI + A’wQ) + Qpp<a/) +

3
+ Quwy + Q) - (wm + 2A ww, + A"w,ﬂ ,
a
where a = a(u®) and A = A(u®) = 1/d’(u®).

Let (z(t),t) be a positive local maximum of w. Then w > 0 in that point and, since
a >a>0,(4.1), also p* = u > 0 there. Furthermore, w, = 0 and w,, < 0 in that point.
Therefore, in view of (7.3) and assumptions (A1)-(A.3), the above inequality implies that

w + w? < e Kw?

in (z(t),t), for some constant K which depends on M;, Ms, a and the uniform bounds on A’

and A”. Therefore, (7.10) holds and that concludes the proof for the non-degenerate case.

In the degenerate case, we replace Q(u, p) by Qs(u,p) = Q(u, p)+dp so that the resulting
pseudo-viscous approximation will be uniformly parabolic, 0Qs/0p > § > 0, and admit a
smooth solution, u§. Note that Qs, ¢ | 0, still satisfies conditions (A1)—(A3) with constants,
say, M7 + 1 and M,. Therefore, inequality (7.10), with K independent of 0, holds for u§,
0 | 0, and consequently it holds for u® as well. O
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Remark. Theorem 7.2 implies, in particular, the (e-weak) Lip™-stability of viscous parabolic
regularizations, (6.1), stated earlier in Theorem 6.1. These regularizations are identified by

viscosity coefficients of the form
(7.11) Qu,p) = q(u)-p , qu) =0,
Such coefficients satisfy assumptions (A1)—(A3), provided that ¢(-) is sufficiently smooth.

We therefore conclude, in light of Theorems 7.1 and 7.2, that Theorem 5.2 applies to
approximation (7.1) under assumptions (7.3) and (A.1)-(A.3). Hence, if in addition, ap-

proximation (7.1) is W~ !-consistent with (4.1), i.e.,

lui + f(u)allw-r1(m,) < O(e)
or simply,
(7.12) 1Q (v, uz) |2y, < Const

Corollary 5.2 may be applied and error estimates (E1)—-(E3) hold. We propose below a

condition on Q(u, p) which guarantees W~"!-consistency, (7.12).
Proposition 7.1. If there exists a constant C' > 0, such that
(7.13) |Q(u, p)| < Clp V(u,p) € [inf ug , sup up] x N,
then equation (7.1) is W= -consistent with (4.1).
Proof. Condition (7.13) implies that
1Q (u*, uz) |y, < Cllugliz, = Cllvlsv < Clluollsy -
Therefore, (7.12) holds and the proof is concluded. O

An example of a family of pseudo-viscosity coefficients which satisfy all the above re-
quirements, i.e., (7.3), (A1)-(A3) and (7.13), is the following:

(7.14) Qu,p) = QP (u,p) = q(u) [(1+ |p)” = 1] sgu(p) . gw) >0 , 0<B<1 .

Note that by letting 5 go to zero we obtain () = 0, which corresponds to the inviscid
hyperbolic conservation law, while increasing [ increases the amount of viscosity until we

obtain, when 3 = 1, the standard viscous parabolic coefficient, (7.11).
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A special class of pseudo-viscosity approximations, (7.1), where @ = Q(p),

(7.15) ui + f(uf), =eQ(p). , Q>0 , )0,

was introduced by von Neumann and Richtmeyer in [NR]. In [MN] it is shown, by means
of compensated compactness, that under further assumptions on the pseudo-viscosity co-
efficient, there exists a subsequence of weak solutions of (7.15), subject to the initial data
(7.2), which converges in L] . to the corresponding entropy solution of (4.1), provided that
uy € W2ee,

One of the additional restrictions assumed on @ in [MN] is that it acts only on shock-

waves and does not smear out rarefactions. Namely,
(7.16) Q(p)=0 Vp>0 and Q'(p)>0 Vp<O.

Note that restriction (7.16) guarantees Lip™-stability, since conditions (7.3) and (A1)—(A3)

are clearly satisfied in this case.

An example of a family of such pseudo-viscosity coefficients which lead to W 1! -consistent

approximations (in view of Proposition 7.1) is

(7.17) Q) = [Q" = (wp)] =1-(-p) , 0<p<1,

QYW (u,p) being defined in (7.14). The choice which corresponds to 5 = 1, Q'(p) = p~,
activates the regular parabolic regularization only on shock-waves and leaves rarefactions

untouched.
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8. THE REGULARIZED CHAPMAN-ENSKOG EXPANSION

In this section we discuss the regularized Chapman-Enskog expansion for hydrodynamics,
proposed by Rosenau [R]. This so-called R-C-E approximation is studied in [ST], where it
is shown that it shares many of the properties of the viscosity approximation, e.g. existence
of traveling waves, monotonicity, Li-contraction and Lip™-stability.

Let us briefly recall the main results of [ST]. The R-C-E approximation is presented in

the form
(8.1) up + f(u)e =€ [Qme xug], , €10,
(8'2) UE(W O) = UO() )

with the choice of unit-mass viscosity kernel

1 x
8.3 — e lal (x) = ( )
(53 Q) =5 L Q=0 (-

This is a pseudo-local dissipative approximation of the conservation law, where the viscosity
coefficient is being activated by means of convolution rather than multiplication (compare
(8.1) to (6.1a)).

When m — 0, Qe tends to the Dirac measure and the R-C-E approximation, (8.1),

turns into the viscous parabolic approximation
€ € _ €
ut+f(u )l‘_gu:ca: .

Equation (8.1) may be rewritten in the equivalent form
(5.4 () = = [0~ Qe %]
. t T m2€ me
The solution of (8.4) remains as smooth as its initial data [ST, Theorem 2.1] and, therefore,
if the initial data are discontinuous, weak solutions must be admitted. Since such solutions

are not uniquely determined by the initial data, (8.4) is augmented with a Kruzkov-like [K1]
entropy condition [ST, (4.1)],

(85) 10— el + 2 {san(u® — o) [ () — F(e)]} <

(el e — [Qu (o — )]}

for all ¢ € R. In particular, by substituting ¢ = + sup |u| or ¢ = — sup |u®|, we obtain from

(8.5) that uc is, respectively, a supersolution or a subsolution of (8.4) and therefore a weak
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solution. Hence, u® is considered an entropy solution of (8.4) if it satisfies inequality (8.5) in

the sense of distributions for all ¢ € R.
The above inequality, (8.5), implies L;-contraction,
Je (1) = v, Dllie < (-, 0) = (-, 0)ll,
and hence BV-boundedness,

|u=(-;t) Iy < luollBy -

Since, by (8.1),

||u§ + f(U’a)zHW*lvl < 6||62m<€ * ui”Ll < 8||62m<€||L1HUOHBV < 0(5) )
we also have W ~1!_consistency.

Finally, we deal with the question of Lip™-stability. Adding the smoothing viscosity term

dus? to (8.4) and differentiating with respect to x, we get that w = uS? satisfies

1
wy + a' (u™0) - w? + a(u®?) - w, = — = [W = Qe * W] + 0wy
me
Letting § | 0, we get that W(t) = max, w(z,t) is governed by the Ricatti differential

inequality
(8.6) W'(t) + aW?(t) <0 .

Restricting our attention to Burgers’ equation, a(u) = u, the R-C-E approximation turns to

be strongly LipT-stable, in virtue of (8.6).

Therefore, we conclude, in view of Theorem 5.1, that the R-C-E approximation converges
to the entropy solution of Burgers’ equation and error estimates (E1)—(E3) hold. This
extends, for Burgers’ equation, the convergence rate result of [ST, Corollary 5.2] which was

restricted to ug € C1.
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9. THE SPECTRAL VISCOSITY METHOD

The method of Spectral Viscosity (SV) is used for the approximate solution of (4.1), when
the initial data, (5.1), is 2m-periodic. The family of approximate solutions, {uy(z,t)}, con-

structed by this method, consists of trigonometric polynomials, uy(z,t) = S8 5 g (t)e,
which approximate the spectral projection of the exact entropy solution, Pyu.
This method takes the following conservative form (consult [MT], [T3], [T5]):

(9.1) gtuN(x,t) + ;UPN(f(uN(x,t))) = aNaiQN(x,t) * ;IuN(x,t) :
(92) UN(‘,()) = PNUO(') .

The right hand side of (9.1) consists of a vanishing viscosity amplitude of size ey | 0
and a viscosity kernel, Qy(z,t) = fo‘:mN Qr(t)e’** activated only on high wave numbers,
|k| > my >> 1. As in [T5] we deal with real viscosity kernels with increasing Fourier
coefficients, Qk = Qlk\v which satisfy

mny

2q
(9.3) 1— (W) < @k(t) <1 , |kl>my , ¢q=Const>15,

and the spectral viscosity parameters, ey and my, behave asymptotically as

1

[
~—_ ~ N2 0<f<1.
NPlog N ~’ N ’

(9.4) EN

The use of the projection Py on the initial data is problematic since even if uy has a
bounded variation, ||Pyug||py may grow as much as O(log N). This may be avoided by
taking, for instance, the spectrally accurate de la Vallee Poussin projection,

N | 1 k| <&
(9.5) un(r,0) = VPyug = Y. opigee™ | op = :
k=—N

2-% 1>

which satisfies

lun (-, 0)l| v = ||V Pyvuol| sy < 3||uol|sv -

This, according to the total-variation boundedness of the SV method (consult [T5, Corollary
2.3]), implies that

(96) HUN(',t)HBV < Consty , te€ [O,T] .

Hence, we hereafter assume (9.5). At the end of this section we will deal with the case

described in (9.2) of employing the regular spectral projection on the initial data.
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The SV method smoothens the initial data by smearing its discontinuities: Since wuy(z) =
S Ugke™*® € BV | it follows that g, = O (%) Hence

0 N o o N R
‘a[uN(~,0)]’ =1 Y ikopiore™| < > k|- |aox| < O(N)
T k=—N k=—N
and therefore
(9.7) lun (-, 0)]| Lip+r < O(N) < o0 .

We now turn to deal with the Lip*-stability of this approximation. To this end we rewrite
(9.1), as in [T5, (2.4a)], in the following form,

0 0
(9.8a) guN(% t)+ %f(UN(% t) =
0? 0 0
= SN@UN(IJ) - SN%RN(x,t) * %UN(IJ) + Ey

where Ey = 2(I — Py)f(uy) is a spectrally small error term and

B N b . B 1 |k‘ < my
(980 Ru(et)= 3 Rilt)e* R’f“”‘{ L= Qult) [k = ma

k=—N

Multiplying (9.8a) by a/(uy) and differentiating with respect to  yields for w = Za(uy):

3
(9.9) wy + a(uy)w, + w? = ey [wxx + 2A (un)ww, + A" (uy) ,w ] -
a'(uy)

" 0 o) ) 0? 9

" / a
+a" (uy)A(uy)wEN + a (uN)%EN :

Here, as in §7, A(-) = 1/d’(). As before, we find that W (t) = max, w(x,t) is governed by
d

(9.10) £W(t) + (W) <enK(W(t)* + ByW(t) + v ,
where

_ A"(u)\ "
(9.11) k= |U‘§r|ﬂ’?\f}ﬁLoo ( a'(u) ) ’

0 0
(9.12) By = M, - 8N”875RN « —un||r., + HENHLJ s My = max  a (u)A(u)]

Ox lul<llunllLoo

48



and

0? 0 0
(913) YN = Mg : €N||@RN * %UN”LOO + ||%EN”LOO ) MQ = max a’(u) .

lul<llunllLoo

We now use estimates, obtained in [T5], in order to estimate Sy and yy. First, we recall

that [T5, Lemma 3.1] supplies us with a uniform bound for the spatial derivatives of Ry:
as
ox*
Using (9.14);, (9.14)5 and the BV-boundedness (9.6), we conclude that

(9.14), | =—Rn( 1)z, < Const-mitlogN , 0<s<2¢—1.

0 0 0
(9.15) I B * 5o unllee, < llo-Rullza, - [luvllsy < Const - mi log N
and
o2 B 92 ,
(9.16) ||@RN * %UNHLOO < ||@RN||LOO Nlun||py < Const - my log N .

Since ||Ex||r.. and |2 Ey||1., are spectrally small, hence negligible, we conclude by (9.12),
(9.13), (9.15), (9.16), (9.4) and (9.3) that

(9.17) By ~ NGV L0, v~ NGD |0,
We may now state and prove the following weak Lip*-stability result:

Theorem 9.1. (Lip™-Stability). Consider the SV method (9.1), (9.3)-(9.5), approzimat-
ing the conservation law (4.1)+(5.1). Assume that a = f' satisfies (%)” < 0. Then the
approximate solutions are e-weakly Lip™-stable, with ¢ = % .

Proof. Our assumption on a(-) implies that K, given in (9.11), equals zero. Hence, (9.10)

reads in this case:

(9.15) Wt < —(W (07 + By (1) + v

Solving (9.18) we get that

(9.19) W) S wit

where

(9.20) o, — By £ /8% + 4w e W(t=0)—w_
2 W(t=0)—w;
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Note that wy and n depend on N. Furthermore, by (9.20), (9.17) and (9.3) it follows that
(9.21) wy = O (ﬁN) ~ Ne(%q—%) .0 .
N—o00
Also, since by (9.7)
(9.22) W(t=0)~N,

we conclude by (9.20) and (9.21) that

(9.23) n—1 .
We claim that the weak Lip™-stability conditions, (5.7)-(5.8), hold here with ¢ = .
Namely,
T

(9.24) elo WO < O(N)
and

T T Wird
(9.25) / el WOIT g < O(log N)

0

In order to prove these two estimates we integrate (9.19) and find that

T ne(w+7w_)T _ 1
(9.26) /t W(r)dr < w (T~ 1) +log |7y
Hence
T (wy—w )T _q (wy—w )T _q
exp / W(r)dr| <e”- - e A
0 n—1 n—1
But since
Wy —W-
9.27 —1=

we conclude that

e(w+—w,)T -1
S 6w+T + 6w,T .

exp [ /0 "W

and (9.24) follows by using (9.21) and (9.22).

As for (9.25), inequality (9.26) implies (note that w_ < 0):

dt <

(9.28) /OT exp [/tT W (r)dr
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(wy—w_)T __ 1 (wg—w_)T __ 1
<-T (ne(w““’—)T — 1) + e log (ne ) :
Wy — W n—1

First, we observe that (9.21) and (9.23) imply that
(9.29) petwr—w)T 1 __,0 .
N—o0
Now, in order to estimate the second term on the right hand side of (9.28) we deal with each
of its two multiplicands. Using (9.27), (9.21) and (9.22) we find that

776(w+7w_)T -1 6(w+7w_)T e(w_,_fw_)T -1

9.30 = 0+7T=T.
(9:30) Wi — w_ VV(t=O)—w++ Wi — w_ N *

Furthermore, by (9.27), (9.21) and (9.22),

(wy—w_)T _ 1 (wy—w_)T __ 1
ne _ (wy—w_)T € _
9.31 = et — (Wt =0) - ~ N .
(9.31) e T L (W= 0) — w)
Hence, (9.28)—(9.31) prove (9.25) and the proof is thus concluded. O

Corollary 9.1. (W~"'-Convergence Rate). Consider the SV method (9.1), (9.3)-(9.5),
approzimating the conservation law (4.1)+(5.1). Then

Cre if HUJQHLZ‘p+ < 00 /
/
Crellne| if |lugl|pyp+ = 00 and (%) <0

9.32) Jlun(-T) — (- T)llw-1a < {

with e = N~9 |

Proof. The case of Lip™-bounded initial data is straightforward and we, therefore, concen-

trate on the case that ||u|| i+ = 0o and ()" < 0. Since, by Theorem 9.1, we have -weak
Lip*-stability in that case, and since % < e = N7 uy are also e-weakly Lip*-stable.

Hence, it remains to show e-W = !-consistency.
W11 consistency with (4.1),

H un + :Ef N) < KpN~™?

Loo ([0,T],W =11 (R2))

has already been shown in [T5, (3.9b)]. As for W~11-consistency with the initial condition,

we claim that
(9.33) lun(-,0) —u(-, 0)||w-11 = |VPyUy — Upl|z, < KoN 2*log N ,

where Up(z) = [T up(§)dE . In order to prove (9.33), we recall that (consult [Q, (2.12),
(2.14), (2.15)])

(9.34) |PxUs — Ugllz, < Const -log N - N~™[|U™ ||, , m>0.
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Taking m = 2 in (9.34) we find that the initial error allowed by W ~!-consistency, is ex-

hausted in this case:

(9.35) | PnUy — Upl|z, < Const - N~?log N ||luo| sy -

We leave the reader to verify that

(9.36) |V PyUy — PyUpl|z, < Const - N"?log N .

Hence, (9.33) follows from (9.35), (9.36) and the proof is thus completed. O

The case of LipT-unbounded initial data when the flux fails to satisfy (%)” < 0 is
problematic since the cubic term on the right hand side of (9.10) does not vanish. Still,
one can prove (along the lines of the proof of Lemma 6.1) weak LipT-stability of order
en = N7%log N, provided that

C
€NK

for some ¢ < 1. Alas, this condition does not hold in our case (consult (9.4) and (9.22)).

W(t=0) <

We, therefore, suggest to overcome this problem by considering a speed-like SV method,

0 0 0 9]
(9.37) auN(x,t) + %PNf(uN(x,t)) = 5Na—xQN(ac,t) * £a(uN(x,t))

with (9.3)-(9.5) as before. This method, still conservative, differs from the regular SV
method, (9.1), only in the spectral viscosity term on the right hand side, where uy was

replaced by a(uy).

Remark on an a-priori L., bound.

The question of uniform L.-boundedness of this modified SV method may be tackled
along the lines of [S3]. However, we suggest here a simple argument which enables us to
circumvent that question:

Since the initial data are always assumed bounded, (5.1), the exact entropy solution of
(4.1)+(5.1) will not be affected if we change the flux f outside the interval Iy = [min ug, max ug).
Therefore, we choose to smoothly extend f from Iy to R, so that f, a = f',a’,a”, etc. remain
uniformly bouded on R. By doing so we may conclude that f®(uy), and by convexity,
A (uy) as well, 4 > 0, are all uniformly bounded even if uy is not. Since our estimates
depend only on || f® (uy)||z. and ||[A®(ux)||z. and never on the L.-bound of uy itself,
this argument is sufficient for our needs and no a-priori L.-bound is required.

We would like to comment that L..-boundedness proofs for approximate solutions of
(4.1)+(5.1) may be sometimes tedious (as in our present case). Hence, it is sometimes

customary to assume an a-priori L.-bound, based, for instance, on numerical evidence. The
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above, to the best of our knowledge, innovative extension argument, may be applied to such

approximations as well, so that assumptions, not fully justified, may be avoided.

The convergence rate estimates for this modified SV method are given in the following

theorem.

Theorem 9.2. (W~!1'-Convergence Rate for the Modified SV Method). Consider the
modified SV method (9.37), (9.3)-(9.5), approzimating the conservation law (4.1)+(5.1).
Then uy converges to the exact entropy solution u(x,t), as N — oo, and for every T > 0

there exists a constant Cr such that

(9.38a) |lun (-, T) —u(-, T)||w-11 < Cp-€
where
(9.38b) e=1{° i fuolleips <00 g o N0
' ellne| if |ugl| pip+ = 00 '

Proof. We first note that (9.37) is still L;-stable (consult the proof of [T5, Lemma 2.2])
and hence (9.6) still holds. Therefore, (9.37) describes a family of conservative, L;-stable
and BV-bounded approximate solutions of (4.1)4(5.1).

Next, we address the question of weak LipT-stability. We rewrite (9.37) as

0 0 0? 0 0
auN + %f(uN) = sN@a(uN) — eN%RN * %a(uN) + Ey

where Ry and Ey are as in (9.8). Multiplying by @'(uy) and differentiating with respect to

x, we find that w = a(uy), satisfies (compare to (9.9)):

wy + a(uy)w, +w? = ey [a (un)wee + @ (un) A(uy)ww,] —

e [a"<uN>A<uN> (QRN . a‘iaw) w+ () (ﬁ;RN . ;Ca(umﬂ .

" / 8
+a"(uny)A(uy)wEN + a (uN)%EN :

We conclude that W (t) = max, w(z,t) satisfies

th(t) + (W (1) < BYW (D) + v

where Sy and 7y are not the same as in (9.12), (9.13) but still satisfy (9.17) (since ||a(un)| v
remains uniformly bounded). This, according to the proof of Theorem 9.1, implies the %—
weak Lip*-stability of (9.37).
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Hence, by Theorem 5.2, error estimates (5.3)—(5.4) hold with € = +. Since it is easy to
verify that our modified SV method is also W ~1!-consistent of order N~Y, error estimate
(9.38) follows. O

Before concluding this section we consider the case of Py projecting the initial data,
(9.2). We recall that the resulting approximation, uy, may not be bounded in BV and
in fact ||uy||py may grow as much as O(log N). We note that this slightly changes our
convergence rate results, stated in Corollary 9.1 and Theorem 9.2, so that (9.32) and (9.38)
hold with ¢ = N~log N, rather than e = N~°.

The first effect of replacing V Py by Py is that estimate (9.17) changes to

By ~ NG Dog N 10, iy~ NG Do N |0,
(consult (9.12), (9.13), (9.15) and (9.16)). This, however, does not change the final result
of e-weak-Lip*-stability with e = . Hence, by Theorem 5.2, error estimate (5.3)~(5.4)
still hold with ¢ = % In view of (9.35) it remains only to consider the W~!-consistency of
upn(x,t) with (4.1). Ignoring the spectrally small discretization error Ey = %(I—PN)f(uN),

we obtain from (9.1) (the proof for (9.37) is similar) that

0 0 0

”aul\f(’vt) + %f(uN(Wt))HW*M < 5NHQN('7t) * %UN('at)’|L1 :

Using (9.4), Young inequality and the fact that ||Qn(+, )|z, does not exceed O(log N) (con-
sult [T5, (3.9b)]), we get

0 0
(9-39) lopun(t) + o flun () llw-re < enll@u (s )l llun (- O)lly <
1
< o 2 _ -0 .
< Const G 1OgN(log N)*=0O(N"logN)

Hence, the order of W~11-consistency reduced from O(N~Y) to O(N~?log N). Therefore,
(5.3)-(5.4), (9.35) and (9.39) imply an O(N~?log N) convergence rate in W11,
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10. FINITE DIFFERENCE APPROXIMATIONS
10.1. Convergence rate estimates

We study in this section the convergence rate of finite difference approximations of Go-
dunov type to the scalar convex conservation law, (4.1), subject to the Lip™-bounded initial

condition
(10.1.1) u(z,t =0)=uo(x) , wuo €Ly , [uo(z)|rip+ <oo .

Godunov type schemes form a special class of transport projection methods for the approx-
imate solution of nonlinear hyperbolic conservation laws. This class of schemes takes the
following form:
E(t — ol ¢nml) il < < g0
(10.1.2) VAT (- ) = n>1,
PHIF}oR" (-, t" = 0)  t=1" = nAt

where the initialization step is:
(10.1.3) v (10 = 0) = P({I{uo(") -

These schemes are composed of the following four ingredients:

n

(i) The possibly variable size grid cells, [T = [.CIZj
the sense that:

1, T, 1), where the grid is regular in
2 2

(10.1.4) Ar = Avyin < || < Apax : < Const ;
(ii) A conservative piecewise polynomial grid projection, P = P({I}}),

(10.1.5) /:CPw(:E)d:E:/xw(x)dx ;

(iii) The exact entropy solution operator associated with (4.1), E = E(t);
(iv) The time step At, which is restricted by the CFL condition:

At

1(, Az
(10.1.6) )\II;:%X‘f(U (x, )] <1, A—E :

In view of Corollary 5.1, Lip™-consistency, (5.6), and W~ !-stability, (5.9)—(5.10), imply
convergence of first order in W1, as stated in the following theorem.
Theorem 10.1. Assume that the Godunov type scheme is Lip™-stable,
(10.1.7) 02 ()|l ppr <C 1, >0,
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and WY _consistent with the conservation law, (4.1), and the Lip*-bounded initial condi-
tion, (10.1.1), in the sense that there exists € = e(Ax) such that e(Az) | 0 for Az | 0

and

(10.1.8) 02 (, 0) — o) 10 + 02 . 8)s + (@)l ormyar 100,y < OCE)
Then the following error estimate holds:

(1019) HUA‘T(',t) - u(-,t)HW_l,l < O(E)

The parameter ¢ is a function of the smallest scale, Az. If ¢(Az) = O(Axz*), the cor-
responding scheme will be kth order accurate in W11 in view error estimate (10.1.9).
This error estimate implies error estimates (E1)—(E3), given in Corollary 5.2; in particular,
by the local error estimate (E2), we have local kth order accuracy for the post-processed
approximation, wherever the solution is infinitely smooth.

However, our analysis presented here is limited to W ~!-first order accuracy, i.e. € = Ax.
A more delicate analysis will, hopefully, demonstrate (10.1.8) with ¢ = O(Ax*), k > 1, for

higher-order schemes.

In view of the above we henceforth use the notation Az instead of €. Therefore, our

Wbl consistency requirement, (10.1.8), now reads

(10.1.11) [[v®*(z,0) — up(z)|[w-1a + |02 (2, ); + (2, 8))a || Lo 0. - 12 10)) < O(AT)

The convergence Theorem 10.1 requires to verify the W ~—11-consistency and Lip*-stability
of the scheme in question. We begin by reducing the question of W~!!-consistency to the
level of a mere approximation problem, namely, measuring in W~! the distance between
the exact solution and its grid projection. Thus, our first theorem below enables us to avoid
the delicate bookkeeping of error accumulation due to the dynamic transport part of the

scheme.

Theorem 10.2. (W~"'-Consistency). The Godunov type approzimation (10.1.2)-(10.1.3)

satisfies the following truncation error estimate:

1
(10.1.12) 02 + F (o), | oo o1y < O (At) max [[(P =T (1" = 0) [y

Remark. We emphasize that this theorem applies to both fixed and variable grid schemes.
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Proof. Let N denote the number of time steps in [0,7], i.e., T = t¥ = NAt . Then for
every ¢ € C3(R x [0,T])

(10.1.130) (F5 g)r = 3 [ /tn oydt+ [ (f(um)m)dt} ,
n=1 tnt

where

(10.1.13b) FA% (2, t) = 07 + f(027),

and (-,-) denotes the Lo(R,) inner product. Integration by parts of (10.1.13a) gives that

n—1

(10.1.14) (FA% ¢ Z l Ar

o= [ (060 + (70>, 6.) dt]

But since v2*

then

is a weak solution in the strip ® x (t"7!,¢"), as definition (10.1.2) implies,

(10.1.15) /ttn (057,68 + (F0™), 60)) dt = (27, )|

n—1 tn=140 °

Therefore, by (10.1.14) and (10.1.15),

t"—0

-1 (UAmv ¢)

Y

=140

(F>,6).= 3" [0, 0)

and since, by (10.1.2), v2%(-, "1 +0) = v22(-, t""1), we get that

(PA%.0)0 = 0270, = 3P = Do (8" = 0).0(- 1)

n=1 n=1

Therefore, by Holder inequality,

N
(F2,6)0a] < mas (P = Do (0" = 0)lw-0 3 [0 sy -
or, by the rectangular quadrature rule,

(10.116) [(F**, 6)acl < mmax (P = D0 6" = 0)hwr -0 (5, ) [ 166, 0l

We conclude, in view of (10.1.16), that

T
(10.1.17) L IE Ol )it <

1 Az n T
0 (5 ) mas 102 = Dot = O)wss [ 16C,8) st

1<n<N
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which, with definition (10.1.13b), proves (10.1.12). O

Next, we turn to the question of Lip*-stability. We note that the Lip™-seminorm ||- || 1+,
(2.1.11), does not suit discontinuous piecewise polynomial functions and hence we replace it

by a discrete analogous, defined as

Az Ax. ") — Az n +
(10.1.18) ||UAx(',tn)||DLip+Enlagx(U (v + Aw, ") — 02z, )) |

Azx

The infinite divided difference in (2.1.11) is replaced here by differences divided by the
(finite) smallest scale of the underlying grid, Az. We show that, instead of (10.1.7), the

weaker Lipt-stability condition
(10.1.19) 2 (.t b+ < C

suffices in order to obtain our convergence rate results.

To this end, we employ a compactly supported non-negative unit mass mollifier,

vile) = 203 . [sle)de = [p@ar=1 .

We first show that W ~1!-consistency of order O(Ax) remains invariant under a mollification

with 15 where § = O(Ax).

Theorem 10.3. Assume v2%(x,t) has a bounded variation and is WYt -consistent with

(4.1) of order O(Ax),
(10.1.20) |E2%(x, t)|lw-1 <O(Az) ,  FA%(x,t) = 0™ + f(0™%), .
Then vA%° = )5 % V2% is W~ b-consistent with (4.1) of order O(Axz) + O(0).

Proof. We begin by stating the following two straightforward facts:

(10121) ||’lb5 * F”W—l’l S HF”W—l,l ;
(10.1.22) |ths x w — wl||, < O) - ||w|sy -
Next, we decompose the truncation error of v2%9 as follows:

(10.1.23) [or ™" + FA™ ) llw-ra < Jlbs * FA w1 + 5 % f(037)0 = f(037) w11

The first term on the right hand side of (10.1.23) is of order O(Ax), as implied by (10.1.20)
and (10.1.21). Using definition (4.18) and inequality (10.1.22), we get that the second term
on the right hand side of (10.1.23) is of order O(d) and, therefore, conclude the proof:

s 5 f(03%)0 = F0A™)allw-1a = (o5 % f(03) = f(W5 % 051, <
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< s+ f@5) = F@) ey + 1 (037) = f(5 % 03) 1, <
< s % f(02) = F0) Iz + llall 027 = w5 x 037, = O(9) -

|

Finally, we combine Theorems 10.2 and 10.3 to achieve our main convergence rate esti-

mate for Godunov type schemes.

Theorem 10.4. (W ~11-Convergence Rate). Assume that the Godunov type approzimation
(10.1.2)-(10.1.3) is discrete Lip™-stable, (10.1.19), and WY -consistent in the sense that

(10.1.24) (P — Dwl|lw-11 < OAZH||w|zy -
Then the following error estimate holds:

(10.1.25) 027 (-, ) — ul-, t)||jw-11 < O(Az) .

Proof. Let us denote 92%(-,t) = ¥a, * v2%(+, ), where ¥, is the dilated mollifier of

1 |z] <
w(@:{ 0 |z| >

This choice of mollifier satisfies the following W ~'!-error estimate (the proof of which is

N [0 | =

postponed to the end of this section):
(10.1.26) |Yag * w —w||w-11 < O(AZ?)||w| sy .

We show below that 927 satisfies LipT-stability, (10.1.7), and W ~1!-consistency, (10.1.11),
in order to use Theorem 10.1.
We start with the Lip*-stability question. The definitions of the regular and discrete

LipT-seminorms, (2.1.11) and (10.1.18), imply that |]17Ax(~,t")||Lip+ = |]vAx(-,t”)||DLip+ . As

v27 is assumed to be discrete Lipt-stable we conclude that at each time level t” we have

(10.1.27) 1527 (-, ") || i+ = D < C .

This, together with the fact that the intermediate exact solution operator decreases the

Lip*-seminorm, (2.1.18), imply Lip™-boundedness for all ¢ > 0:
(10.1.28) 152 )|y <C - VE>0 .

Namely, the mollified approximation 9% is Lip*-stable.
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v2%(-,t), being compactly supported and Lip*-bounded, has a bounded variation (Lemma
3.1). Turning to the question of W~!!-consistency we, therefore, conclude from assumption
(10.1.24) together with the truncation error estimate (10.1.12) that v2% is W~11-consistent

with (4.1) of order O(Az); in view of Theorem 10.3, so is 727, i.e.,
17 + f(759)a]l < O(Ax) .

Furthermore, 927 is also W ~11-consistent with the initial condition (10.1.1), since by (10.1.26),
(10.1.3) and (10.1.24):

192, 0) = u(:, 0)lw-1a < [[027(-, 0) =02 (, 0) lw-1a + [027(-, 0) = ug () w10 < O(Aa?) .
Therefore, Theorem 10.1 holds and by (10.1.9) we get that

(10.1.29) 1527, T) — u(-, T)|lw-11 < O(Az) .

In addition, we have by (10.1.26),

(10.1.30) [047(, T) — 02 (-, T)[lw-11 < O(Az?) .

Combining (10.1.29) and (10.1.30) we end up with

(10.1.31) |02 (-, T) — u(-, T)|lw-11 < O(Ax)

and the proof is thus completed. ]

We close this section by proving (10.1.26). To this end, we need the following basic

Wbl estimate, which proves essential also in the next section.

Lemma 10.1. Let u and v be two Ax-grid functions. Assume there exist constants, K and
L, such that:

(@) [lu —vllz, < KAz ;

(17) the distance between two successive zeroes of [“(u —v) is LAz at the most.
Then ||u — v|lw-11 < LKAz? .

Proof. Let z; denote the zeroes of [“(u —v) and L; = [zj, zj41]. Then

Hu—UHW_m://x u—vdx:Z/ /mu—vd:cgz:/ (/ ]u—v\)d:c:
z |J—o0 j Lj |Jz; i L; L;

=Z!LM'/ ]u—v\gLAa:-Z/ |u—v|= LAz|u— vz, < LKAZ? .
- L. — JI.
J J J J
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Let A = A(I}) denote the cell averaging operator,

1

|

(10.1.32) Aw(z) w(&)dE Ve el .

In view of Lemma 10.1, this averaging operator satisfies
(10.1.33) (A = Dwl|ly-—11 < O(AZH)||w| sy ,
provided that the mesh is regular, (10.1.4).

With this definition of A, we decompose the W~ l-mollification error in (10.1.26) into

three simpler error terms,
(10134) ’|¢AI * W — wHw—l,l S

”wa * (w — Aw)Hw—l,l + ”wa * (Aw) — A’U}Hw—l,l -+ HA'LU — ’lUHV[/—l,l = T1 -+ T2 -+ T3 s
where A denotes the fixed Az-grid averaging operator. In view of (10.1.21) and (10.1.33) we
have that

(10.1.35) Ty < T3 < O(AZ?)||w]| gy

As for Ty, since Aw is piecewise constant, Aw(z) = 3, wiX;, () (w; being the averaged
values of w in the cell I;), Ya, * (Aw) is a continuous linear interpolant of Aw at {z,}
— the centers of the fixed grid cells. It can be easily verified that the two functions, Aw
and ¢, * (Aw), satisfy conditions (7)—(ii) of Lemma 10.1 with K = }|jw|/py and L = 1.

Therefore

(10.1.36) Ty < O(Az?)||w| sy -

Error estimate (10.1.26) now follows from (10.1.34)—(10.1.36).
10.2. Examples

In this section we demonstrate our results for a variety of Godunov type schemes. The
Godunov scheme is a Godunov type scheme par excellence and is identified by the choice of
projection P = A, where A = A(I7) is the cell averaging operator, (10.1.32). We denote the

cell averaged values of the approximation and their differences by:

(10.2.1) vl = A (1" = 0)

. n — o an
m ) Avj-i—% o vj+1 UJ
J
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Using these notations we may introduce a different discrete Lip*-seminorm (compare to
definition (10.1.18)),

Av?  \ 7
(10.2.2) ||1)Ax(-,t”)||l¢p+ = max ( ‘7+2> ;
j

which we refer to as the lipT-seminorm of the cell averages. The need for this additional

discrete Lip™-seminorm will be clarified in the course of the discussion.
1. E-SCHEMES - ON A FIXED MESH

We begin by dealing with piecewise constant Godunov type approximations where the

grid cells are fixed:
Li=lz;_p2501) ¢ zmy=0E5)A

The simplest choice of a projection in this case is P = A. There are two schemes which take
precisely this form: The Godunov and the staggered Lax-Friedrichs (LxF) schemes (in the
latter, the mesh moves in each time step, by %, to the right or to the left, alternately). In

view of error estimate (10.1.33), these schemes are W ~!-consistent, in the sense of (10.1.24).

Since the discrete Lip*-seminorm, |- || prip+, and the cell averages lip*-seminorm, ||-||;,+,
coincide in the case of piecewise constant grid functions, the discrete Lipt-stability condition
(10.1.18) reads in this case:

(10.2.3) [0 () iy <C , n>0 .

A proof of the (discrete) LipT-stability of Godunov and LxF schemes can be found in [GL]
and [T1]. Hence, our convergence rate estimates are easily obtained for these schemes by
Theorem 10.4.

Godunov and LxF schemes are members of the family of essentially three point schemes.

This family consists of schemes which admit the following viscosity form [T2]:

(10.2.4) ij =0} — §[f(vj+1) — f(vl )] + 5[ j+%Avj+% — Q%%Avﬁ%] )

The Godunov and LxF schemes are identified by the viscosity coefficients:

i) + f(of) —2f(v)
Av? ’

Jt3

QUM =1 .

G7
Q7" = Amax
v Jt+3

i+
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To extend our discussion to this family of schemes, we present them in terms of a projection
operator, P = MA. With this choice of projection we modify the cell averages by an
appropriate operator M tailored to the specific essentially three point scheme in question.

In the following proposition we prove W ~!-consistency for these schemes:

Proposition 10.1. The modifying operators, M, which correspond to fired mesh essentially
three point BV schemes, (10.2.4), satisfy

(10.2.5) (M — I)Av™%||y-11 < O(AZ?) |

provided that the viscosity coefficients are uniformly bounded,

(10.2.6) 0<Qp.<C .

Proof. M is the operator which generates the grid values of the scheme, given in (10.2.4),

from the cell averages of Godunov scheme,

n+1 Az n+1
vi Tt = MAvST (- " - 0)

i
On the other hand, since Godunov scheme uses the exact solver, its averaged value on [ J’-LH
is given by

,U]G,n-‘rl _ A,UAac("tn-i—l . O)

i
Hence, in view of (10.2.4), the difference which we need to estimate in W~1! is a piecewise

constant grid function,

(10.2.7) w(z) = (M — DAV (z, ") =Y "HXI (z)
J
where u/”rl depend upon the difference between the viscosity coefficients,
n 1 n Gn n Gn n
(10.2.8) Wit = 5[( o1 — Q) )Av]+1 — (Qj_f — QJ_f)Avj ;]

The primitive, W(z) = [*_  w(&§)d¢, is piecewise linear and is given by

j—1
(10.2.9) W)= > wAz+(z—=

1=—00

)w,,.l+1 fr—

i—3/%

(Q;”_f QT )AV! ) + (z —

i3

)’U);LJFI Vo € Ij

l\')

Since by (10.2.6)

(10.2.10) Q1 — j+1\ <C,

63



it follows that w}™, given in (10.2.8), may be bounded as follows:
n+1 ¢ n n
(10.2.11) it < 5 (1avy | +]Avr 1)
Therefore, by (10.2.9)-(10.2.11),
C n C n n
(10.212)  [W(x)| < |Av) Az + o (x — ;1) (|Avj+%] + |Avj_%|) Veel, .
Equipped with (10.2.12) we conclude, by carrying out the integration, that

Jw(@)|lw-12 = [[W(2)]|L, = Z/I_ (W(E)lds < CAz* ) |Av7, 4| <
Jj o J

< CAZ? |3 ( ") |lpy = O(Aa?)
which proves (10.2.5). O

Proposition 10.1 and error estimate (10.1.33) imply that essentially three point schemes
with bounded viscosity coefficients, (10.2.6), are W~"!-consistent of (at least) order O(Az).
Hence, all our error estimates follow for such Lip™-stable (hence BV) schemes. Two more

examples of LipT-stable members of this family are Roe and Engquist-Osher schemes (e.g.

B, [NT2]).

Remark. The Godunov and LxF schemes are the two extreme members of the well known
family of E-schemes. This family consists of all essentially three point schemes, (10.2.4), for
which Q]GJF”% < Q?+ L < Q]Ljfg" . These schemes are known to be of first order resolution
(consult [O4]).

Let us consider now, as an additional example, E-schemes with a constant viscosity

coefficient,
n+1 n A n n 1 A" Ay
(10.2.13) vy = o §[f(vj+1) — [ )]+ §[Q Vjpl — Q U];%] )
where
1
(10.2.14) Amax |a(v])] < Q < 3
7,n

Since such schemes are (as we show below) Lip*-stable, (10.2.3), and W~"!-consistent as
well (in virtue of (10.2.14) and Proposition 10.1), they satisfy our convergence rate estimates.

The proof of LipT-stability for (10.2.13) is similar to the Lip™-stability proofs for the
previously mentioned examples of essentially three point schemes. Differencing equality
(10.2.13) we get that

>

Q
2

(10.2.15) Avily = Avp oy = S[Af] s = Aff )+ DAV s — 2807 4 + Avfy]

it+3 it3

N

2
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Taylor expansion and the convexity of f imply that

(10.2.16) Ay < avf) Ao}

n n n
j % 5 AfjJr% Z a<vj+1)AUj+%

Inserting (10.2.16) into (10.2.15) and rearrangeing yields

1 1
(10.2.17) Av;?:; <(1-Q)- Av;ﬁr% + 5[@ — Aa(vi, )] Av;ﬁr% + 5[@ + Aa(v])] - Avl

[SIE

All three coefficients on the right hand side of (10.2.17) are non-negative, in view of (10.2.14),
and they add up to

§ =1 Dalvn) —alr)
If Av;‘+% > 0 then, thanks to the monotonicity of a, a(v;4+1) > a(v;) and S < 1. Therefore,
we conclude by (10.2.17) that

n+1 < n n n
Av.+% _maX(Avj_%,Aijr%,Avﬁ%) :

If, on the other hand, Av]’;l < 0 then, by omitting the first term on the right hand side of
2
(10.2.17) and using (10.2.14), we get that

n+1 < n n
Avﬂ% < max(Av] %,AUH%) :

The last two inequalities imply, after dividing by Az, that
[0t ) i < 027Gt it

which implies (10.2.3) with C' = ||ug || ip+-

2. GODUNOV SCHEME - ON A VARIABLE MESH

As a prototype example for the use of variable grid we concentrate on Godunov scheme.
We briefly recall the variable mesh algorithm advocated in [HH|. The fixed-mesh Godunov
scheme is modified to a variable-mesh one, by adjusting the grid to follow the dynamics of the
solution: when two neighboring grid values are connected through a shock wave, the mesh
algorithm places one of the next step mesh points on the shock’s path to enable its perfect
resolution. The above choice of mesh points {x;?Jr%} is done so that the mesh regularity
condition (10.1.4) will not be violated.

Clearly, this variable-mesh Godunov scheme is W ~!-consistent (consult Theorem 10.2
and error estimate (10.1.33)). The question of discrete LipT-stability, however, is more

delicate and, therefore, we introduce a further slight modification. The above described

n

mesh algorithm chooses the variable mesh points 27, 1 S0 that 27 1 € [z, z;+1), where {z,}
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is an underlying fixed uniform mesh. Our modification applies when two neighboring grid
values are connected through a rarefaction wave; in this case we suggest to choose the next
step mesh point as the center of the fixed underlying mesh. By doing so, the evolution
procedure coincides with the regular fixed mesh Godunov scheme whenever the solution is
increasing. Hence, this modified algorithm describes a Lip™-stable scheme without affecting
the shock resolution of the original variable mesh scheme. Therefore, this modified scheme

converges to the exact solution of (4.1) and satisfies all our error estimates.
3. MUSCL SCHEMES

We now turn to MUSCL schemes which employ a piecewise linear reconstruction of the
cell averages in order to increase the resolution. These schemes are Godunov type schemes
with a projection of the form P = RA, [VL], [H1]. The reconstruction R = R({I;}) acts on
piecewise constant grid functions by rotating the constant value in each cell I; around its

center, z; = jAx:

(10.2.18) RAVA (2,t" — 0) = R

ZU;‘LXIJ- (l‘)] = U;'l + (I - xj)S? Vx € Ij
J

The reconstruction is identified by the choice of a limiter function s(-,-) which defines the

slopes,
Av? o AvT
10.2.19 " 7z _ T3
( ) Sj S ( AI’ Y Al‘ ) Y
and usually constrained to satisfy
(10.2.20) min(a,b) < s(a,b) = s(b,a) < max(a,b) .

This choice of projection is conservative, i.e. AP = A .

Wbl consistency of these schemes follows directly from Lemma 10.1 and error estimate

(10.1.33), as stated in the following proposition:
Proposition 10.2. The projection P = RA satisfies
(10.2.21) (P — Dwl|lw-11 < OAzH)||w| sy -

The verification of the discrete LipT-stability condition, (10.1.19), is rather delicate for
this family of schemes. In the following proposition we show the equivalence of the discrete
Lip*-seminorm — || - || prip+ — and the lipT-seminorm of the cell averages — || - ||;;+ — for a

subclass of limiters.
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Proposition 10.3. If the limiter s(-,-) satisfies

(10.2.22) minmod(a, b) < s(a,b) < max(a,b) ,
then for every function w(zx)

(10.2.23) |RAW||jjp+ < ||RAW| | prip+ < K - [|[RAW|[1ip+
where 1 < K <1.5.

Remarks.

1. The class of limiters defined in (10.2.22) forms a subclass of the one given in (10.2.20).
The lower most limiter in the latter — min — is replaced here by the well known minmod
limiter,

minmod(a, b) = ;[sgn(a) + sgn(b)] - min(lal, |b]) .

Minmod based reconstructions are often used in practice, since they yield non-oscillatory
schemes, [H1], [OT].

2. Proposition 10.3 enables us, when dealing with Lip*-stability of MUSCL schemes
satisfying (10.2.22), to concentrate on the cell averaged values and check condition (10.2.3)
rather then the intricate condition (10.1.19).

Proof. Recalling the definitions of the two seminorms, (10.1.18) and (10.2.2), the left

inequality in (10.2.23) is trivial, since

Aw

J+3

Ax

RAw(z + Azx) — RAw(x)
Ax

As for the second inequality in (10.2.23) we observe that every x can be expressed as
z = z; + Az for some z; and || < i and therefore, by (10.2.18) and (10.2.19),

RAw(z + Az) — RAw(z)  Awjy: ol Awjy1 Awgys . Aw;_1 Awgy s
Ax Az Axr ' Az Axr ' Az

Hence, in order to prove (10.2.23) it suffices to show that

+0 (s , -5 , <
Azx Ax Azx Az Az

Aw,_ 1 Aw, 1 Aw, s\
< K. J—3 Jts J+3
- max( Az > Az T Ax ’
for some constant K < 1.5. This last inequality may be written in the more abstract form:
1
(10.2.24) I=b+0[s(b,c) — s(a,b)] < K - max(a,b,c)t Vo o ]0] < 3
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We note that due to the symetry of s(-,-) it suffices to deal with 6 > 0. Therefore, in order

to upper-bound 7, we have to upper-bound s(b, ¢) and lower-bound s(a, b).

First we show that if b < 0, (10.2.24) holds with K = % . Using the limitation assumption,

(10.2.22), we can summarize the upper-bounds for I as follows:

b+0(c—0)<bc a>0,c>0

b+6(0—-0)<0 a>0,c<0
(10.2.25) F<Nbi0c—b<bc a<0c>0

b+6(0—-0)<0 a<0,c<0
Since 0 < 6 < 1, (10.2.24) follows from (10.2.25) with K = 1

Now we turn to the case b > 0. Using (10.2.22) we arrive at

b+60(c—0)<(1—-0b+6c<c a>bc>b
(10.2.26) I's 2izgi:2zr)<b+ﬁc<15c 2222252
b+60(b—a’)<b+60b<1.5b a<bec<b
Hence, (10.2.24) holds with K = 1.5 . O
Remarks.

L. If s(-,-) = max(-,-), (10.2.24) holds with K = 1, since in the last two cases of
(10.2.26), which are the only cases where K > 1 may appear, s(a,b) = b, s(b,c¢) = max(b,c)
and therefore

I = b+ 0(max(b, c) — b) < max(b, c) < max(a,b,c)”

2. If s(-,-) = minmod(-, ), the estimate K < 1.5 is sharp since if b = ¢ > 0,a < 0 and
0= % we have
I=b+6(b—0)=1.5b=15max(a,b,c)*

3. The equivalence (10.2.23) does not hold for s(-,-) = min(-,-) : For example, ifb=c=0
and a < 0 then I = —fa which violates (10.2.24). Hence, condition (10.2.22) is indeed

necessary.

Example. The Maxmod Scheme.

The upper extreme case of (10.2.22) is the maxmod scheme. This scheme is shown to be
Lip*-stable in [BO].

The reconstruction of this scheme, Ry, has the unique feature (among the class of
limiters satisfying (10.2.20)) that it avoids increasing discontinuities, hence it yields Lip™-
bounded piecewise linear functions, ||RmaxAw| i+ < oo. Furthermore, all three Lip*-

seminorms, the regular one — (2.1.11), the discrete one — (10.1.18) and the cell averaged
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values one — (10.2.2), are equal in this case, i.e.
(10227) ||RmaXAw||Lip+ = ||RmaXAwHDLip+ = HRmaXAw||”p+

Brenier and Osher [BO] show that the maxmod scheme is Lip™ monotonically decreasing,
namely

A Gt D i < 3Gt s YR 20

Therefore, (10.1.7) is met with C' = ||ug||Lip+ -

The maxmod scheme is, to the best of our knowledge, the only MUSCL scheme for which
lipT-stability has been established. Other reconstructions, such as the minmod, may increase
the cell averages lipT-seminorm. However, numerical experiments confirm our strong belief
that MUSCL schemes based on such reconstructions are lipT-bounded, though their lip™-
seminorm is not monotonically decreasing. Given this lipT-stability together with our proof

of W~h1-consistency, we obtain the convergence rate estimate (10.1.25).
4. MUSCL SCHEMES WITH APPROXIMATE EVOLUTION

MUSCL schemes involve the exact evolution for a short time of a piecewise linear initial
condition, namely, solving a generalized Riemann problem. This difficulty is intricate to
carry out and therefore, simpler alternative projections are sought. We present here two

such projections being commonly used in practice.

One way of diffusing the problem of solving a generalized Riemann problem is by re-
placing the piecewise linear initial condition v2%(-,#") = RAvA%(-,t" — 0) by v2%(-,t") =
M RAvA*(- t" — 0) where the operator M decomposes the reconstructed piecewise linear
profile at each time step into a piecewise constant one as follows:

Ax n n n
(10.2.28) MRAv (z,t" —0) =>_ [UL_XIJ_’_ (x) + Ui X, (95)}

j
Here v}, denote the values of the reconstruction in the two end points of I;, z;_ 1 and ;. 1
Ax
n _ n n
Vi = + 751-
and /; + denote the left and right halves of the interval I;, i.e.,

Ij)_ - I:xj—%7x]) ? I])+ - [xj,x]‘F%)

By this modification, the solution of (4.1) consists of a successive sequence of non-interacting
Riemann problems, provided that we half the CFL condition (10.1.6),

1
(10.2.29) Amax |f'(v3 (. 1)) < 5
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Let W(z/t;ur, ur) denote the Riemann solver of (4.1). Then our modified schemes recast,

after integration of the exact solution over a typical cell I; x [t",¢"!], into the final form

J J

(10.2.30) o = 0 = A [FV (04500 004 ) — FOV (050 400 ))]

These modified schemes fit into our framework of Godunov type schemes with the pro-
jection P = M RA, where the piecewise constant decomposition operator, M, is given in
(10.2.28). With this formulation in mind we observe that our modified schemes are W11

consistent. Indeed, the definition of M and Lemma 10.1 imply that
I(M = DRAV 10 < O(A2?)|[RAv?|| gy < O(Az?) |05y

and, therefore, condition (10.1.24) is met by the modified projection P = M RA. Thus,
the W11 consistency of the original MUSCL schemes is retained. Hence, these modified
MUSCL schemes, if Lip™-stable, satisfy our error estimates.

Another way to avoid the solution of the generalized Riemann problem is replacing the

exact evolution operator £ by an approximate one, E (compare to (10.1.2)),
(10.2.31) VA% ") = RAE (" — )R (7).

This modification fits into our framework, (10.1.2)—(10.1.3), by rewriting the evolution pro-
cedure (10.2.31) as

(10.2.32) VA7 ( T = PE(tTY — M0t (,t")  , P =RMA |,

where M takes care of the differences between the averaged values of the exact and approx-
imate evolutions.

In the following proposition we show that our convergence rate estimates are not affected
by the use of an approximate evolution, provided that the local truncation error is of second

order.

Proposition 10.4. If the modified MUSCL scheme (10.2.32) is conservative, discrete Lip™-

stable and the operator M, which identifies the approximate evolution E, satisfies
(10.2.33) ((MAE — AE)v™"| < O(A2?) |

then error estimate (10.1.25) holds.

Proof. In view of Theorem 10.4, we have only to show that for w = Ev>?,
(10.2.34) (P — Dwl|jw-11 < O(AZ?) .
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Applying the triangle inequality we may decompose this error term into three different error

terms,
(10235) H(P — I)U}||W—1,1 = H(RMA — I)w||W_1,1 S

I(R = )M Aw|y 10+ [|(MA = Ayl + | (A = Dwllwsa = T + Ty + T

Lemma 10.1 implies that
(10.2.36) T = O(Az?) .

As for Ty, we let ¢ = (MAE — AE)v™* and G = [®g. Since the scheme is conservative,
(10.1.5), the averaged value of g over its compact support, which we denote by (2, is zero.

This implies that G is also compactly supported on €. Therefore, by (10.2.33),
(10.2.37) Ty = [|((MA— A)Bo™ w10 = [|glw-10 = |Gz, <
Q1 [1Gllre <12 lgllz, < QP N9z < O(A2?) .
Finally, (10.2.34) follows from (10.2.35), (10.2.36), (10.2.37) and (10.1.33). O

Example. Non-Oscillatory Central Difference Scheme

We consider a family of MUSCL-type non-oscillatory central differencing schemes, pre-
sented in [NT1]. We briefly recall the construction of these schemes and present them in our
notations. The grid in use is a staggered one, namely, the cell size Ax is fixed, but the grid
moves in each time step by %.

The exact solution of the generalized Riemann problems is averaged on the staggered grid
(i.e. use A= A({[;}) or A= A({Iﬂ%}) every other step). This central Lax-Friedrichs type
solver may be written exactly, using (10.1.2)—(10.1.3), as (compare the following formulation
to [NT1, (2.11)]):

1
(10.2.38) v H

1 = —
Iz Ax | Jay

T, 1 Tit1
/J+2 vm(x,t")da:—l—/ ’ vAx(a:,t")dx] —
”” Ti+s

1 A A
ca | i = [ (]
The time step At is restricted by the CFL condition (10.2.29) so that no interaction occurs
between two neighboring Riemann problems.

The evaluation of the temporal integrals in (10.2.38) requires the exact solution of the
generalized Riemann problems along the lines = x;. This is being avoided by using the
mid-point rule,

tntt t

(10239%) [ Ry~ A (e + 5

71



where the mid-point value is linearly approximated,

At nt1 At
—) =~ wi = — —a(vl)s? .

(10.2.39b) v (@t + 5 j ; ~ 5 WYy

Thus, with 'U;fll in (10.2.38) denoting the exact evolution averages, these approximations

result in the modified averaged values, M v;.“j_“ll, given by
2

Az (S

1
(10240) M=o (o7 +07y) + =

+2

P = i) = (£t — s h)

With this modification in mind we turn to show the W~!l-consistency of this family of
schemes. To this end we show that the modifying operator M, given in (10.2.40), satisfies
the consistency condition (10.2.33).

Am(

Since the Riemann problems do not interact, the solution v>*(x;,7) is smooth on the

line z; x [¢t",t"*!] . Hence, the mid-point rule local truncation error gives that
tn+1

(10.2.41) ]/t FA(xy,7))dr — At - f(0A7 ],t”+ = \ — O(A#)

n

Furthermore, by Taylor expansion and (10.2.39b)

AN JAN?
VA (g, 17+ 1) = 03y, 1) + S (0, 87) + O(AR) =

= UA (mja tn) - 7a(vAx(xj> tn>)vax(xja tn) + O<At2> =

At n+l
=} = Sa(o])s) + O(A) = wj* + O(AF?)

which implies that

At ntl
(10.2.42) |02 (25, 6" + 5 w! | = 0(A) .

Comparing (10.2.38) to (10.2.39) and (10.2.40) gives, using (10.2.41) and (10.2.42), that

(Mo — o] = |(MAE ~ ABYW (z,t")]] S S0(AP) = 0(Ar?)
its

Thus, according to Proposition 10.4, the above described family of schemes is W ~!!-consistent.
Augmented with LipT-stability we conclude that non-oscillatory central differencing schemes

satisfy our error estimates.

Epilogue. MUSCL schemes are viewed as second-order accurate since for smooth functions,
w e C? s; = wy(z;) + O(Az) . However, local second order accuracy away from discon-

tinuities has not been yet proven. We proved here a weaker result for Lip™-stable MUSCL
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schemes, namely, a local first order accuracy (for the post-processed values) whenever the
exact solution is infinitely smooth. The error estimates given in Theorem 10.1, are the op-
timal ones. The problem is due to the W ~'!'-norm which proves to be appropriate for first

order convergence rate only : It is easy to see that
(10.2.43) [(RA — Dwl||y-11 = O(Az®)||w]|| v

whenever w is C! in the interior of the grid cells I;. However, if w experiences a discontinuity
inside a grid cell, (10.2.43) no longer holds and the weaker error estimate (10.2.21) is then
sharp. Comparing the two W ~"l-error estimates, (10.1.33) and (10.2.21), shows that the
reconstruction R does not improve the W=t -accuracy in that case. Therefore, when shocks
are present, formally second order schemes are only first order accurate in W =11,
Motivated by this discussion we suggest to surpass this W—!-first order accuracy barrier
by moving the mesh so that no shock will occur in the interior of a grid cell. By doing so,
the better error estimate (10.2.43) will hold, and the resulting scheme, if Lip™-stable, will
be second-order accurate in W' and local second order accuracy, for the post-processed

grid values, will follow wherever the exact solution is infinitely smooth.

73



PART III: HIGH ORDER REGULARITY
11. THE PIECEWISE SMOOTHNESS OF ENTROPY SOLUTIONS
11.1. Introduction

In this part of our work we show how the Lip'-stability of convex conservation laws,
namely, the decay of the positive part of the first spatial derivative, implies a higher order

stability of the entropy solutions and sheds more light on their behavior and structure.

The structure of entropy solutions of convex conservation laws, (4.1), having piecewise
smooth initial data, has been determined by Oleinik [O1]-[O3] and Lax [L1]; more refined
information was obtained by Dafermos [D1]. The entropy solutions are continuous except on
the union of an at most countable set of Lipschitz continuous shock curves. The complement
of the shock set is open, [D1], and from each point (z,t) in this open set one can trace a
straight characteristic backward in time to ¢ = 0, where the initial condition is given. Since
the slope of this characteristic equals a(u(z,t)) = f'(u(z,t)), the entropy solution is given

by the implicit relation
(11.1.1) u(z,t) = uo(z — a(u(x,t))t)

The Implicit Function Theorem implies that if a,uy € CV, N > 1, then u € C¥ in its region

of continuity, since in that region
(11.1.2) 1+ d(uug(x —a(u)t)t >0  VE>0
consult [D1, Theorem 5.1].

In the following sections we quantify the regularity of the entropy solution using sharp
upper bounds for its high order spatial derivatives in its region of C'-smoothness, and we
determine the size of the complement set of that region, namely — the set of shock discon-

tinuities.

We recall the behavior of the first spatial derivative of the solution, u,: Being non-
negative, it decays like O(¢t7!), as implied by the Lip*-stability estimates (e.g. (2.1.18)),
while otherwise, it decreases unboundedly until it becomes infinite, in a finite time, on the

shock curves.

In §11.2 we examine the behavior of the higher order spatial derivatives, |07u| = |0™u/0x™|,
2 < n < N. We derive sharp estimates for them and show (Theorem 11.1) that their be-
havior depends on the sign of u,: There exist constants, Const,,, which depend solely on the

initial condition, ug, such that the following holds.
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e Along characteristics where u, is positive we have
(11.1.3) |07u] < Const,, (u)"

and therefore — since u,, decays like O(t~1) along those curves, the higher order deriva-

tives decay at a rate which increases with n;

e Along characteristics where u, is negative we have
(11.1.4) |07u| < Const,, [u, [,

and therefore — since the solution breaks in a finite time, t., along these characteristics,

|07u| tends to infinity as ¢t — t. at a rate which increases with n;

e Finally, along characteristics where u, = 0 we have |9"u| < Const,t" 2, n > 1.

These estimates on the spatial high order derivatives can be converted into an appropriate
stability estimate on the piecewise regularity of the entropy solution. This is carried out in
§11.3 in terms of a suitable C™-seminorm which is localized to the C'-smoothness part of the
entropy solution. Theorem 11.2 shows that the solution operator of the convex conservation
law (4.1) is stable with respect to that seminorm. In this context we refer to DeVore &
Lucier, [DL], for a different type of high order regularity result which manifests itself in

terms of a high order spatial Besov stability estimate.

Finally, for the sake of completeness, we discuss in §11.4 the complement of the C'-
smoothness part of the entropy solution, that is, we determine the size of the set of shocks.
Theorem 11.3 asserts that this set is equivalent to the set of negative minima of a(ug)’.
Thus, Theorem 11.3 complements Schaeffer’s regularity theorem [S2], by realizing the first
category set of infinitely smooth initial conditions, {ug}, which evolve into entropy solutions

with infinitely many shock discontinuities.

In summary we conclude that if a(u) has a finite number of decreasing inflection points,
then only a finite number of shocks will occur. Hence, if a,uy € C and a(ug) has a finite
number of decreasing inflection points, then the corresponding entropy solution consists of
finite number of pieces, each of which is CV-smooth; moreover, the regularity of these pieces
is bounded by the initial regularity. It is this type of piecewise regularity of the entropy

solution which is assumed — sometime implicitly, in many finite-dimensional computations.
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11.2. High order regularity estimates

We consider solutions of the single convex conservation law (4.1) where

(11.2.1) up(z) € CNR)OWN>R) , N>2
and
(11.2.2) a = f" € ONlinf ug, sup ug|

We examine here the behavior of the higher order spatial derivatives 07u = 0"u/0x", 2 <
n < N, the existence of which is guaranteed by (11.2.1-(11.2.2) everywhere apart from the

singular set of shock curves.

Since the solution u is smooth in the open complement of the set of shocks, we may

multiply (4.1) by @'(u) to find out that v := a(u) satisfies Burgers’ equation in that region,
(11.2.3) v +ov, =0 .

We now differentiate (11.2.3) n < N times with respect to z to obtain the equation which

governs the evolution of w™ := d2'v in the smooth region:

wy + 0 (vv,) =0 .

Leibnitz rule yields
w43 (1)@t -0
o \k

or equivalently ,

(11.2.4) wy + vwl! = —nw'w" — zn: (Z)wkw”kﬂ , 1<n<N .
k=2

Observe that all the spatial derivatives of v are governed by a first order quasi-linear equation
(11.2.4) with the same principal part as the equation for v itself in (11.2.3), hence having
the same characteristic geometry. However — unlike equation (11.2.3) which tells us that v
remains constant along characteristics, the non-vanishing right hand side of (11.2.4) implies
that w™ changes along the characteristics. Let the value of w™ along a characteristic x(t)
denoted by w"(t) = w™(z(t),t), then (11.2.4) implies that

(11.2.5) D) i () — 3 <”> W)W (), 1<n< N .



We start by examining the first derivative w! = v, = a(u), . Since it proves playing a
significant role in our analysis we denote it, for convenience, by w. Equation (11.2.5) reduces

in that case, n = 1, to the well known Ricatti equation

dw 9
(11.2.6) o= —(w)
whose solution is :
w(0)
11.2. = )
(11.2.7) W) = T 0y

We see that if w(0) > 0, w(t) remains positive and decays to zero like O(t™1); if w(0) = 0
then w(t) = 0 for all ¢ > 0 while if w(0) < 0 , w(t) remains negative and decreases until
it becomes infinite. Note that whenever u, > 0, (11.2.7) is in complete agreement with the
Lip*-stability estimate (2.1.10).

We now use (11.2.5) and (11.2.7) in order to estimate w™(t), arriving at the following.

Proposition 11.1. For every2 <n < N andt >0 there holds:

(11.2.8a) [w"(t)] < Cp(1 4+ w(0)t) "1 if w(0)>0 ;
(11.2.8b) [w™(t)] < Dy(1 4 w(0)t) 2"+ if w(0) <0 ;
(11.2.8¢) w"(t) = w"(0) + P,_o(t) if w(0)=0 .

Here, the constants C,, and D,, are given recursively by

1 n—1
k=2
(11.2.95) Dy = 0" (0) + ——— 5 (") 2<n<N
L. n — ‘w(o)’(n_2> = k kYn—k+1 = =

and P, _5(t) is a polynomial of degree n — 2 which vanishes for t = 0.

Remarks.
1. Throughout this section we shall use the notations C, C,,, D,, etc. to denote constants
which do not depend on ¢, and P, to denote polynomials of degree n. Note that these

notations can stand for different constants or polynomials in different occurrences.
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2. Equality (11.2.7) allows us to rewrite (11.2.8a-b) as

Cohw®)™ w(0) >0
(11.2.10) ()] < ,  t>0,
Dy|lw(®) ] w(0) <0
where the constants C,, and D,, |,
- C . D
11.2.11 Co=—g , Dy= i
S w0y w{o)
depend solely on the initial condition.
Proof. Equation (11.2.5) may be written for n > 2 as follows:
dw" (t
(11.2.12a) wdt( ) _ —(n+ Dw(t)w" () + ¢a.(1)
n—1 n
(11.2.12b) (t) == <k> (O
k=2
Using (11.2.7), the solution of (11.2.12a) is
t
(11.2.13) w™(t) = (14 w(0)t) ™! [w”(O) + /0 (1+w(0)7)"gn(7)dr

We prove (11.2.8) by induction. The case n = 2 is immediate since ¢ = 0 and therefore,
by (11.2.13),
(11.2.14) w?(t) = (1 +w(0)t)2w?(0) .
Hence (11.2.8) is proved for n = 2 with Cy = Dy = |w?(0)| (in agreement with (11.2.9)) and

We turn now to the proof of (11.2.8) for 2 < n < N, assuming it holds for all 2 < k < n.
The proof is separated for three cases according to the sign of w(0).
If w(0) > 0 then by (11.2.12b) and induction we get that

(112.15) ) < 3 () ol <
7§ (Z) Ok(l + w(O)t)_k_lCn_kH(l + w(O)t)_n+k_2 = g <Z> Ckon_k+1(1 -+ w(O)t)_n_g
k=2 k=2

Therefore, by (11.2.13) and (11.2.15),
(11.2.16)  |w"(t)| < (1 +w(0)t)™" l 0)] + Z < )Ck k1 /t(l +w(0)7)2d71 .
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Evaluating the integral in (11.2.16) proves (11.2.8a) and (11.2.9a).

Similarly, if w(0) < 0 then

(11.217) OEDS (Z) k(0" )] <

k=2

5 @ Cull+ w(0)8) Gy (14 w(O)t) 281 = 5 @ Gttt

Hence, by (11.2.13) and (11.2.17),
1218 o) < (w0 [0 0+ (3) s [ 04 000
—2
and (11.2.8b), (11.2.9b) follow by evaluating the integral in (11.2.18).
Finally, if w(0) = 0, (11.2.13) implies that
(11.2.19a) w"(t) = w"(0) + /Ot qn(T)dT .

But, by (11.2.12b) and the induction assumption,

112100 g =-3 (Z) (H(0) + Proalt)) (7 (0) + Puys (1) = Pas(t)

Therefore, [; ¢,(7)d7 is a polynomial of degree n—2 which vanishes for ¢ = 0, hence (11.2.8c)

is proved, and that concludes the proof. O

Example. The estimates offered by Proposition 11.1 are sharp, as demonstrated by Burgers’

equation, u; + uu, = 0, subject to initial condition

{‘””21 1<z<1

u(z,0) = ug(x) = ’

0 elsewhere

Its solution along characteristics x(¢) for which —1 < x(0) < 1 is given by

L+ ()t — /1 + 2z (t)t + 12
- .

u(x(t),t)

Therefore, for n > 2 we get that

_ O"u(x(t),t) _

_1\n 2 —n—&—% n—2
B (—1)"Cn(1 4+ 2x(t)t +t°) t ,

(11.2.20a) w"(t)
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where
n—1
(11.2.200) C, = H(Qk —-1).
k=1

Let 2(t) be the characteristic which starts at zy € (—1,1). Its speed is ug(zo) = 3(xf — 1)

and therefore

(11.2.21) z(t) = 2o + ;(xg — 1)t .

For that characteristic w(0) = ug(zo) = x¢ and therefore , by (11.2.21),
(11.2.22) (14 2z(t)t +12)2 =14zt = 1 + w(0)t .
Using (11.2.22) in (11.2.20a) gives :

(11.2.23) w"(t) = (=1)"Cp(1 + w(0)t) 212

If 2o > 0 then w(0) > 0 and therefore, for ¢ > w(0)™,
|wn(t)| = Cn(l + W(O)t)_2n+1tn_2 ~ Cn(l + w(o)t)—Qn-H <

C
=—" (1 0)t)"".
ooz (L e (O
If o < 0 then w(0) < 0 and the characteristic will not exist beyond the critical time
te = 1/|w(0)|. Therefore, by (11.2.23), when t — ¢,

n o w —2n+1,n—2 ~ Cn w —2n+1
[w"(t)| = C(1 4+ w(0)t) t 7|w(0)|"_2<1 + w(0)t) :

If o = 0 then w(0) = 0 and therefore w"(t) = (—1)"C,¢"~2 . Since w?*(0) = 1 and w™(0) = 0
for n > 2, (11.2.8¢c) is met with Py(t) =0 and P, _5(t) = (=1)"C,t""2 for n > 2.

After establishing estimates for w™ = 07a(u) we are ready to translate them into analo-
gous estimates for 07u. For that matter we observe that w™ has the form (successive chain

rule)
(11.2:240) w" = () = o' (W20 + 3 Kia™ () [ 0w

where K; are positive integer coefficients and

(11.2.24b) mg >2 1<ri<n+l-m; Yori=n
j=1
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We denote
(11.2.25) M := max |[a"™ (u)]|,, = max ||a™ (u)||r., -

2<n<N 2<n<N

With (11.2.24) and (11.2.25) we get, using convexity, (4.1), that for n < N

(11.2.26) 07| <

Q|+

(rw”| + S KM] |a?u|)

J=1

Note that for Burgers’ equation a« = 1 and M = 0 and (11.2.26) holds with an equality.
If we now denote 0u(t) := Ou(x(t),t), where z(t) is a characteristic curve, we may state

the analogous of Proposition 11.1.

Theorem 11.1. For every1 <n < N andt > 0 there holds

(11.2.27a) 07u(t)] < Co(1 4+ w(0)t)™" if dyu(t) >0 ;
(11.2.27b) 107u(t)] < D,(1 + w(0)t)~ 2"+ if ,u(t) <0 ;
(11.2.27¢) u(t) = d7u(0) + P,_o(t) if d,u(t)=0 .

Here, C,, and D,, are constants which depend on the initial condition and P,_5(t) is a poly-

nomial of degree n — 2 which vanishes fort = 0.

Proof. Since u remains constant along its characteristics, (11.2.7) implies that

0,u(0)

11.2.28 dou(t) = =)
( ) 0= 1wy
Hence, (11.2.27) holds for n = 1 with C} = D; = |0,u(0)| and P_;(¢t) =0 . (11.2.28) implies
(due to convexity) that d,u(t),d,u(0) and w(0) have the same sign.

As for n > 2, we proceed by induction.

If O,u(t) > 0, (11.2.26) and (11.2.8a), together with the induction assumption, imply
that

(11.2.29) 07u| < ; (Cn(l +w(0)t) " 4+ KM H Ci(1+ w(O)t)—Té'-)
i j=1

But, by (11.2.24b),

(11230) Y KM 11 Cra(1+w(0)) 75 = 32 Ci(1+w(0)t) ™ = Co(1+ w(0)) ™ .

Jj=1 i



Hence (11.2.27a) follows from (11.2.29) and (11.2.30).
Similarly, if d,u(t) < 0 then (11.2.26), (11.2.8b) and induction imply that

1 ms ;
(11.2.31) || < - ((Jn(l +w(0)) 7+ Y KM [ Cu(1+ w(o)t)—%ﬂ)
i j=1
Using (11.2.24b) we get that
Y KMI[C(1+ w(0)t) ™+ =37 Cy(1 + w(0)t) 2t
i j=1 i

But m; > 2 and, therefore, the first term on the right hand side of (11.2.31) is the dominant
one as t tends to the critical time, ¢, = 1/[w(0)|, hence (11.2.27b) follows.

As for the case d,u(t) = 0, since u remains constant along z(t), (11.2.24a) implies that

w"(t) — w"(0) = ' (u)(u(t) — Au(0)) + Z K;a™) (u [H O u H &e }

Using (11.2.8¢c) we therefore conclude that

dpu(t) = Oyu(0) + a(lu) (P“(t) — > K™ (u {H 0w H 0 D

But since, by induction, the term in the brackets is a polynomial of degree n — 2 and it

vanishes at ¢t =0, (11.2.27¢) is proved and we are done. O

Remarks.

1. We call attention that (11.2.27a) is slightly different from (11.2.8a). This difference
in the exponent is the reason why (11.2.27a) holds for n > 1 while (11.2.8a) holds only for
n > 2.

2. Equality (11.2.28) allows us to rewrite (11.2.27a-b) in the form announced in the

introduction,
(11.2.32) |07 u(t)] < , t>0 ,

with constants
(11.2.33) C, = el D, =

which depend solely on the initial condition.
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3. The large time behavior of the second spatial derivative in (planar) rarefaction waves

has been studied before by Xin in [X]. Xin considered the scalar viscous conservation law
Uy + f(u)aﬂ = EUgy

subject to the C?-smooth and bounded initial condition, ug, satisfying

(11.2.34) b >0
and
(11.2.35) lug| < koug , 0 < ko= Const .

He showed that in that case there exists a positive constant K such that
(11.2.36) [Upe (2, 8)] < Kug(z,t)  VY(z,t) € R x R .

This estimate can be recovered for the inviscid hyperbolic conservation law (4.1) from our

analysis. Let us denote
(11.2.37) LT = Irﬂxux(x,t) = mgxug(x) :

By (11.2.7) and (11.2.14) we get that

w?(0)
O 00 T w0y

(11.2.38) w(t) = w
Therefore, since by (11.2.34) and (4.1) w(t) = a/(u)u, > 0, (11.2.38) implies that

(11.2.39) lw?(t)] <

As w(0) and w?(0) are given by (consult (11.2.24a))
(11.2.40) w(0) = a’(ug)uy : w?(0) = a” (ug) (up)® + d(up)uy

we get from (11.2.39) that

!/

|ug |a" (uo) ug
" + o/ (uo) 1w(t) )

Using (4.1), (11.2.25), (11.2.35) and (11.2.37), we conclude that

(11.2.41) W) < Kyw(t) K= (ko + M”)
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Thus, v = a(u) satisfies inequality (11.2.36) since, by definition, w(t) = v,(z(t),t) and
w2(t) = vye(z(t),t). The desired inequality for u easily follows from (4.1), (11.2.25), (11.2.37)
and (11.2.41):

| U | _ lw? — a"u?| < |w?| n |a” u, < K =Ky + ML
Uy w w a

Note that (11.2.36) holds even if condition (11.2.34) is replaced by wuf, > 0, since along
characteristics where u, = 0, u,, remains constant (by (11.2.27¢)) which must be zero in

view of restriction (11.2.35).

Theorem 11.1 tells us the behavior of the high order derivatives of the entropy solution
along its characteristics, depending on the sign of the first derivative there: if the first
derivative is positive, then according to (11.2.27a) the higher derivatives decay in time; if it
is negative — the higher derivatives tend in absolute value, to infinity as the characteristic
approaches the shock curve, (11.2.27b); and along characteristics where the first derivative is
zero, the higher order derivatives experience a polynomial growth rate indicated in (11.2.27c¢).

Furthermore, the rate of decay or growth increases with the order of the derivative.
11.3. High order piecewise stability estimates

The estimates obtained in §11.2, consult (11.2.10-11) and (11.2.32-33), show how the
smoothness of the entropy solution depends on the distance from the set of shock disconti-
nuities, where this distance is measured by the size of 0,u(t). These estimates involve, apart
from 0,u(t), also the value of the first derivative of the initial condition, 0,u(0).

We now turn to upper bound the higher order derivatives in regularity regions solely in
terms of the local value of the first derivative, thus extending the special case of an estimate
for the second spatial derivative of planar rarefaction waves in (11.2.36). Moreover, our
bound will indicate the dependence of the high order regularity on the distance from the
singular set of shocks. The distance from the singular set is measured by a lower bound of
the first derivative. To quantify this dependence we define for every L < 0 the following
seminorm:

n

d"g

(11.3.1) lg(@)lley = sup |-

:EGDgYL

dg
, DQ7LE{x:%(x)>L} .

This is a localized version of the regular C™ (or W™>) seminorm which may be obtained
from || - [lcr by letting L — —o0.
We show that the solution operator of (4.1) is stable with respect to this seminorm. As

before, we deal first with the ”Burgerized” equation, (11.2.3), in the unknown v = a(u).
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Proposition 11.2. For every 2 < n < N and L < 0 there holds
(1132) o )lp < €T o 0)lop + Paal|L| )1
where the coefficients of P> depend on {[[v(-,0)[|cs Fa<pen -

Proof. We recall equation (11.2.12a) which governs the evolution of w™(t) along a char-
acteristic (x(t),t). Let (z,t) be located on the characteristic x = z(¢) and assume that

x(t) € Dyipy,1 , 1€,

(11.3.3) ve(x(t),t) =w(t) > L .

Since by (11.2.7) w(t) can only decrease along a characteristic, (11.3.3) implies that
(11.3.4a) w(r)>L , 0<7<t

or equivalently,

(11.3.4b) (1) € Dyery >, 07t

The solution of (11.2.12a) is

(11.3.5) W) = elo O InOm o) [l
Therefore, by (11.3.4a) and (11.3.5), we get that in Dy 4 1

t
(11.3.6) " (O] < I )] + [ eI () dr

We start by dealing with n = 2 . Here g = 0 and (11.3.6) reads
w?(t)] < M l(0)]
hence (11.3.2) follows with Py(|L|~!) = 0.
We proceed by induction assuming (11.3.2) holds for all 2 < k < n,
(11.37) o )ls < S Do, )l oy + Peal| LI

where the coefficients of Py _»(|L|~") depend on {|[v(-,0)lcs }2<m<r - Clearly, since for & > 2,
3(k—1) > k+ 1, we may rewrite (11.3.7) as

(11.3.8) (- D)ller < Peoa(IL|7HE DI 2 <k <
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where the coefficients of P,_(]L|~") in (11.3.8) depend on {[|v(-,0)|lcy }o<m<r - Using
(11.3.6), (11.2.12b) and (11.3.8) we arrive at

(0] < 5 )]+ 15 S (ol )l <

,(n+1 Lt[ |+ Z( )/ ’n+1)LTPk (‘Ll 1) —3(k— 1)L7P quL‘l)eS(nk)erT] —

9

~ t
e —(n+1)Lt Dw ( )|+Pn—3(|L|_1)/O 6(_2n+4)LTd7'

where P,_3(-) abbreviates

Pl = 5 () Pcatlel D Pecacatizl ™

k=2

which depends on {|[v(-,0)[|cx f2<k<n - Evaluating the last integral we arrive at

(11.3.9q) w" ()] < e” O [ (0)] + Pao|LIT)e2 I — P (1LY

where

(11.3.9b) P, (L") = 1 p (L™ = 5 (1L -
e (—2n+4)L" "° 2(n — 2)|L| Fus

Since L < 0 and n > 2, B, »(|L|™!) is positive and, therefore, by (11.3.9a) we conclude that
(11.3.10) w™ ()] < e EVH [ (0)] + Py o(| L] e T2 =

DI (0)] 4 Py p|L~)eH DI
which proves (11.3.2). O

Remark. It can be easily shown, in the same manner, that for L =0

loCsB)lley < [lo( 0)lley + Poalt)

where P,_5(t) depends on {[[v(-,0)[|cx}a<k<n - This result is not surprising in view of
(11.2.8a) and (11.2.8c¢).

Finally, we translate the estimates offered by Proposition 11.2 for v = a(u), into analogous

estimates for wu itself.
Theorem 11.2. (Piecewise Stability). For every 2 <n < N and L < 0 there holds

(1L.3.11) (s )lley < e u(-,0) ey + Puca(L7H)e D
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where L = A|L|, A = ||a'(v)||1. and the coefficients of P,_y depend on {llu(- 0)llen Yochan -

Proof. The verification of (11.3.11) for n = 2 is left to the reader and we proceed by
induction. Let (z,t) be a point on the characteristic x = x(t) where x(t) € Dyip1 -

Therefore, the definition of v = a(u) and the monotonicity of a imply that
(11.3.12) v(t) €Dy i - L=d(ulx@®)t)L .
Furthermore, by (11.2.7) and (11.2.28) we conclude that

(11.3.13) 2(1) € Dueryp (VDo 07 <t

This, together with (11.3.12) and (11.3.10), imply that

(11.3.14) w™(£)] < e IIEEwn(0)| + Py_o(|L| )P DI
Using (11.2.24a) we obtain

(11.3.15) |w™(0)] < d(u)]|dru(0)| +C

where C depends on {|0%u(0)|}2<g<n . Therefore, since n + 1 < 3(n — 1), we conclude from
(11.3.14) and (11.3.15) that

(11.3.16) lw"(t)] < &'(u)e(nﬂ)lilt‘agu(o)‘ + Pn72<|[~/‘*1)€3(n*1)|i|t _
Recalling (11.2.24) and (11.2.25), inequality (11.3.16) implies that

u(t)] < a,(lu) (|w”(t)| +ZKiMﬁ|8;;u(t)|) <

< el IR (0)] + Py 5| L) I 4 0 S TT 00 u(t)]

i j=1

By induction we may conclude, as we did in the proof of Proposition 11.2; that

(11.3.17) D2 u(t)] < eV OL(0)] 4+ Pusa( LTt DI
and taking the supremum over z(t) € Dy 1 in (11.3.17) we arrive at (11.3.11). O
Remarks.

1. In the case of Burgers’ equation, A = 1 and, therefore, (11.3.11) reduces in that case
to the stability estimate (11.3.2).
2. The analogous of (11.3.11) for L =0 is

(11.3.18) [u(-, 1)

g < llul,0)llcg + Paa(t) ,
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where P,_»(t) depends on {[[u(-, 0)||cs to<k<n -
11.4. On the size of the set of shock discontinuities

We show in this section that, generically, the set of shocks is finite and identify the initial
conditions for which an infinite number of shock curves is generated.

The first result concerning the size of the shock set was Oleinik’s. She has shown (consult
[O1]-]03]) that the shock set is countable at the most. Her result, however, still allows a
very complicated structure such as an everywhere dense shock set.

Two proceeding results have simplified the picture: Dafermos [D1] has shown that in
case that both the (convex) flux and the initial condition are infinitely smooth, the solution
is C'° a.e. apart from the shock set which must be closed. Thus, the shock set cannot be
everywhere dense but shocks may still accumulate.

Schaeffer [S2] has proved that, generically, the shock set is finite when the initial condition
is infinitely smooth. He has shown that if f € C'*° there exists a subset, {2, of the first category
in Schwartz space, S(R), such that if uy € S(R) \ ©Q then u € C*(R x (0,00) \ I') where I'
is a finite set of smooth shock curves. He furthermore gives an example of such an initial
condition ug € €2 which evolves , according to Burgers’ equation, to an almost everywhere
C* function with infinitely many shock curves in a bounded region. However, we are left

unable to check whether a given initial condition is in 2 or not.

It seems to be a part of the folklore that if uy has a finite number of inflection points,
then the corresponding entropy solution of Burgers’ equation experiences a finite number
of shock discontinuities. In the general case, the function whose inflection points are to be

examined is a(ug).

Theorem 11.3. Let u be the entropy solution of the convex hyperbolic conservation law,
(4.1), subject to the bounded and piecewise Ct initial condition, ug, satisfying

(11.4.1) lim a(ug) =0 .

|z|—o00

Then the number of disjoint shock curves equals the number of negative minima of a(ug)’.

Remarks.

1. Since ug is assumed to be only piecewise C! it may be discontinuous and, therefore,
will not have a classical derivative. Therefore, we refer by a(ug)" to the generalized derivative
of a(ug). Hence, in decreasing discontinuities of ug , a(up)" has a negative (infinite) minimum.

2. If a(up)’ has a continuum of negative minimal points , namely, a(ug) linearly decreases

along some interval, it is considered as one minimum.
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3. Shocks which occur as a consequence of an interaction of two (or more) other shocks,
are not counted. We consider only ”original” shocks. Obviously, the number of original

shocks dominates the number of simultaneous shocks in every ¢ > 0.

Corollary 11.1. If a(ug) has a finite number of decreasing inflection points, then the set of

shock discontinuities is finite.

Theorem 11.3 implies that the set of functions ug € S(R) for which a(ug)’ has infinitely
many negative minima, is the set 2 C S(R) of the first category that Schaeffer refers to in

52].

Proof. Denote the set of disjoint (original) shock curves by S = {X;(t)};c; and the set
of points where a(ug)’ has a negative minimum by M = {z;};e;. We will establish an
equivalence between these two sets in order to prove our statement.

For every X;(t) € S let ) denote its creation time (2 > 0) and ¢5° its termination time
(19 < 1%° < 00). t° is finite if X;(t) collides with another shock, and infinite otherwise.

According to Lax entropy condition
(11.4.2) a(u(X;(t)—, ) > a(u(X;(t:)+,t:) <t <t .
We choose one value of t; in that time interval,

(11.4.3) t; € (19,t°)

1771

and denote by x; and z; the two initial points of the characteristics which impinge upon
the shock X;(t) from both sides at ¢t = ¢; . (11.4.2) implies that

(11.4.4) a(uo(z;)) > alug(x])) , Ty <z

i

A consequence of (11.4.4) is that a(ug)’ must become negative somewhere along the interval

+

[z;,x;]. Let x; denote the point in that interval where a(ug)’

achieves its minimal value.

10

The shock’s creation time is determined by this minimum ,

1
11.45 o1
(11.45) TONTES
On the other hand
11.4.6 > >
(1146) o) (aF) =

since otherwise , the characteristics which start at (z;,0) would not have lasted until ¢ = ;.
(11.4.5) and (11.4.6) imply that

(11.4.7) a(up)'(z:) < a(uo)'(x7")
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and, therefore, z; is a negative local minimum of a(ug)’, i.e., z; € M.
We have thus shown that to each X;(t) € S corresponds a x; € M. This correspondence
is one-to-one since if X;(¢) and X,(t) are two disjoint shocks then our choice of ¢; , (11.4.3),

implies that
[z 2 1y, 2] =0

and therefore z; # z;.

Now we show an one-to-one correspondence from M to S to conclude the equivalence of
the two sets. Let z1, 29 € M and let £ be the point where a(ug)’ reaches its maximal value in
the interval [z1, xs]. Let x;(t) be the characteristic which starts at (z;,0), i = 1,2, and &(t)

be the one which starts at (£,0). The solution along z;(t) becomes discontinuous at time

1

a(uo(z;))

Therefore, each of the points (z;(t;),%;), i = 1,2, is on a shock. By Lagrange mean value

(11.4.8) ti=— i=1,2 .

theorem and since a(up)’ has local minima in z; we conclude that

a(uo(x:)) — auo(§))
v —§

> a(u0($i)), ) =12 .

or, by (11.4.8),
_ T —§
a(uo(x:)) — aluo(§))

Since the left hand side of (11.4.9) indicates the time when z;(t) and £(t) were to meet, we
conclude that xq(t1) < &£(t1) and za(te) > &(t2). Therefore, the points (x;(t;),t;), i = 1,2,
lay on two different shocks, the first is on the left side of £(¢) and the second is on its right

(11.4.9)

>t ., i=12 .

side.

Finally, we note that if a(ug)’ has a continuum of negative minimal points, i.e., if a(ug) is
linearly decreasing along some interval, [z1, 5] , this minimum creates only one shock since

the characteristics from that interval will all meet at

[z1,72]

to start that shock. O
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12. HIGH ORDER REGULARITY FOR THE LAX-FRIEDRICHS SCHEME

In the last section we saw how the one-sided Lipschitz condition, (2.1.4) or (2.1.18), which
identifies the entropy solutions of (4.1), is generalized to higher order regularity estimates;
namely, we have shown that in rarefaction waves (the regions where u, > 0), the high order
spatial derivatives experience an algebraic growth rate,

J"u
oz

(12.1) <Oo@t"?)

— Y

n>1.

In this section we concentrate on the discrete analogous of (12.1) for the LxF scheme,

given (in its staggered version) by
1
(12.2) O (A1) = 2 (03(0) + v (1)) = A(S (071(8) = S (030)))
and subject to the initial condition
(123) Uj(()) = 'LLQ(SCJ') .

Here v;(t) = v"(x;,t) denotes the approximation value at the grid point (z; = jh,t). The
mesh size and the time step, denoted respectively by h and At, are restricted by the CFL

condition
1 At
12.4 Ml <=, A=—"0
(12.0 17 < 5 s
where || - || denotes henceforth the maximal absolute value in the interval [inf ug , sup wug).

Tadmor has studied the large time behavior of the (non-staggered) LxF scheme and
showed [T1, Corollary 3.2] that it satisfies a discrete analogous of (2.1.18),

(12.5) DH#) < (DT(O);—lJrat . DI(1) = max <szjz<t)> |

Here, A denotes the forward difference operator, Av; = v;41 —v;. Using this result we prove

our large time behavior estimate, stating:

Theorem 12.1. Let v(x,t) = v"(z,t) be an approzimated solution of (4.1)—(4.2) obtained
by the LxF scheme (12.2)-(12.3). Then if up and f' are C™-smooth, n > 2, and

(12.6) uh >0,
there exists a constant C,,, depending on o, ug and || f||cn+1 = oJnax 1£% || oo, such that
Amv;(t
(12.7) D, (t) = max ;:i()‘ <P,o(t) , t>0,
J
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where P,_o(t) is some polynomial in t of degree n — 2.

Remark. The notations P,(t), Q,—3(t), @—_1(t), etc. denote henceforth polynomials in ¢
whose degree equals to their subscript (note that the same notation can stand for different
polynomials in different occurrences). By a polynomial with negative degree we refer to a
rational function having no singularities for ¢ > 0 (such as the P_;(t) polynomial on the
right hand side of inequality (12.5)).

Theorem 12.1 implies that the large time behavior of the LxF scheme in planar rarefaction
waves (namely, solutions of (4.1) with monotonically increasing initial conditions; consult
also [X]) agrees with that of the exact solution, (12.1), and the LxF solution operator is

stable in planar rarefactions with respect to the discrete W™*>-seminorm, given in (12.7).

We begin by stating the following straightforward discrete analogous of Leibnitz rule of

differentiation.

Lemma 12.1. Let {a;}, {b;} be two sequences and let A denote the undivided forward

difference operator. Then

n n -
A”(ajbj) = Z (k‘) AkajA” kbj+k .

k=0

Lemma 12.2. If {a}},{a?}, ..., {a}} are k sequences then

n
j+ni1

ni 1 2 P AN ny 1 ng 2 . X ng k
A(a; -ai-... a-)-Z( nk>A a; - A™a AN
?

ny, N, ...

where the sum goes over all n-tuples of non-negative integers, (ni,ns,...,ng), for which

k

Equipped with these lemmas we may turn to the main result on which the proof of

Theorem 12.1 relies.

Proposition 12.1. Let v"(x,t) be a bounded h-grid function, with grid values v;(t), such
that

A™y,
(12.8) mmiﬁjgf%ﬁa), Vh>0,1<m<n—-1,n>2.
J m

Then, for every C""'-smooth function, f, there exists a polynomial Q(t) whose degree is
gien by

-3 n=2
(12.9) mgQ_{n_g i
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and a constant K, depending solely on || f"||s and P_1(0), such that

(12.10) A" f(v;) = f(v)) A"y + A% (t)A"v; + B (1) A + CF (1)
where

(12.11) |AZ(t)] , |B}(t)] < Knh

and

(12.12) C2 ()] < h"Q()

Proof. We prove (12.9)—(12.12) by induction over n. The proof of the case n = 2 is
postponed and we deal first with n > 3. Since f is assumed to be C"*l-smooth, we may use

its Taylor expansion around v; and get

(12.13) A" (v;) = A™(Af(vy)) =
no1 A n+1
= 3 A o) + A (10, ) S

where w; 1 is a mid-point between v; and v;;. Using Lemma 12.1 for the nth-order differ-

ence in the sum in (12.13) we get

(12.14) A" f(v;) =

n n

<7l ,;) (Z) AFFU (0 AT H (AT ) + A" (f(n+1)(wj+§)

Av;‘“
(n + 1)!)

r

n n n+1
S T+ A [y, ) B
i—0r=1 72 (n 4 1)

We shall now estimate the terms on the right of (12.14) in order to arrive at (12.9)—(12.12).
We start by dealing with the right most term in (12.14). By assumption (12.8) with

m = 1, each term in that difference is bounded by

(n+1) .
(12.15) H’Ohn+1 (P_l(t)) +1
and hence
Ayt on|| f(n+1) . .
(12.16) |A" (f(n+1)(wj+é) (nl—t 1)!>| < ‘(|7{:+ 1)1‘ n+1(P_1(t)) +_ Q8 |

It remains to take care of the terms of the sum in the right hand side of (12.14), Tk,
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Clearly,
(12.17) Tox = f'(v;)A" 1,

which is the first term on the right hand side of (12.10).
Next,

1
(12.18) Top = §f”(7’j)An(AUjAUj) :

Here, we decompose the nth-order difference in (12.18) according to Lemma 12.1 in order to

get that (recall that we deal now with the case n > 3)

1
(1219) T072 = if”(vj) [(Avj + AUj+n)An+1Uj + ’I'L(A2UjAnt+1 + An’l}jszj+n_1)+

n—2
+y (7;) AHIUJA”_HIUJ-#} '
=2

The terms on the right hand side of (12.19), apart from the first one, may be bounded, using
(12.8), as follows:

(1220) |A2UjAnt+1 + AntAZUjJrn,l‘ S

A0 (JA™0550] 4+ [A" 0551 ]) + [A%01 1 | (A" M0z | + A" Hy)

< AR Py(t) Po_s(t) ;

(12.21) AL AT | < ([A% 0]+ Ay ]) | AT

<2W"T P 5 () Py i(t) , 2<0<n—2.
Therefore, combining (12.19), (12.20) and (12.21) we conclude that

Av; + Avjyy

(1222) T072 = f”(?]j) 9

(Ajr = AM)) + RA) RO < K Quslt)

To conclude our discussion with the case k = 0 we consider the terms
1 T n T 1 T T— n—r T
(12.23) To,r = ﬁf( )(v;)A (Av]) = ﬁf( )(v;)ATLA Jrl(Avj) , 3<r<n.
The (n — r 4 1)-order difference may be decomposed according to Lemma 12.2 into
n—r+1
ny,No,..., Ny

(1224) AnirJrl(AU;) = Z ( )AnlJrlUj : An2+1vj+n1 et Anr+1vj+n1+.,.+nr—1 )
where the sum goes over all r-tupples, (ny,na, ..., n,) such that
(12.25) nm+ny+...+n,.=n—-r+1 , n;, >0, 1<i<r.
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Identity (12.24), combined with (12.25) and (12.8), implies the existence of a polynomial
Qn—2r+1(t) for which

(12.26) AT AV < A Qg (t) , 3<r<n.

Therefore, by (12.23) and (12.26)

< h"Qu-5(t)

(12.27) > T,
r=3

for some polynomial @,,_5(t) of degree n—>5. This concludes our treatment of the case k = 0.
We proceed with the terms with & = 1. The first term is

(1228) T171 = nAf’(vj)A"vj+1 N

while the rest of the terms are

(12.29) Ty, = %Af“)(vj)A"‘l(Av}fﬂ) . 2<r<n.

We appeal again to Lemma 12.2 by which

r—1
(12.30) A" AV ) = A - Y Avt AT
£=0
n—1 ni+1 no+1 1
+ Z Ny, N n A Uj . A Uj+n1 L A Uj+n1+...+n,r71 s
where
(12.31) n+ny+...4n,=n—-1 , 0<n;<n—-2,1<i<r.

Assumption (12.8) (with m = 1 and m = n — 1) enables us to bound the first term on the
right of (12.30),

i4n | S

r—1
(12.32) ATy - Y0 Al Ay <
/=0

r—1
(1A ] + A" vz ]) - D7 A0z [ Avgp [T <

=0
W Pya(t) - i (Po() T = BT Q1)

The second sum in (12.30) may be bounded similarly, using (12.31), by A" 1Q,_,_(t).
Hence, as r > 2, we conclude from (12.30) and (12.32) that

(12.33) A" YA < h"Qus(t) .
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In addition, the smoothness of f and (12.8) imply that
(12.34) AFO )] < IF lochPoa(?) -

Combining (12.29), (12.33) and (12.34) we conclude that

S hn+1Qn74 (t) .

(12.35) Y7,

We now turn to deal with the rest of the terms in the sum in (12.14),

1
(12.36) Thr = ﬂ@) AFFO()AH(AV,) , 2<k<n,1<r<n.

Using Lemma 12.2 and assumption (12.8) in a similar fashion as before, we get that
(12.37) A" F (AT )] < BTTQu g (1)

If » > k+1, (12.37) implies that

(12.38) (A" (AT )] < B Qg (8)

and therefore, by (12.36) and (12.38),

n

(12.39) > i T

k=2 r=k+1

< AQu5(t)

The complement case, namely 1 < r < k, needs a more delicate treatment. We observe that

in that case, the kth-order difference in (12.36) may be written as
(12.40) AFFO (p) = ATTLARTTL FO) ()

Ask—r+1<n+1and f € CF 7+ (since f € C"*' € C**!) we may use the induction

assumption for k—r. Namely, by (12.9) and assumption (12.8) for the lower order differences,
(1241)  AFTHEO () = [ )AL R RO AT Qe o)

Ifk—r+1<n,ie,if (k,r) # (n,1), we may use (12.8) to bound also the first term on the
right of (12.41) and get, using also (12.40), that

(12.42) IARFO ()] < PFQu,5(t) , 1<r<k<n, (kr)#(n1).

If (k,r) = (n,1) then (12.8) does not apply to AF="ly; = A", and, therefore, we have by
(12.40) and (12.41) that

(12.43) A" /(o)) = [ (o)) A", + RYD),  |(RIO] < B Quoa(t) -
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Therefore, (12.36), (12.37) and (12.42) imply that

(12.44) Thw| < A" Qn 2 3(t), 1<r<k<mn, (kr)#(n1),

while, by (12.43) and (12.8) with m =1,

(1245)  Toi = A"F(1) - Avjin = " (0) A0, A0+ BRI, [RID] < B Qus(0)

Estimates (12.44) and (12.45) may be now combined in order to get that

n k

(12.46) SN Ty = f"(0) A0 Avjpy, + RI(t), [RY(H)] < R Q,_5(1) .

k=2r=1

We have thus evaluated or estimated all the terms in the right hand side of (12.14). (12.9)—
(12.12) now follow from identity (12.14), together with (12.16), (12.17), (12.22), (12.27),
(12.28), (12.35), (12.39) and (12.46). The coefficients of the nth-order differences, A} (¢) and
B} (t), are equal, according to (12.22), (12.28) and (12.46) to

" yo VAV, — Av;
L) = () =S

and may be bounded, using (12.8) (with m = 1), by

AU]' —+ A'Uj+n

B () = nAf () + () 22

A7 (O] < B loo P2 () < [ [s P-1(0) ,

B} (1) < h(n+ Do P-1(t) < h(n+ 1| foc P-1(0) -

We now return to prove (12.9)—(12.12) for n = 2. The proof for n > 3 applies, with slight
modifications, also to n = 2. The only terms which call for special attention in the case
n = 2 are Tpo (in whose estimation we relied on the assumption that n > 3 by using (12.8)
for m = 2; consult (12.20)) and T}, for 2 < k <n, 1 <r < k (in the estimate of which we
used induction).

To.2, given in (12.18), equals when n = 2 to
1
(12.47) Top = §f”(vj)A2(AUjAUj) =
Aviig + Av; Av; + Av;
el Jj+1 J+2 J j+1
- f (U]) 2 2

both coefficients of A%v; and A%v,,; in that expression satisfy (12.11).

2 2 .
A Vj41 — A Vil s

As for the case 2 < k <n, 1 <r <k — there are only two such terms when n = 2,
(1248) Tg’l == Azf’(vj)Avj+2
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and

1
(12.49) Ty = §A2 f' () Av2

A linear approximation of f’ around v; and Lemma 12.1 give that
1
(1250 APF(03) = A" (03) 80 + 37O () A02) =

= f"(vj)A%; + Af"(v;)Av; + ;A(f(?))( JAVY) = f"(0;) A%, + R(t)

1
2

+
[R;(1)] < 20°|[ f¥ oo (P-4 )
where v; < wj; 1 < v . With (12.48) and (12.50) we conclude that

(12.51) Ty = f"(v;) Avj 0% + R(t)

IRy (0)] < 207 FO o (P1(8)) = WQa(t) |
As for Ty

1
AP (w)) Avy)| A,

1
(12.52) To0| = §’A2f//(vj)‘AU?+2 -3

1 3
< I Olloe (0] + [Avja ) A < 12O o (Pa(t))” = h*Qs(1)
We further note that (12.35) may be improved for n = 2 since in that case the second

sum on the right hand side of (12.30) is empty. This results in the fact that when n = 2
(12.53) T1s| < BPQ_s(t) .

Finally, (12.9)-(12.12) follow for n = 2 from (12.16), (12.17), (12.28), (12.47), (12.48),
(12.51), (12.52) and (12.53) (note that (12.27) and (12.39) are irrelevant when n = 2), and
the proof is therefore completed. |

With Proposition 12.1 and the large time behavior estimate (12.5) we may now prove
the main theorem:

Proof of Theorem 12.1. A™-differencing of equation (12.2) yields
1
(12.54) Al (84 At) = §(A”vj(t) + A" (1) = AAT F(u(t) , £>0.

We deal first with the case n = 2. In view of (12.6), Av;(t) > 0 for all j and ¢, and
therefore (12.5) reads

(12.55) Di(t) < P_y(t) .
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Hence, we may use Proposition 12.1, with n = 2, and get that
(12.56) AP f(u;(t) =

F' (0 (0)(A%vj11 () — A%, (1)) + O(h) A%, (t) + O(h)A%vj4a () + CF(2) |

J

where
(12.57) |C2(t)] < PQ_s(t) .
Using (12.56) in (12.54) we arrive at

(12.58) Av 1 (t+ At) =

(5 = M@0) + () A%us(6) + (5 -+ AF (0y(8)) + O)) Ay (6)+ CHe) 120,

The CFL condition (12.4) implies that, for sufficiently small h, the two coefficients of A2y,
and A?v;,; in (12.58) are non-negative and add up to no more than 1. Then, dividing (12.58)

by h? and taking the maximum over j yields
(12.59) Dy(t + At) < Do(t) + hQ_3(t) , t>0.
The solution of (12.59) gives that

Dy(t) < Do(0) + [ @ 5(r)dr < Co = (1)

which proves (12.7) for n = 2.

We may proceed by induction for n > 2 and assume that (12.7) holds for differences of
order 2 < m < n— 1. Hence, we may use Proposition 12.1 for the (n + 1)-order difference in
(12.54) and get, similarly, that

(12.60) Ay (t+ At) =

(; (1) + O(h)) INTOR (; TS (1) + O(h)) At () +C(t) >0,

where
(12.61) ICH ()] < h" 1 Qus(t) .
As before, we conclude that

(12.62) Dy(t+ At) < D,(t) + hQn—3(t) , t>0.
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Finally, the solution of (12.62) gives

Dut) < Poa(t) = Dal0) + [ Quslr)ir
which proves (12.7). O

Remarks.

1. This theorem shows that the solution operator of the genuinely nonlinear LxF scheme
is stable with respect to the discrete W™*°-seminorm in the case of planar rarefaction waves.

2. Unlike the differential case this kind of stability does not hold for general smooth
initial conditions. The exact solution operator of (4.1) is stable for such initial conditions
with respect to a local W™>-seminorm, in the sense that within rarefaction waves (namely,
whenever u, > 0) inequality (12.1) holds (consult [TT, (3.1)] for a definition of that local
seminorm). The difference between the differential case and the discrete one lies in the
domain of dependence: while in the differential case the domain of dependence of each point
(x,t) € R x R is a single point on the initial line R x {0}, the domain of dependence of
a point (z; = jh,t" = nAt) in LxF scheme is the interval [z; — £5, x; + £]. Therefore —
information of shock waves and rarefaction waves, contained in the initial condition, mixes
up and one cannot distinguish the domain of rarefaction in the solution. This explains why
(12.7) holds only in planar rarefaction waves where the initial condition is monotonically

increasing and the solution, therefore, consists of a pure rarefaction.
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