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Abstract. We study approximation algorithms, integrality gaps, and
hardness of approximation, of two problems related to cycles of “small”
length k in a given graph. The instance for these problems is a graph
G = (V, E) and an integer k. The k-Cycle Transversal problem is to find
a minimum edge subset of E that intersects every k-cycle. The k-Cycle-
Free Subgraph problem is to find a maximum edge subset of F without
k-cycles.

The 3-Cycle Transversal problem (covering all triangles) was studied by
Krivelevich [Discrete Mathematics, 1995], where an LP-based 2-approxi-
mation algorithm was presented. The integrality gap of the underlying
LP was posed as an open problem in the work of Krivelevich. We re-
solve this problem by showing a sequence of graphs with integrality gap
approaching 2. In addition, we show that if 3-Cycle Transversal admits a
(2 — ¢)-approximation algorithm, then so does the Vertex-Cover problem,
and thus improving the ratio 2 is unlikely. We also show that k-Cycle
Transversal admits a (k — 1)-approximation algorithm, which extends the
result of Krivelevich from k = 3 to any k. Based on this, for odd k we
give an algorithm for k-Cycle-Free Subgraph with ratio 2]‘,;13 = % + ﬁ;
this improves over the trivial ratio of 1/2.

Our main result however is for the k-Cycle-Free Subgraph problem with

1,1 )
even values of k. For any k = 2r, we give an {2 (n ) 5)—approx1—

mation scheme with running time Eifz(l/s)poly(n). This improves over
the ratio £2(n~Y/") that can be deduced from extremal graph theory. In
particular, for k = 4 the improvement is from £2(n~%/2) to £2(1/n~/37¢).
Similar results are shown for the problem of covering cycles of length
< k or finding a maximum subgraph without cycles of length < k.

1 Introduction

In this work, we study approximation algorithms, integrality gaps, and hardness
of approximation, of two problems related to cycles of a given “small” length &
(henceforth k-cycles) in a graph. The instance for each one of these problems is
an undirected graph G = (V, E) and an integer k. The goal is:
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k-Cycle Transversal:
Find a minimum edge subset of FE that intersects every k-cycle.

k-Cycle Free Subgraph:
Find a maximum edge subset of F without k-cycles.

Note that k-Cycle Transversal and k-Cycle-Free Subgraph are complementary
problems, as the sum of their optimal values equals |E| = m; hence they are
equivalent with respect to their optimal solutions. However, they differ substan-
tially when considering approximate solutions. Also note that for &k = O(logn)
the number of k cycles in a graph can be computed in polynomial time, c.f.,
[3], and that it is polynomial for any fixed k. The k-Cycle Transversal problem
is sometimes referred to as the “k-cycle cover” problem (as one seeks to cover
k-cycles by edges). We adapt an alternative name, to avoid any mixup with an
additional problem that has the same name — the problem of covering the edges
of a given graph with a minimum family of k-cycles.

We will also consider problems of covering cycles of length < k or finding
a maximum subgraph without cycles of length < k. We will elaborate on the
relation of these problems to our problems later. Most of our results extend
to the case when edges have weights, but for simplicity of exposition, we con-
sider unweighted and simple graphs only. We will also assume w.l.o.g. that G is
connected.

1.1 Previous and related work

Problems related to k-cycles are among the most fundamental in the fields of
Extremal Combinatorics, Combinatorial Optimization, and Approximation Al-
gorithms, and they were studied extensively for various values of k. See for
example [5,1,2,17,4,8,10,12,11, 13,14, 16, 15, 6] for only a small sample of pa-
pers on the topic. 3-Cycle Transversal was studied by Krivelevich [12]. Erdos et
al. [6] considered 3-Cycle Transversal and 3-Cycle-Free Subgraph and their con-
nections to related problems. Pevzner et al. [18] studied the problem of finding a
maximum subgraph without cyles of lengt < k in the context of computational
biology, and suggested some heuristics for the problem, without analyzing their
approximation ratio. However, most of the related papers studied k-Cycle-Free
Subgraph in the context of extremal graph theory, and address the maximum
number of edges in a graph without k-cycles (or without cycles of length < k).
This is essentially the k-Cycle-Free Subgraph problem on complete graphs. In this
work we initiate the study of k-Cycle-Free Subgraph in the context of approxi-
mation algorithms on general graphs.

As the state of the art differs substantially for odd and even values of k, we
consider these cases separately. But for both odd and even k, note that k-Cycle
Transversal is a particular case of the problem of finding a minimum transversal
in a k-uniform hypergraph (which is exactly the Hitting-Set problem). Thus a
simple greedy algorithm which repeatedly removes a k-cycle until no k-cycles
remain, has approximation ratio k.



Odd k: For k-Cycle Transversal, an improvement over the trivial ratio of k was
obtained for k = 3 by Krivelevich [12]. Let Cr(G) denote the set of k cycles in
G, and let 7*(G) denote the optimal value of the following LP-relaxation for
k-Cycle Transversal:

min EeEE Te (1)
s.t. ZGEC ze > 1VC € Cr(G)
Te >0 Vee E

Theorem 1 (Krivelevich [12]). 3-Cycle Transversal admits a 2-approxzimation
algorithm, that computes a solution of size at most 27*(G).

For odd values of k, k-Cycle-Free Subgraph admits an easy 1/2-approximation
algorithm, as it is well known that any graph G has a subgraph without odd
cycles (namely, a bipartite subgraph) containing at least half of the edges (such
a subgraph can be computed in polynomial time). In fact, the problem of com-
puting a maximum bipartite subgraph is exactly the Max-Cut problem, for which
Goemans and Williamson [9] gave an 0.878-approximation algorithm. Note how-
ever that the solution found by the Goemans-Williamson algorithm has size at
least 0.878 times the size of an optimal subgraph without odd cycles at all, and
the latter can be much smaller than the optimal subgraph without k-cycles only.

Even k: For k-Cycle Transversal with even values of k£ we are not aware of any
improvements over the trivial ratio of k. For k-Cycle-Free Subgraph with even k, it
is no longer the case that GG has a k-cycle free subgraph containing at least half of
the edges. The maximum number ex(n, Ca,) of edges in a graph with n nodes and
without cycles of length k& = 27 has been extensively studied. This is essentially
the 2r-Cycle-Free Subgraph problem on complete graphs. This line of research in
extremal graph theory was initiated by Erdos [5]. The first major result is known
as the “Even Circuit Theorem”, due to Bondy and Simonovits [4], states that
any undirected graph without even cycles of length < 27 has at most O(rn1+1/ ]
edges. This bound was subsequently improved. To the best of our knowledge,
the currently best known upper bound on ex(n, Cs,) due to Lam and Verstraéte
[15] is %n”lﬁ +2""n. We note that the best lower bounds on ex(n, Cy,) are as
follows. For r = 2,3, 5 it holds that ex(n, Cy,) = @(n'*1/7). For other values of
r, the existence of a 2r-cycle-free graph with @(n'+1/7) has not been established,

and the best lower bound known is ex(n,Cs,) = 2 n1+3k723+6) where ¢ = 0

if r is odd and ¢ = 1 if r is even; we refer the reader to [16] for a summary
of results of this type. All this implies that on complete graphs (a case which
was studied extensively), the best known ratios for 2r-Cycle-Free Subgraph are:

constant for r = 2,3,5, and {2 (n_%*'m}?’ﬂ) otherwise. For general graphs, the
bound ex(n,Cs,) = O (n“‘l/r) implies an £2(n~'/")-approximation by taking a
spanning tree of G as a solution. In particular, for k& = 4, the approximation
ratio is £2(1/4/n), and no better approximation ratio was known for this case.



1.2 Our results

Our main result is for the k-Cycle-Free Subgraph problem on even values of k. It
can be summarized by the following theorem:

Theorem 2. For k = 2r, k-Cycle-Free Subgraph admits an {2 (rf%h‘(?:*) 75) -

approzimation scheme with running time E’fz(l/s)poly(n). In particular, 4-Cycle-

Free Subgraph admits an Q(l/n_1/3_5)-appromimation scheme.

For dense graphs, we obtain better ratios that are close to the ones known for
complete graphs. Proof of the following statement will appear in the full version
of this paper.

Theorem 3. Let G = (V,E) be a graph with n nodes and at least en® edges.
Then G contains a 2r-cycle-free subgraph with at least € - ex(n,Ca,.) edges.

On the negative side, the only hardness of approximation result we obtain
(again proof will appear in the full version of this paper) is APX-hardness. Thus
for even values of k there is a large gap between the upper and lower bounds we
present. Resolving this large gap is an intriguing question left open in our work.

Our next results are for odd k. Krivelevevich [12] posed as an open question
if his (upper) bound of 2 on the integrality gap of LP (1) is tight for k = 3.
We resolve this question, and in addition show that the ratio 2 achieved by
Krivelevich for £ = 3 is essentially the best possible.

Theorem 4.

(i) If 3-Cycle Transversal admits a 2 — € approzimation ratio for some positive
universal constant € < 1/2, then so does the Vertex-Cover problem.

(ii) For any e > 0 there exist infinitely many undirected graphs G for which the
integrality gap of LP (1) with k = 3 is at least 2 — €.

We note that Theorem 4 holds also for any & > 4. We also extend the 2-
approximation algorithm of Krivelevich [12] for 3-Cycle Transversal to arbitrary
k which is odd, and use it to improve the trivial ratio of 1/2 for k-Cycle-Free
Subgraph.

Theorem 5. For any odd k the following holds:

(i) k-Cycle Transversal admits a (k — 1)-approximation algorithm.
(ii) k-Cycle-Free Subgraph admits a (% + ﬁ)-appromimation algorithm.

Some remarks are in place: Theorem 5 is valid also for digraphs, for any value
of k. Our results can be used to give approximation algorithms for the problem of
covering cycles of length < k, or finding a maximum subgraph without cycles of
length < k. For k = 3 we have for both problems the same ratios as in Theorem 5.
For k > 4, the problem of covering cycles of length < k admits a k-approximation
algorithm (via the trivial reduction to the Hitting Set problem). For the problem
of finding a maximum subgraph without cycles of length < k, we can show



the ratio £2(n~'/37¢) for any k. For k > 6 this follows from extremal graph
theory results mentioned, while for k = 4,5 this is achieved by first computing
a bipartite subgraph G’ of G with at least |E|/2 edges, and then applying on G’
the algorithm from Theorem 2 for 4-cycles.

1.3 Techniques

The proof of Theorem 2 is the main technical contribution of this paper. Our
algorithm for k-Cycle-Free Subgraph with k = 2r consists of two steps. In the
first step we identify in G a subgraph G’ which is an almost regular bipartite
graph with the property that G and G’ have approximately the same optimal
values. The construction of G’ can be viewed as a preprocessing step of our
algorithm and may be of independent interest for other optimization problems
as well. In the second step of our algorithm, we use the special structure of G’ to
analyze the simple procedure that first removes edges at random from G’ until
only few k-cycles remain in G’, and then continues to remove edges from G’
deterministically (one edge per cycle) until G’ becomes k-cycle free.

The proof of Theorem 4(i) gives an approximation ratio preserving reduction
from Vertex-Cover on triangle free graphs to 3-Cycle Transversal. It is well known
that breaking the ratio of 2 for Vertex-Cover on triangle free graphs is as hard as
breaking the ratio of 2 on general graphs. The proof of Theorem 4(ii) uses the
same reduction on graphs GG that on one hand are triangle free, but on the other
have a minimum vertex-cover of size (1 — o(1))n. Such graphs exist, and appear
in several places in the literature; see for example [7].

The proof of part (i) of Theorem 5 is a natural extension of the proof of
Krivelevich [12] of Theorem 1. Part (ii) simply follows from part (i).

Theorems 2, 4, and 5, are proved in Sections 2, 3, and 4, respectively.

2 Proof of Theorem 2

In what follows let opt(G) be the optimal value of the k-Cycle-Free Subgraph
problem on G. We start by a simple reduction which shows that we may assume
that our input graph G is bipartite, at the price of loosing only a constant in
the approximation ratio. Fix an optimal solution G* to k-Cycle Free Subgraph.
Partition the vertex set V' of G randomly into two subsets, A and B, each of size
n/2, and remove edges internal to A or B. In expectation, the fraction of edges
in G* that remain after this process is 1/2. With probability at least 1/3 the
fraction of edges in G* that remain is at least 1/4; here we apply the Markov
inequality on the fraction of edges inside A and B.

Assuming that the input graph G is bipartite, our algorithm has two steps.
In the first step, we extract from G a family G of subgraphs G; = (A; + B;, F;),
so that either: one of these subgraphs has a “f-semi-regularity” property (see
Definition 1 below) and a k-cycle-free subgraph of size close to opt(G) or we
conclude that opt(G) is small. In the latter case, we just return a spanning tree
in G. In the former case, it will suffice to approximate k-Cycle-Free Subgraph on
G; € G, which is precisely what we do in the second step of the algorithm.



Definition 1. A subset A of nodes in a graph is 0-semi-regular if Ag <60 -da
where A and da denote the maximum and the average degree of a mode in A,
respectively. A bipartite graph with sides A, B is 0-semi-regular if each of A, B
is B-semi-regular.

We will prove the following two statements that imply Theorem 2.

Lemma 1. Let k = 2r. For any bipartite instance G of k-Cycle-Free Subgraph
there exists an algorithm that in e~/ poly(n) time finds a family G of at most
22/ subgraphs of G so that at least one of the following holds:

(i) G contains an n*-semi-reqular bipartite subgraph G; of G so that opt(G;) =
2(%/%)opt(G).

(ii) opt(G) = O (ne=%/*).

Lemma 2. k-Cycle-Free Subgraph on bipartite 0-semi-reqular instances G =
(A+ B,E) and k = 2r admits an (2 ((9r(|A||B|)T<;T—1U)1) -approximation
ratio in (randomized) polynomial time.

Let us show that Lemmas 1 and 2 imply Theorem 2 for bipartite graphs. We
first compute the family G as in Lemma 1. Then, for each G; € G we compute a
k-cycle-free subgraph H; of G; using the algorithm from Lemma 2, with § = n?s.
Let H be the largest among the subgraphs H; computed. If H has more than n
edges, we output H. Else, we return a spanning tree in G.

2.1 Reduction to #-semi-regular graphs (Proof of Lemma 1)

Let G = (A+ B, E) be a bipartite connected graph, let £ > 0 be a small constant,
let n = |A| + |B|, and let § = n°. For simplicity of exposition we will assume
that 6 and £ = 1/e are integers.

We define an iterative process which partitions a subgraph G’ = (A’+B’, E’)
of G with A C A and B’ C B into at most £ = 1/e subgraphs so that at
least one of the sides in each subgraph is #-semi-regular. Specifically, the family
F(G', A) is defined as follows. Partition the nodes in A’ into at most £ sets A;,
where A; consists of nodes in A’ of degree in the range [Hj , 9j+1). The family
F(G', A) consists of the graphs G; = G’ — (A’ — A;) (namely, G, is the induced
subgraph of G’ with sides A; and B). Note that A; is a f-semi-regular node set
in G, but G; may not be @-semi-regular. In a similar way, the family F(G’, B)
is defined. Since the the union of the subgraphs in F(G’, A) is G, and since
|F(G', A)| = 1/e, there exists G € F(G', A) so that opt(G”) > ¢ - opt(G');
a similar statement holds for F(G’, B). For a family G of subgraphs of G let
F(G,A) =U{F(G,A):G € G} and F(G,B) = {F(G',B): G €G}.

Define a sequence of families of subgraphs of G as follows. Go = {G}, G1 =
F(Go, A), Go = F(G1,B), and so on. Namely, G; = F(G;_1,A) if i is odd and
G; = F(Gi—1, B) if i is even. The following statement is immediate.

Claim. There exists a sequence of graphs {G; = (A4; + Bi,Ei)}?iO so that for
every i: G; € gi, G; C Gifl, and Opt(GZ) >ec- Opt(Gifl).



We now study the structure of the graphs G;. We show that the average
degree in G; is rapidly decreasing when ¢ is increasing, until one of the G;’s is
6?-semi-regular.

Claim. For every i, either G, is §%-semi-regular, or at least one of the following
holds:

e if 7 is even then da,,, < da,,, /0, where d, is the average degree of A; in G;
e if ¢ is odd then dp,,, < dp, , /0, where dp, is the average degree of B; in G;.

42 i+1
Proof. Suppose that ¢ is even; the proof of the case when ¢ is odd is similar.
In Giy1 € Giy1, the maximum degree Ay, , of A;11 is at most 6 times the
average degree da,,, of Ajy1. If G2 is not 62 regular, then Appy 2 62 da,-
However, the maximum degree in A; 5 is Ay, < Ay, <0da,,,. This implies

that dAi+2 < dAi+1/9-

i+2

All in all, we conclude that for some i < 2/e, G; is 6%-semi-regular and
satisfies opt(G;) > e'opt(G); or G2/ has constant average degree and satisfies
opt(Ga/e) > €2/opt(G). The latter implies that opt(G) = O(~%/n).

2.2 Algorithm for -semi-regular graphs (Proof of Lemma 2)

Let G = (A + B, E) be a bipartite 6-semi-regular graph. Let d4 be the average
degree of nodes in A, and dp be the average degree of nodes in B. Let m =
dalA| = dp|B| = \/dadp|A||B]| be the number of edges in G. Our algorithm
builds on the following two results (the first is by A. Naor and Verstraéte [17]).

Theorem 6 ([17]). The mazimum number of edges in a bipartite graph G =
(A + B, E) without cycles of length k = 2r is:

(2r = 3) [(|AIIB)'™ + || + BI| if 7 is odd

(2r —3) {|A|%|B|T2_t2 + Al + |B|} if is even

Lemma 3. The number of k-cycles in G is at most mo*> —1d’y 'di; .

Proof. Consider picking k = 2r distinct nodes in G, r from A and r from B,
uniformly at random. Denote the nodes aq,as,...,a, € A and by,...,b. € B.
We analyze the probability that (a1, b1,a9,bs,...,a,,bra1) is a k cycle in G. In
our analysis, our random choices are made according to the order of the cycle
at hand, i.e., we first pick a1, then by, then as, and so on. As a1 has degree at
most 0d 4, the probability that b; is adjacent to a; is at most 6d 4 /| B|. Similarly,
as by has degree at most 0dp, the probability that as is adjacent to by is at
most 0dp/|A|. Continuing this line of argument, it is not hard to verify that the
probability that (a1, b1, as2,ba,...,a,br,a1) is a k cycle in G is at most

dldiy
|[AI"=|B|"

The number of k-tuples (a1, b1, az, ba, ..., a,,b.) in G is bounded by |A|"|B]|".
Thus the number of k-cycles in G is at most 62"~ dyd; '|A| = m* ~d; ' diy .

92r—1



We now present our algorithm for k-Cycle Free Subgraph. In our analysis, we
assume w.l.o.g. that |A| > |B|. We also assume that |A| and | B] are sufficiently
large with respect to 6. Namely we assume that |A||B| > (166)2. Otherwise,
the subgraph consisting of a single edge adjacent to v for each node v € A, will
suffice to yield an approximation ratio of £2(1/6) which will equal £2(n~2) in
our final setting of parameters. Theorem 6 implies that

opt(G) < 4r((|A||B|)F +|Al)

for any r. We now consider two cases: the case in which (|A||B|)T2‘+T1 > |4

and thus opt(G) < 87°(|A||B|)%; and the case in which (|A||B|)% < |A] and
thus opt(G) < 8r|A|. In the later case, the subgraph consisting of a single edge
adjacent to v for each node v € A will suffice to yield an approximation ratio of
22(1/r). We now continue to study the case in which opt(G) < 87°(|A||B|)%.

Consider the following random process in which we remove edges from G.
Each edge will be removed from G independently with probability p to be defined
later. Denote the resulting graph by H. Denote by ¢ = 1 — p the probability that
an edge is not removed.

Claim. Aslong as mq > 16, with probability at least % the subgraph H satisfies:

e The number of edges in H is at least mq/2.
e The number of k cycles in H is at most 4q2rm92T_1df471d’§1.

Proof. The expected number of edges in H is mq > 16. Thus, using the Cher-
noff bound, the number of edges in H is at least half the expected value with
probability > 3/4. In expectation, the number of k-cycles in H is at most
*rmb? ~1d1d; !, With probability at least 3/4 (Markov) the number of k-
cycles in H will not exceed 4 times this expected value.

We now set ¢ such that the number of k-cycles in H is at most % the number
of edges in H. Namely, we set ¢ to satisfy 4¢>"m#? ~1d’; 'd’; ' < mq/4. Then:

¢ =16710(dadp)? .

With this setting of parameters and our assumption that |A||B| > 1662, we have
that mg > 16 and Claim 2.2 holds. Thus, we may remove an additional single
edge from each remaining k-cycle in H to obtain a k-cycle-free subgraph with at
least mq/4 edges. This is the graph our algorithm will return. To conclude our
proof, we now analyze the quality of our algorithm.

We consider 2 cases. Primarily, consider the case that m < 8r(|4||B])
This implies that (|A||B|dadp)? < 8r(|A||B|)3+, which in turn implies that
dadp < 64r%(|A||B])*. Using the fact that opt(G) < m we obtain in this case
an approximation ratio of

% =9 % > 02 ! —
0(dadp)?=1 0(64r2|A||B|) 7@

S S
o(|A||B) T

r+1
27

mq
4opt(G)

\Y

I
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The second case is analyzed similarly. Assuming m > 8r(|A||B |)% we get
r41

that dadp > 64r2(|A||B|)*. Using the fact that opt(G) < 8r(|A||B|)z we
obtain in this case an approximation ratio of

1
“E (AlBldadr)* _ o (dadm) =T
40pt(G) = 3r(]A||BI) 5 - 1677 0(dadp) 7 or(|A||B]) >

Y R S
0r(1A||B) 7D

3 Proof of Theorem 4

Given an instance J = (Vy, Ej) of Vertex-Cover, construct a graph G = (V, E)
for the 3-Cycle Transversal instance by adding to J a new node s and the edges
{sv : v € Vj}. Clearly, every edge uv € E; corresponds to the 3-cycle Cy, =
{us, sv,uv} in G.

Suppose that J is 3-cycle-free. Then the set of 3-cycles of G is exactly {Cl, :
wv € Ej}. The following statement implies that w.l.o.g. we may consider only
3-cycle transversals that consist from edges incident to s.

Claim. Suppose that J is 3-cycle-free. Let F' be a 3-cycle transversal in G and
let uv € FNEj. Then F —uv+ su is also a 3-cycle transversal in G. Thus there
exists a 3-cycle transversal F’ C {sv:v € V;} in G with |[F'| <|F|.

Proof. The only 3-cycle in G that is covered by the edge wv is Cy,. This cycle
is also covered by the edge su.

Claim. Suppose that J is 3-cycle-free. Then U C V; is a vertex-cover in J if,
and only if, the edge set Fy = {su: u € U} is a k-cycle transversal in G.

Proof. We show that if U C V; is a vertex-cover in J then Fy is a 3-cycle
transversal in G. Let Cy, be a 3-cycle in G. As U is a vertex-cover, u € U or
v € U. Thus su € Fy or sv € Fyy. In both cases, Cy, N Fy # 0.

We now show that if Fy; is a 3-cycle transversal in GG, then U is a vertex-cover
in J. Let uv € Ej. Then C,, is a 3-cycle in G, and thus su € Fy or sv € Fy.
This implies that v € U or v € U, namely, the edge uv is covered by U.

From the claims above it follows that an a-approximation for 3-Cycle Transver-
sal on G implies an a-approximation for Vertex-Cover on 3-cycle-free graphs J.
Now we prove (for completeness, as we did not find an appropriate reference):

Claim. Any approximation algorithm with ratio @ > 3/2 for Vertex-Cover on
3-cycle-free graphs implies an a-approximation algorithm for Vertex-Cover (on
general graphs).



Proof. Suppose that there is an a-approximation algorithm for Vertex-Cover on
3-cycle-free graphs. Let J be a general graph, and let opt(J) be the size of
its minimum vertex cover. Consider the following two phase algorithm. Phase 1
starts with an empty cover F}, and repeatedly, for every 3-cycle C in J, adds the
nodes of C' to F} and deletes them from J. Note that any vertex-cover contains
at least two nodes of C, which implies a “local ratio” of 2/3. Let Jo be the
triangle free graph obtained after Phase 1. In Phase 2 use the a-approximation
algorithm (for 3-cycle-free graphs) to compute a vertex-cover F» of Jo. The

statement follows since: opt(J) > 2|Fy| + opt(J2) > 2|Fi| + ‘%2‘ > W

We now prove part (ii) of the theorem, namely, that for k = 3 the integrality
gap of (1) is at least 2 — . We will use the fact that for any e > 0, there exist
infinitely many graphs J = (V, E;) which are 3-cycle-free and have minimum
vertex-cover of size at least [V;|(1 — §). Such graphs appear in various places in
the literature. For example see Theorem 1.2 in [7] in which 3-cycle-free graphs J
with independence number at most §|V| are presented. For such graph J, the
minimum k-cycle cover in the corresponding graph G has size at least [V[(1—35).
On the other hand, the solution z. = 1/2 if e is incident to s and 2, = 0 otherwise

is a feasible solution to LP (1) on G with value |V;|/2. Hence the integrality gap
1—£
( - 22)

Theorem 4 easily extends to arbitrary £ > 4. We use the same construction
as for the case k = 3, but in addition subdivide every edge of J by k — 3 nodes
(and do not make any assumptions on J). Hence every edge uv € E; is replaced
by a path P,, of the length k — 2, and Cy, = P, + su + sv is a k-cycle in
G. Since k > 4, G has no other k-cycles, namely, the set of k-cycles in G is
{Cuv = Pyy + su+ sv :uv € Ej}. The rest of the proof of this case is identical
to the case k = 3, and thus is omitted.

=2—c.

is at least

4 Proof of Theorem 5

To prove Theorem 5, we prove two theorems that consider a more general setting
of a family F of subgraphs of G which are not necessarily k-cycles, nevertheless
each subgraph C € F is of size < k. We need some definitions. Let G be a graph
and let F be a family of subgraphs (edge subsets) of G. For a subgraph H of G,
let F(H) be the restriction of F to subgraphs of H; H is F-freeif F(H) = (). An
edge set F' that intersects every member of F is an F-transversal. We consider
the following two problems, that generalize the problems k-Cycle-Free Subgraph
and k-Cycle Transversal. The instance of the problems is a graph G = (V, E) and
a family F of subgraphs of G. The goal is:

F-Transversal: Find a minimum size F-transversal.
F-Free Subgraph: Find a maximum size F-free subgraph of G.

For F = Ci(G), we get the problems k-Cycle Transversal and k-Cycle Free
Subgraph, respectively. Let 75 (H) denote the optimal value of the following LP-
relaxation for F-Transversal on H:



min EeeE(H) Le (2)
st. Decc®e > 1 VC € F(H)
ze >0 Ve € E(H)

An edge of H is F-redundant if no member of F(H) contains it; e.g., if
F = Cx(G), then an edge of H is F-redundant if it is not contained in any
k-cycle of H. We prove:

Theorem 7. Suppose that any subgraph H of G admits a polynomial time algo-
rithm that: (i) Solves LP (2) for H; (ii) Finds F-redundant edges of H ; (iii) Finds
an F(H)-transversal of size at most |E(H)| - (k—1)/k. Then there exist a poly-
nomial time algorithm that finds an F(G)-transversal of size < (k —1) - 75(G).

To prove Theorem 5(ii) we connect the approximation of F-Free Subgraph
and F-Transversal by the following theorem:

Theorem 8. Suppose that for any graph G with m edges there exist a polynomial
algorithm that finds an F(G)-free subgraph of size > Bm, and that F-Transversal
admits an «a-approximation algorithm. Then k-Cycle-Free Subgraph admits an
af/(a+ B — 1)-approzimation algorithm.

Let us now show that Theorem 7 implies Theorem 5(i) and that Theorem 8
implies Theorem 5(ii). Let G be a graph with m edges. As was mentioned, it
is not hard to find in G a subgraph with at least m/2 edges and without odd
cycles. For Theorem 5(i), it is easy to see that this setting obeys the conditions
of Theorem 7, hence we obtain a (k — 1)-approximation for F-Transversal in this
case. For Theorem 5(ii), we apply Theorem 8 with 3 =1/2 and o« = k — 1. The
ratio obtained is a3/(a+ B —1) = (k—1)/(2k — 3) = £ + 2. We now prove
Theorems 7 and 8 (in Sections 4.1 and 4.2, respectively).

4.1 Proof of Theorem 7
The algorithm is as follows:

Initialization: H «— G; F| « (.

Phase 1:

While for an optimal solution z to (2) z. > 1/(k — 1) for some e € E(H) do:
Fy— F,+e H+— H—e.

EndWhile

Phase 2:

- Remove all F(H)-redundant edges from H. Denote the resulting graph by Ho.

- Compute an F(Hj)-transversal Fy of size at most |E(Hs)| - (k —1)/k.

Return Fy U Fs.

Under the assumptions of the Theorem, all steps can be implemented in
polynomial time. It is also easy to see that the algorithm returns a feasible
solution. We now analyze the approximation ratio. We start with a simple claim
followed by our key Lemma.



Claim. Let H be the graph obtained after Phase 1 of our algorithm and let .
be an optimal solution to LP (2) on H. Then z. = 0 for every F(H)-redundant
edge e in H. Thus the restriction of  to Hy is also an optimal solution to LP
(2) on HQ.

Proof. Let e be an F(H )-redundant edge. Assume for sake of contradiction that
Ze > 0. We can now reduce the value of the LP solution by zeroing out x.. The
new solution is still valid, as e is F(H )-redundant and thus does not appear in
the first family of constraints of (2).

Let Hsy be obtained from H by removing all F(H )-redundant edges. Then
the restriction of « to Hz is an optimal solution to (2) since any LP solution for
H; can be extended to one for H by setting xz, = 0 for every F(H)-redundant
edge e.

Using the claim above, we may assume that the subgraph Hs has an optimal
solution z to (2) in which z. < 1/(k — 1) (for all e € E(Hz2)).

Lemma 4. Let Hy be a subgraph of G without F-redundant edges and let x be
an optimal solution to LP (2). If . < 1/(k — 1) for every e € E(Ha) then
Tr(H2) > |E(H2)|/k.

Proof. Let vi-(Hy) = 75-(H2) denote the optimal value of the dual LP:

max ) oz Yo (3)
st. Y oseyc <1 Ve e E(Hy)
yo >0 vC € f(Hg)

Let = and y be optimal solutions to (2) and to (3), respectively. Consider two
cases, after noting that the primal complementary slackness condition is:

ze >0 = Zyczl (4)
C>e

Case 1: z, > 0 for every e € E(Hs).
In this case 7(H) > |E(H2)|/k, since from (4) we get:

B(H2) = > 1= > we= Y [Clyo< Y kyo =kvr(Hz) = kry(Hs).

e€E(Hg) e€E Coe CeF(Ha) CeF(Ha)

Case 2: x5 = 0 for some f € E(Ha).

Since Hz has no F-redundant edges, there is C' € F(Hs) so that f € C. Since
xzy =0, we have Zeec_f 2. > 1. Since |C' — f| < k — 1, there exists e € C' — f
so that z, > 1/(k —1). A contradiction.

We now bound the value of |Fi| and |F>| with respect to 75(G). We start
with some notation. Let H° = G be the starting point of our algorithm. Let H!
be graph obtained from H? by the removal of e; after the first round of Phase 1.
Similarly, for the i’th round of Phase 1, let H’ be the graph obtained from H*~!
by the removal of e;. Let H = H* be the graph obtained after Phase 1 of our



algorithm (here ¢ denotes the number of rounds in Phase 1). It is not hard to
verify that 75(H"1) > 75(H") + z.,. Here z., is obtained from the optimal
solution to H*~!. This implies that 75(G) > 75(H) + Y} ...

Now to bound |Fi| and |F3|. First notice that |Fy| < (k — 1) Zf;ll Ze;- Re-
call that H is the graph obtained in Phase 2 from H by removing all F(H)-
redundant edges. It also holds that, |Fy| < |E(H2)|- (k — 1)/k. By Lemma 4,
T5(H2) > |E(H2)|/k. Hence

| Fy| < |E(Ha)| - (k—1)/k

) S Bk

As by Claim 4.1, 73-(H) = 75(H2) we have that
-1
[P+ 1B < (k= D)(rp(H) + ) ae,) < (k= D7R(G)
i=1

which concludes our proof.

4.2 Proof of Theorem 8

In what follows let opt be the optimal solution value of the F-Free Subgraph
problem on G. We choose the better result F' from the following two algorithms:

Algorithm 1: Find an F(G)-free subgraph of size > gm.

Algorithm 2: Find an F(G)-transversal I of size < « times an optimal F(G)-
transversal, and return G — I.

Algorithm 1 computes a solution of size > fm. Algorithm 2 computes a
solution of size > m — a(m — opt). The worse case is when these lower bounds
coincide: fm = m — a(m — opt) which implies opt = m(a+ [ —1)/a. This gives
the ratio m(af;il)/a = afgfl. Formally, |F| > max{fm,m — a(m — opt)}.
Consider two cases:

Case 1: fm > m — a(m — opt), so opt < m(a+ 8 —1)/a. Then

ﬂ>ﬂ_m> Bsm _ af

opt “opt ~ (a+fB—-1)/a a+pB-1"

Case 2: m — a(m — opt) > m, so m/opt < a/(a+ 3 — 1). Then

|F| _ m — a(m — opt) m e af
opt — opt o= (a ) opt*a (o ) a+p-1 a+p-1

In both cases the ratio is bounded by %ﬁﬁ_p which concludes our proof.



5 Open problems

For k-Cycle Transversal, we have ratios k — 1 for odd values of k and k for even
values of k. However, the best approximation threshold we have is 2. Closing
this gap (even for k = 4,5) is left open.

For k-Cycle-Free Subgraph, we have ratios 2/3 for k = 3 and n~'/3=¢ for
k = 4. The best approximation threshold we have is APX-hardness. Hence, we
do not even know if our ratio of 2/3 for k = 3 is tight. Our result for £k = 3
actually establishes a lower bound of 2/3 on the integrality gap for the natural
LP for 3-Cycle-Free Subgraph, but the best upper bound we have is only 3/4.
Finally, in our opinion, the most challenging open question is closing the huge
gap for the case k = 4.
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