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A TIGHT LINEAR TIME (1/2)-APPROXIMATION FOR
UNCONSTRAINED SUBMODULAR MAXIMIZATION*

NIV BUCHBINDERT, MORAN FELDMAN?!, JOSEPH (SEFFI) NAORS,
AND ROY SCHWARTZY

Abstract. We consider the Unconstrained Submodular Maximization problem in which we are
given a nonnegative submodular function f : N R*, and the objective is to find a subset
S C N maximizing f(S). This is one of the most basic submodular optimization problems, having
a wide range of applications. Some well-known problems captured by Unconstrained Submodular
Maximization include Max-Cut, Max-DiCut, and variants of Max-SAT and maximum facility location.
We present, a simple randomized linear time algorithm achieving a tight approximation guarantee of
1/2, thus matching the known hardness result of Feige, Mirrokni, and Vondrék [SIAM J. Comput.,
40 (2011), pp. 1133-1153]. Our algorithm is based on an adaptation of the greedy approach which
exploits certain symmetry properties of the problem.
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1. Introduction. The study of combinatorial problems with submodular objec-
tive functions has recently attracted much attention and is motivated by the principle
of economy of scale, prevalent in real-world applications. Submodular functions are
also commonly used as utility functions in economics and algorithmic game theory.
In combinatorial optimization, submodular functions and submodular maximization
play a major role as several well-known examples of submodular functions include cuts
in graphs and hypergraphs, rank functions of matroids, and covering functions. Given
a set S and an element u, we denote the union S U {u} by S + u and the expression
S\ {u} by S —u. Given a ground set AV, a function f : 2V — Rt is called submodular
if for every AC BC N and u € N\ B, f(A+u) — f(A) > f(B+u)— f(B).!

Perhaps the most basic submodular maximization problem is Unconstrained Sub-
modular Maximization (USM). Given a nonnegative submodular fucntion f, the goal
is to find a subset S C N maximizing f(S). Note that there is no restriction on the
choice of S, as any subset of AV is a feasible solution. USM captures many well-studied
problems such as Max-Cut, Max-DiCut [16, 21, 23, 27, 29, 38], variants of Max-SAT,
and maximum facility location [1, 8, 9]. Moreover, USM has various applications in
more practical settings, such as marketing in social networks [22], revenue maximiza-
tion with discrete choice [2], and algorithmic game theory [11, 36].
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! Equivalently, for every A, B C N: f(A) + f(B) > f(AUB) + f(AN B).
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USM has been studied since the sixties in the operations research community
[2, 7,17, 18, 19, 28, 31, 35]. Not surprisingly, since USM captures NP-hard problems,
all these works provide algorithms that either solve special cases of the problem,
provide exact algorithms whose time complexity cannot be efficiently bounded, or
provide efficient algorithms whose output has no provable guarantee.

The first rigorous study of USM was conducted by Feige, Mirrokni, and Vondrak
[12], who provided several constant approximation factor algorithms. They proved
that a subset S chosen uniformly at random provides a (1/4)-approximation. Ad-
ditionally, they also described two local search algorithms. The first uses f as the
objective function and provides an approximation of 1/3. The second uses a noisy
version of f as the objective function and achieves an improved approximation guar-
antee of 2/5. Gharan and Vondrék [15] showed that an extension of the last method,
known as simulated annealing, can provide an improved approximation of roughly
0.41. Their algorithm, like the one in [12], uses local search with a noisy objective
function. However, in [15] the noise decreases as the algorithm advances, as opposed
to staying constant as in [12]. Feldman, Naor, and Schwartz [13] observed that if the
simulated annealing algorithm of [15] outputs a relatively poor solution, then it must
generate at some point a set S which is structurally similar to some optimal solu-
tion. Moreover, they showed that this structural similarity can be traded for value,
providing an overall improved approximation of roughly 0.42.

It is important to note that for many special cases of USM, better approximation
factors are known. For example, the seminal work of Goemans and Williamson [16]
provides a 0.878-approximation for Max-Cut based on a semidefinite programming
formulation, and Ageev and Sviridenko [1] provide an approximation of 0.828 for the
maximum facility location problem.

On the negative side, Feige, Mirrokni, and Vondrék [12] studied the hardness of
USM assuming the function f is given via a value oracle.?. They proved that for any
constant £ > 0, any algorithm achieving an approximation of (1/2 + ¢) requires an
exponential number of oracle queries. This hardness result holds even if f is sym-
metric,? in which case an algorithm returning a random set containing every element
with probability 1/2, independently, provides a matching (1/2)-approximation [12].
Recently, Dobzinski and Vondrék [10] proved that even if f has a compact representa-
tion (which is part of the input), the above hardness still holds assuming RP # N P.

1.1. Our results. In this paper we resolve the approximability of USM. We
design a tight linear time randomized (1/2)-approximation for the problem. We begin
by presenting a simple greedy-based deterministic algorithm that achieves a (1/3)-
approximation for USM.

THEOREM 1.1. There exists a deterministic linear time (1/3)-approxzimation al-
gorithm for the Unconstrained Submodular Mazimization problem.

Then, we show that our analysis of the algorithm is tight, by providing for any
arbitrarily small constant € > 0 an instance for which the algorithm achieves only an
approximation of 1/3 + ¢. To improve the performance beyond 1/3 we incorporate
randomness into the choices of the algorithm. We obtain a randomized algorithm with
an optimal approximation ratio for USM without increasing the time complexity.

THEOREM 1.2. There exists a randomized linear time (1/2)-approzimation algo-
rithm for the Unconstrained Submodular Mazimization problem.

2The explicit representation of a submodular function might be exponential in the size of its
ground set. Thus, it is standard practice to assume that the function is accessed via a value oracle.
For a submodular function f : 2N — R, the value oracle returns the value of f(S) for aset S C N.

3A submodular function f : 2V — RT is symmetric if for every set S C N/, f(S)=fN\S).
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In both Theorems 1.1 and 1.2 we assume that a single query to the value oracle
takes O(1) time. Thus, a linear time algorithm is an algorithm which makes O(n)
oracle queries and O(n) other operations, where n is the size of the ground set .

Building on the above two theorems, we provide two additional approximation
algorithms for Submodular Max-SAT and Submodular Welfare with two players (for
the exact definition of these problems please refer to section 5). Both problems are
already known to have tight approximation algorithms [14]. However, our algorithms
run in linear time, thus significantly improving the time complexity while achieving
the same performance guarantee.

THEOREM 1.3. There exists a randomized linear time (3/4)-approzimation algo-
rithm for the Submodular Max-SAT problem.

THEOREM 1.4. There exists a randomized linear time (3/4)-approzimation algo-
rithm for the Submodular Welfare problem with two players.

1.2. Techniques. The algorithms we present are based on a greedy approach.
It is known that the straightforward greedy algorithm fails for USM. In contrast,
Feldman, Naor, and Schwartz [14] recently showed that a continuous greedy algo-
rithm does provide a (1/e — o(1))-approximation for maximizing any nonmonotone
submodular function over a matroid. Recall, however, that better bounds than 1/e
are already known for USM.

To understand the main ideas of our algorithm, consider a nonnegative submod-
ular function f. Let us examine the complement of f, denoted by f, defined as
f(S) & f(N\S), for any S C N. Note that since f is submodular, f is also sub-
modular. Additionally, given an optimal solution OPT C N for USM with input f,
N\ OPT is an optimal solution for f, and both solutions have the exact same value.
Any algorithm for USM has no way to distinguish whether it has oracle access to f
or f. Consider now the greedy algorithm. For f it starts from an empty solution
and iteratively adds elements to it in a greedy fashion. Conversely, when applying
the greedy algorithm to f, one gets an algorithm for f that effectively starts with
the solution A/ and then iteratively removes elements from it. Both algorithms are
equally reasonable; however, both fail.

Despite the failure of the greedy algorithm when applied separately to either f or
f, we show that a correlated execution on both f and f provides a much better result.
That is, we start with two solutions ) and A/. The algorithm considers the elements
one at a time (in an arbitrary order). For each element it determines whether it should
be added to the first solution or removed from the second one. Thus, after a single pass
over the ground set A/, both solutions completely coincide and this is the algorithm’s
output. We show that a greedy choice in each step obtains an approximation guarantee
of 1/3, hence proving Theorem 1.1. To get Theorem 1.2, we use a natural randomized
extension of the greedy rule, yielding an improved approximation guarantee of 1/2.

1.3. Related work. Maximization problems of a nonnegative submodular func-
tion subject to various combinatorial constraints defining the feasible solutions have
been studied extensively [14, 20, 32, 33, 40]. Similarly, minimization problems of
a nonnegative submodular function subject to such constraints were studied as well
[25, 26, 37]. Interestingly, the converse problem of unconstrained submodular mini-
mization can be solved in polynomial time [34].

Another line of research deals with maximizing normalized monotone submodular
functions,* again, subject to various combinatorial constraints. A continuous greedy

4A submodular function f : 2N 5 R* is normalized if f(@) = 0 and monotone if for every two
sets AC BCN, f(A) < f(B).



UNCONSTRAINED SUBMODULAR MAXIMIZATION 1387

algorithm was given by Calinescu et al. [4] for maximizing a normalized monotone
submodular function subject to a matroid constraint. Later, Lee, Sviridenko, and
Vondréak [33] gave a local search algorithm achieving 1/p — ¢ approximation for maxi-
mizing such functions subject to the intersection of p matroids. Kulik, Shachnai, and
Tamir [30] showed a 1 —1/e — e approximation algorithm for maximizing a normalized
monotone submodular function subject to multiple knapsack constraints. In both the
above mentioned works € > 0 is an arbitrarily small constant. Recently, Chekuri,
Vondrak, and Zenklusen [6] and Feldman, Naor, and Schwartz [14] gave nonmono-
tone counterparts of the continuous greedy algorithm of [4]. These results improve
several nonmonotone submodular optimization problems. Some of the above results
were generalized by Chekuri, Vondrék, and Zenklusen [5], who provide a dependent
rounding technique for various polytopes, including matroid and matroid-intersection
polytops. The advantage of this rounding technique is that it guarantees strong con-
centration bounds for submodular functions. Additionally, [6] defines a contention
resolution rounding scheme which allows one to obtain approximations for combina-
tions of constraint types.

2. A deterministic linear time (1/3)-approximation algorithm for
USM. In this section we present a deterministic linear time algorithm for USM. The
algorithm proceeds in n iterations that correspond to some arbitrary order uy, ..., Uy,
of the ground set N. The algorithm maintains two solutions X and Y. Initially, we
set the solutions to Xg = ) and Yy = A. In the ith iteration the algorithm either
adds u; to X;_1 or removes u; from Y;_;. This decision is done greedily based on
the marginal gain of each of the two options. Eventually, after n iterations both so-
lutions coincide, and we get X,, = Y,,; this is the output of the algorithm. A formal
description of the algorithm appears as Algorithm 1.

ALGORITHM 1. DETERMINISTIC USM(f, ).

1: Xo(—@, Y()(—N

2: for v =1 ton do

3: a; < f(Xi—l + UZ) — f(Xz—l)

bi — f(Yic1 —w;) — f(Yiz1).

ifa; > b; then X; < X;_1 +u;, Y; < Y;_1.
else Xl — Xi—la }/z “— }/1'_1 — Uy

7: return X, (or equivalently Y,).

The rest of this section is devoted to proving Theorem 1.1, i.e., we prove that the
approximation ratio of Algorithm 1 is 1/3. In section 2.1 we show that our analysis
of Algorithm 1 is tight. Let us begin with the following useful lemma.

LEMMA 2.1. For every 1 <i<mn, a; +b; > 0.

Proof. Notice that (X;—14u;)U(Yic1 —u;) =Yg and (X1 +u) NV —w;) =
X;_1. By combining both observations with submodularity, one gets

ai + b = [f(Xic1 +wi) — f(Xim)] + [f(Yier — w) — f(Yio1)]
= [f(Xi—1 + i) + f(Yier —wi)] = [f(Xiz1) + f(Yi-1)] > 0. O
Define OPT; £ (OPTUX;)NY;, i.e., OPT; agrees with X; (and Y;) on the first i el-

ements and with O PT on the last n—i elements. Thus, OPTy = OPT, and the output
of the algorithm is OPT,, = X,, = Y,,. Examine the sequence f(OPTy),..., f(OPT),),
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which starts with f(OPT) and ends with the value of the output of the algorithm.
The main idea of the proof is to bound the total loss of value along this sequence. This
goal is achieved by the following lemma, which upper bounds the loss in value between
every two consecutive elements of the sequence. Formally, the lemma shows that the
loss of value, i.e., f(OPT;_1)— f(OPT;), is no more than the total increase in value of
both solutions maintained by the algorithm, i.e., [f(X;)— f(X;—1)]+[f (Vi) — f(Yiz1)]-

LEMMA 2.2. For every 1 <i<mn, f(OPT;_1) — f(OPT;) < [f(X;)— f(Xiz1)] +
[F(V3) = F(YVie1)):

Before proving Lemma 2.2, let us show that Theorem 1.1 follows from it.

Proof of Theorem 1.1. Summing up Lemma 2.2 for every 1 < i <n gives

n n

D _F(OPTi1) = FOPT)) < 3 1F(Xe) = (X)) + D _[F(Y) = F(Virn)]:

i=1 =1

The above sum is telescopic. Collapsing it, we get

f(OPTy) — f(OPT,) < [f(Xn) — f(Xo)] + [f(Ya) = F(Y0)] < F(Xn) + f(Yn).

Recalling the definitions of OPTy and OPT,, we obtain that f(X,) = f(Y,) >
f(OPT)/3. O

It is now left to prove Lemma 2.2.

Proof of Lemma 2.2. Assume without loss of generality that a; > b;, i.e., X; <
Xi—1 +u; and Y; < Y;_1 (the other case is analogous). Notice that in this case
OPT; = (OPTUX;)NY; = OPT;_1 + u; and Y; = Y;_;. Thus, the inequality that
we need to prove becomes

f(OPT;_1) — f(OPTi—1 + u;) < f(X;) — f(Xiz1) = a4.

We now consider two cases. If u; € OPT, then the left-hand side of the last
inequality is 0, and all we need to show is that a; is nonnegative. This is true since
a; +b; > 0 by Lemma 2.1, and we assumed a; > b;.

If u; € OPT, then also u; € OPT;_1, and thus

fOPT;—q) — f(OPT;—1 +u;) < f(Yie1 —u) — f(Yie1) = b; < a,.

The first inequality follows by submodularity: OPT;—1 = (OPT U X,_1)NY;_1) C
Yi—1 — u; (recall that u; € Y;—1 and u; ¢ OPT;_1). The second inequality follows
from our assumption that a; > b;. O

2.1. Tight example. In this section we show that the analysis of Algorithm 1
is tight.

THEOREM 2.3. For an arbitrarily small constant € > 0, there exists a submodular
function for which Algorithm 1 provides only (1/3 + &)-approzimation.

Proof. The proof is done by analyzing Algorithm 1 on the cut function of the
weighted digraph given in Figure 1. The maximum weight cut in this digraph is
{u1,uq,us}. This cut has weight of 6 — 2e. We claim that Algorithm 1 outputs
the cut {ug, us, uq, us}, whose value is only 2 (assuming the nodes of the graph are
considered at a given order). Hence, the approximation guarantee of Algorithm 1 on
the above instance is at most
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Fic. 1. Tight example for Algorithm 1. The weight of the dashed edges is 1 —e. All other edges
have a weight of 1.

Let us track the execution of the algorithm. Let X;,Y; be the solutions maintained
by the algorithm. Initially Xy = 0, Yy = {uy, ua, us, ug, us . Note that in case of a tie
(a; = b;), Algorithm 1 takes the node u;.

1. In the first iteration the algorithm considers u;. Adding this node to Xy
increases the value of this solution by 2 — 2e. On the other hand, removing this node
from Yj increases the value of Yy by 2. Hence, X7 + Xq, Y1 + Yy — u1.

2. Let us inspect the next two iterations in which the algorithm considers us, us.
One can easily verify that these two iterations are independent, hence, we consider
only us. Adding us to X; increases its value by 1. On the other hand, removing us
from Y7 = {us, us, ug, us } also increases the value of Y7 by 1. Thus, the algorithm adds
ug to X1. Since ug and ug are symmetric, the algorithm also adds usg to X;. Thus, at
the end of these two iterations X5 = X1 U {ug, us}t = {us2, us}, Yz = {ua, us, ug, us}.

3. Finally, the algorithm considers u4 and us. These two iterations are also
independent so we consider only uy. Adding uy to X3 does not increase the value of
X3. Also removing uy from Y3 does not increase the value of Ys. Thus, the algorithm
adds ug to X3. Since uy and us are symmetric, the algorithm also adds us to Xs.
Thus, we get X5 = Y5 = {ua, us, ug, us }. O

3. A randomized linear time (1/2)-approximation algorithm for
USM. In this section we present a randomized algorithm achieving a tight (1/2)-
approximation for USM and thus prove Theorem 1.2. Algorithm 1 (presented in
section 2) compared the marginal profits a; and b;. Based on this comparison the al-
gorithm made a greedy deterministic decision whether to include or exclude u; from its
output. The random algorithm we next present makes a “smoother” decision, based
on the values a; and b;. In each step, if both a; and b; are nonnegative, it randomly
chooses whether to include or exclude u; with probability proportional to the ratio
between a; and b;. A formal description of the algorithm appears as Algorithm 2.

The rest of this section is devoted to proving that Algorithm 2 provides an ap-
proximation ratio of 1/2 for USM. Let us begin the analysis of Algorithm 2 with the
introduction of some notation. Notice that for every 1 < ¢ < n, X; and Y; are now
random variables denoting the sets of elements in the two solutions generated by the
algorithm at the end of the ith iteration. As in section 2, let us define the following
random variable: OPT; £ (OPT U X;) NY;. Note that, again, X = ), Yo = N, and



1390 BUCHBINDER, FELDMAN, NAOR, AND SCHWARTZ

ALGORITHM 2. RANDOMIZED USM(f, \).

1: Xo(—@, Y()(—N

2: fori =1 ton do

3: a; < [(Xic1 +u) — f(Xizq).
4 | b f(Yier — ) = f(Yiea).
5

6

7

al; < max{a;,0}, b, < max{b;,0}.

with probability a}/(a; +b,)" do: X; + X;_1 +u;, Y; < Yi_y.
else (with the complement probability b;/(a} + b})) do: X; < X;_1,
Y Y1 —uy.

8: return X, (or equivalently Y,).

“1If @} = b, = 0, we assume a’/(a} + b)) = 1.

OPTy = OPT. Additionally, the following always holds: OPT, = X,, = Y,. The
analysis of the approximation ratio is similar to that of the deterministic algorithm
in section 2. We consider the sequence E[f(OPTy)],...,E[f(OPT,)]. This sequence
starts with f(OPT) and ends with the expected value of the algorithm’s output. The
following lemma upper bounds the loss between every two consecutive elements in
the sequence. Formally, E[f(OPT;_1) — f(OPT;)] is upper bounded by the average
expected change in the value of the two solutions maintained by the algorithm, i.e.,
12 E[f(X:) — F(Xi1)+ F(Y) — f(Yia)].
LEMMA 3.1. For every 1 < i <n,

(81)  E[f(OPT,_)) - f(OPT)] < = -E[(f(X:) — f(Xio1) + F(Yi) — f(¥irr)],

N =

where expectations are taken over the random choices of the algorithm.
Before proving Lemma 3.1, let us show that Theorem 1.2 follows from it.
Proof of Theorem 1.2. Summing up Lemma 3.1 for every 1 < i < n gives

n n

Y E[f(OPT;1) = f(OPT)] < 5 - > E[f(Xi) = f(Xio1) + f(Vi) = f(Yirn)].

i=1 =1

N =

The above sum is telescopic. Collapsing it, we get

E[f(OPTo) - f(OPT,)] < 5 - E[f(Xn) — f(Xo) + f(Yn) — f(Y0)]

< B+ )]

1
2
E

Recalling the definitions of OPTy and OPT,, we obtain E[f(X,)] = E[f(Y,)] >
f(OPT)/2. a

It is left to prove Lemma 3.1.

Proof of Lemma 3.1. Notice that it suffices to prove inequality (3.1) conditioned
on any event of the form X, ; = S;_;, where S;—1 C {uy,...,u;—1}, for which the
probability that X;_; = S;_1 is nonzero. Hence, fix such an event corresponding to
a set S;_1. The rest of the proof implicitly assumes everything is conditioned on this
event. Notice that due to the conditioning, the following random variables become
constants:
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1. }/i—l = Si—l @] {Ui, NN ,un}.

2. OPT%_l = (OPT U Xi—l) N }/i—l = Si—l U (OPT N {Ui, SN ,un})

3. a; and b;.
Moreover, by Lemma 2.1, a; + b; > 0. Thus, it cannot be the case that both a;, b; are
strictly less than zero. Hence, we only need to consider the following three cases:

Case 1 (a; > 0 and b; < 0). In this case a}/(a} + b;) = 1, and so the following

always happen: Y; = Y;_1 = S;—1 U {u;,...,u,} and X; < S;_1 + u;. Hence,
fY:) = f(Yiz1) = 0. Also, by our definition OPT; = (OPTUX;)NY; = OPT;_1 + u;.
Thus, we are left to prove that
a;

(X)) = f(Xama)] =

f(OPT;_1) — f(OPT;—1 + u;) < .

N | =

If u; € OPT, then the left-hand side of the last inequality is 0, which is clearly not
larger than the nonnegative a;/2. If u; ¢ OPT, then

F(OPT; 1) = f(OPT; -1 +ui) < f(Yier —wi) — f(Yic1) = b; <0 < a;/2.

The first inequality follows from submodularity since OPT;_; £ (OPT U X; 1) N
Y1 €Y1 — u; (note that u; € Y;_1 and u; € OPT;_1).

Case 2 (a; < 0 and b; > 0). This case is analogous to the previous one, and
therefore we omit its proof.

Case 3 (a; > 0 and b; > 0). In this case a; = a;,b; = b;. Therefore, with prob-
ability a;/(a; + b;) the following events happen: X; < X; 1 + u; and Y; + Y;_q;
while with probability b;/(a; + b;) the following events happen: X; + X;_; and
Y, + Y, 1 —u;. Thus,

(3.2)
E[f(X:) — f(Xi1) + f(Y3) — f(Yie)]

— aiil: b [f(Xic1 +w) — f(Xic1) + f(Yie) — f(Yiz1)]

a; l_); bz : [f(lel) - f(Xifl) + f(Yéfl — Ui) — f(lefl)]

: b Pt
= (X w0) = F (X)) e (Vi =) = (Vi) = 2

Next, we upper bound E[f(OPT;_1) — f(OPT;)]. As OPT; = (OPT U X;)NY;, we
get

(3.3)
E[f(OPTi1) ~ f(OPT)| =~ - [f(OPTi1) = f(OPT: 1 + wi)
b; ibi
g W(OPTi) = J(OPTiy —w)] < =

The final inequality follows by considering two cases. Note first that u; € Y;—; and
w; & X;—1. If u; & OPT;_1, then the second term of the left-hand side of the last
inequality equals zero. Moreover, OPT;_; = (OPT U X;_1)NY;_1 C Y;_1 — u;, and
therefore, by submodularity,

fOPT;_1) — f(OPTi—1 +u;) < f(Yic1 —w;) — f(Yio1) = bs.



1392 BUCHBINDER, FELDMAN, NAOR, AND SCHWARTZ

If u; € OPT;_1, then the first term of the left-hand side of inequality (3.3) equals
zero, and we also have X;_1 C ((OPTUX,;_1)NY;—1) —u; = OPT;_1 — u;. Thus, by
submodularity,

fOPT;—1) — f(OPT;—1 —u;) < f(Xioi + ;) — f(Xic1) = as.

By (3.2) and (3.3), inequality (3.1) holds if

a;b; < 1 a%‘f'blz
a; +b; — 2 a; +b; ’

which can easily be verified. O

4. A tight (1/2)-approximation for USM using fractional values. In sec-
tion 3 we presented Algorithm 2, a randomized optimal algorithm for USM. In this
section we present Algorithm 3, the continuous counterpart of Algorithm 2. This al-
gorithm achieves the same approximation ratio (up to low order terms) but maintains
a fractional inner state.

In order to describe Algorithm 3, we need some notation. Given ground set A/
and a vector & € [0,1]"", the random subset R(Z) C A contains each element u € N
independently with probability z,. Given a function f : 2V — R, its multilinear
extension is a function F : [0,1" — R, whose value at a vector & € [0,1]V is the
expected value of f over R(Z). Formally, for every # € [0,1]V, F(Z) 2 ER(Z)] =
>scn f(9) Ilues Tullugs(l — zu). For two vectors Z,y € [0, 11V, we use &V ¢ and
Z Ay to denote the coordinatewise maximum and minimum, respectively, of & and ¥/
(formally, (ZV ), = max{xy, y,} and (A7), = min{z,, Y, }).

We abuse notation both in the description of the algorithm and in its analysis,
and we unify a set with its characteristic vector. We also assume we have an oracle
access to the multilinear extension F'. If this is not the case, then the value of F' can
be approximated arbitrarily well using sampling.

ALGORITHM 3. MULTILINEAR USM(f, \V).

1: f() — @, go +— N.
2: for i =1 ton do
3: a; — F(Zi—1 + {ul}) — F(Z;-1).
ar | by F(fio1 — {ui}) — F(gi1).
5: al; < max{a;,0}, b, < max{b;,0}.
6: Ti ¢ Ti1 + ﬁ . {uz}*
L b, .
T Yi & Yi-1l — gy {ui} .

8: return a random set R(x,,) (or equivalently R(yy,)).

It a; = b, =0, we assume a}/(a} + b;) = 1 and b}/(a; + b)) = 0.

The main difference between Algorithms 2 and 3 is that Algorithm 2 chooses each
element with some probability, whereas Algorithm 3 assigns a fractional value to the
element. This requires the following modifications to the algorithm:

(i) The sets X;,Y; C 2N are replaced by vectors Z;, §; € [0, 1]N.
(ii) Algorithm 3 uses the multilinear extension F' instead of the original sub-
modular function f.
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THEOREM 4.1. Assuming an oracle access to F, Algorithm 3 is a 1/2-approx-
imation algorithm for USM.

The rest of this section is devoted to proving Theorem 4.1. We begin with the
following technical lemma, whose proof is omitted since it is almost identical to the
proof of Lemma 2.1.

LEMMA 4.2. For every 1 <i<mn, a; +b; > 0.

Similarly to section 3, define 6; £ (OPT V #;) A #;, and examine the sequence
of values F(0p),...,F(0,). Notice that oy = OPT), i.e., the sequence starts with
the value of an optimal solution, and that o0, = z, = y,, i.e., the sequence ends
at a fractional point whose value is the expected value of the algorithm’s output.
The following lemma upper bounds the loss between every two consecutive elements in
the sequence. Formally, F(0;—1) — F(0;) is upper bounded by the average change in
the value of the two solutions maintained by the algorithm, i.e., 1/2-[F(&;)—F(#;—1)+
F(5i) — F(fio1))-

LEMMA 4.3. For every 1 < i < n, F(d;—1) — F(0;) < 1 - [F(Zi) — F(Zi—1) +
F(i) — F(io1))-

Before proving Lemma 4.3, let us show that Theorem 4.1 follows from it.

Proof of Theorem 4.1. Summing up Lemma 4.3 for every 1 < i <n gives

n n n

S IF@ )~ @) < 5 - SIF@E) B+ 5 S IFG) - FGo),

i=1 i=1 i=1

|~

The above sum is telescopic. Collapsing it, we get

F(0) = F(0n) < 5 - [F(@n) = F(Zo)] + 5 - [F(¥a) — F(50)] <

N =

Recalling the definitions of 0y and 0,, we obtain that F(Z,) = F(¢,) >
f(orPT)/2. O

It is left to prove Lemma 4.3.

Proof of Lemma 4.3. By Lemma 4.2, a; +b; > 0; therefore, it cannot be that both
a;, b; are strictly less than zero. Thus, we have three cases to consider.

Case 1 (a; > 0 and b; <0). In this case a;/(a; + b;) = 1, and so ¥ + ¥i—1,
Z; + ;1 V{u;}. Hence, F(y;) — F(¢;—1) = 0. Also, by our definition ¢; = (OPT V
Zi) Ng; = 0;—1 V {u;}. Thus, we are left to prove that

F(é'i,l) — F(é'i,l V {Uz}) < —- [F({fz) — F({fifl)] = ai/2.

N | =

If u; € OPT, then the left-hand side of the above equation is 0, which is clearly
no larger than the nonnegative a;/2. If u; ¢ OPT, then

F(0i—1) — F(0i—1 V{ui}) < F(§im1 — {ui}) — F(§im1) = b <0 < a;/2.

The first inequality follows from submodularity since 0;—1 = (OPTV Z;—1) Agi—1) <
Yi—1 — {ui} (note that in this case (¢i—1)y, = 1 and (0;—1)u, = 0).

Case 2 (a; < 0 and b; > 0). This case is analogous to the previous one, and
therefore we omit its proof.



1394 BUCHBINDER, FELDMAN, NAOR, AND SCHWARTZ

Case 3 (a; > 0 and by > 0). In this case a, = a;,b;, = b; and so, Z; < T—1 +

oo Awit and ¥ < i1 — abT -{u;}. Therefore, we have
i b; - S
(4.1) F(&) — F(#F_1) = aiibi (@ V{wid) + e P | = F(fi)
2
a; - - a;
= F (X2 Vv V) — F(%_ — 4
L F(@ v i) - F@)) =

A similar argument shows that

b2
ai +b;

(4.2) F:) = F(fi1) =

Next, we upper bound F'(0;—1) — F'(0;). For simplicity, let us assume u; ¢ OPT (the
proof for the other case is similar). Recall that 0; = (OPT V Z;) A ¥;.

(43) F@AwJMsz@A%w(QAv%ﬁmme

a; bz
K _'if \/ i .
a; + b; (O ! {U })+ai+bi

F(0;-1)

ZF(@l)—[

= aijf b [F(0i-1) = F(0i—1 V{us})]

a; ~ ~ a;b;
< . . — . — . — .
= a; +bi [F(y1,1 {uz}) F(yzfl)] a; +bi

The inequality follows from the submodularity of f since 0;—1 = ((OPT V Zi—1) A
Ui—1) < ¥i—1 — {u;} (note again that in this case (¥;—1),, = 1 and (0;—1),, = 0). By
(4.1), (4.2), and (4.3), the lemma holds if

aibi 1
< Z
ai+b;, — 2 a;,+0b

which can easily be verified. O

5. Linear time approximations for Submodular Max-SAT and Submodular
Welfare with two players. In this section we build upon ideas from the previous
sections to obtain linear time tight (3/4)-approximation algorithms for two problems:
Submodular Max-SAT (SSAT) and Submodular Welfare (SW) with two players (both
problems are defined below). In contrast to USM, tight approximations are already
known for the above two problems [14]. However, the algorithms we present in this
work, in addition to providing tight approximations, also run in linear time.

5.1. A linear time tight (3/4)-approximation for SSAT. Recall that a
submodular function f : 2V — R is normalized if f(@) = 0 and monotone if for
every two sets A C B C N, f(A) < f(B). In SSAT we are given a conjunctive
normal form (CNF) formula ¥ with a set C of clauses over a set A of variables, and
a normalized monotone submodular function f : 2¢ — R* over the set of clauses.
Given an assignment ¢ : N' — {0,1}, let C(¢) C C be the set of clauses satisfied by
¢. The goal is to find an assignment ¢ maximizing f(C(¢)).

Usually, an assignment ¢ can give each variable exactly a single truth value.
However, for the sake of the algorithm we extend the notion of assignments and
think of an extended assignment ¢’ which is a relation ¢’ C N x {0,1}. That is,
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the assignment ¢’ can assign up to two truth values to each variable. A clause C' is
satisfied by an (extended) assignment ¢’ if there exists a positive literal in the clause
which is assigned the truth value 1, or there exists a negative literal in the clause which
is assigned the truth value 0. Note again that it might happen that some variables
are assigned both 0 and 1. Note also that an assignment is a feasible solution to the
original problem if and only if it assigns exactly one truth value to every variable of
N. Let C(¢') be the set of clauses satisfied by ¢’. We define g : N' x {0,1} — R
using g(¢') = f(C(¢')). Using this notation, we can restate SSAT as the problem of
maximizing the function g over the set of feasible assignments. We need the following
lemma.

LeEMMA 5.1. The function g is a normalized monotone submodular function.

Proof. 1t is easy to see that g is normalized and monotone; however, proving it
is also submodular requires some work. Consider two sets A, B C N x {0,1}. Using
the submodularity and monotonicity of f, we get

9(A) +9(B) = f(C(A)) + f(C(B)) = f(C(AUC(B)) + f(C(A) NC(B))
> f(C(AUB)) + f(C(ANB)) = g(AUB) + g(AnB). O

The algorithm we design for SSAT conducts n iterations. It maintains at each
iteration 1 < i < n two assignments X; and Y; which always satisfy X; C Y;. Initially,
Xo = 0 assigns no truth values to the variables, and Yy = N x {0,1} assigns both
truth values to all variables. The algorithm considers the variables in an arbitrary
order uy, us, . .., u,. For every variable u;, the algorithm evaluates the marginal profit
from assigning it only the truth value 0 in both assignments and assigning it only the
truth value 1 in both assignments. Based on these marginal values, the algorithm
makes a random decision on the truth value to be assigned to u;. After the algorithm
considers a variable u;, both assignments X; and Y; agree on a single truth value for
w;. Thus, when the algorithm terminates both assignments are identical and feasible.
A formal statement of the algorithm appears in Algorithm 4.

ALGORITHM 4. RANDOMIZED SSAT(f, ).

1: Xo(—@, Yo (—NX{O,l}
2: for i =1 ton do
3: ai0 + g(Xi—1 + (u3,0)) — g(Xi—1), aipn < g(Xiz1 + (u4, 1)) — g(Xi—1).
4: bio  g(Yic1 — (44,0)) — g(Yiz1),bi1 < g(Yie1 — (us, 1)) — g(Yio1).
5: 84,0 max{ai,o + bi,la 0}, Si,1 max{am + bi)o, 0}
6: with probablllty 51’,0/(31’,0 + Si,l)* do: Xl — Xi—l + (ui, 0),
Y, Y, — (ui, 1)
7: else (with the complement probability s; 1/(s;,0 + $:,1)) do:
8: Xi+— X1+ (u, 1), Y; < Y1 — (u;,0).

=)

return X,, (or equivalently Y,,).

*
If Si,0 = Sij1 = 0, we assume Si70/(81‘70 + Si71) =1.

The proof of Theorem 1.3 uses ideas similar to those used in previous proofs in this
paper; however, unlike for the previous algorithms, here, the fact that the algorithm
runs in linear time requires a proof. The source of the difficulty is that we have an
oracle access to f but use the function ¢ in the algorithm. Therefore, we need to
prove that we may implement all the oracle queries to g that are conducted during
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the execution of the algorithm in linear time. As a first step we state the following
useful lemma.
LEMMA 5.2. For every 1 < i <n,

(51)  Elg(OPTi_1) — g(OPT))] < = - E[(9(X:) — g(Xim1) + 9(¥i) — g(Yi1)].

N =

where expectations are taken over the random choices of the algorithm.

Before proving Lemma 5.2, let us show that Theorem 1.3 follows from it.

Proof of Theorem 1.3. The proof has two parts: bounding the approximation
ratio of the algorithm and analyzing its time complexity.

Proof of the approzimation ratio of the algorithm. Summing up Lemma 5.2 for
every 1 <1¢ <n we get

n

> E[g(OPT; 1) — g(OPT;)] <

i=1 i=1

The above sum is telescopic. Collapsing it, we get

E[g(OPTy) — g(OPT,)] < 5 - Elg(Xn) — 9(Xo) + g(Yn) — 9(Yo)]

1
-2

< Elg(Xn) + 9(Yn) — g(Y0)]
< > .
Recalling the definitions of O PTy and OPT,,, we obtain that

Elg(Xn)] = Elg(Yn)] > g(OPT)/2 + g(Yy) /4.

The approximation ratio now follows from the observation that Y satisfies all clauses
of U, and therefore, g(Yp) > g(OPT).

Proof of the linear time complexity of the algorithm. We explain here how to
answer all oracle queries of the algorithm of the forms ¢(Y;—1) and g(Y;—1 — (ui,v))
in linear time. Using an analogous idea, one can also answer all oracle queries of the
forms g(X;_1) and g(X;—1 + (ui,v)) in linear time.

The algorithm first preprocesses the clauses, creating the following simple data
structure. For every variable u; and truth value v, the algorithm creates a linked list
containing all clauses that are satisfied by setting the truth value of u; to be v. The
number of lists is 2n, where n is the number of variables, and they are kept in an array
of that size. The total length of all lists is the total number of literals of ¥ which is
O(¥). Additionally, the algorithm maintains an array of counters C' of size |C| (the
number of clauses). For every clause we keep in C' the number of literals that satisfy
the clause under Y;_;. Initially, the number of literals satisfied equals the number of
literals in the clause. This array can also be constructed initially in linear time. As
the array C' indicates for each clause whether it is satisfied,® it can be used to make
queries to f.

Next, in every iteration the algorithm has to answer three queries: g(Yi_1),
g(}/ifl - (U“O)), and g(}/ifl - (uia 1))

(i) A query of the form ¢(Y;_1) is answered by making an oracle query f(C).

(ii) A query of the form g(Y;—1 — (u;,v)) is answered using the following steps:

(1) Scan the list of (u;,v).

5A clause is satisfied if and only if its counter is at least 1.
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(2) Decrease the counter (in the array C) of every clause satisfied by (u;,v).
Note that counters that become zero correspond to clauses that are sat-
isfied in ¥;_1 but are no longer satisfied in Y;_1 — (u;, v).

(3) Make an oracle query f(C).

(4) Scan again the list of (u;,v) and increase back the counters of the clauses
that were decreased.

The final step of each iteration is replacing the assignment Y;_; with a new
assignment Y;_; — (u;,v). To this end, the algorithm scans again the list of {u;, v}
and decreases the counters of all the clauses satisfied by {u;,v}. Notice that each list
is processed at most twice: once for answering a query of the form g(Y;_1 — (ui,v))
and once (possibly) to update Y;_1 to Y;_1 — (u;, v). Hence, the total processing time
is proportional to the total size of the lists (which is linear in the length of ¥). Finally,
note that since C' is maintained as an array, decreasing, increasing, and querying the
counters can all be done in O(1). O

It is left to prove Lemma 5.2.

Proof. Notice that it suffices to prove inequality (5.1) conditioned on any event
of the form X; 1 = S;_1, where S;—1 C {(u1,*), (u2,%),..., (ui—1,%)}, for which
the probability that X;_; = S;_1 is nonzero (note that according to the algorithm’s
definition X;_; contains exactly a single element of the form (u;,*) for every 1 <
j <1i—1). Hence, fix such an event corresponding to a S;_;. The rest of the proof
implicitly assumes everything is conditioned on this event. Notice that due to the
conditioning, the following quantities become constants:

(i) }/i—l = Si—l U {(ul, 0), (Ui, 1), ceey (un, 0), (un, 1)}
(11) OPT; 4 = (OPT @] Xifl) nNY; 1.
(111) a;.0, A4,1, bi70, and bi71.

Moreover, by Lemma 2.1, a; 0 + b;0 > 0 and a; 1 +b;1 > 0. Thus, s;0+s;,1 > 0,
and it cannot be that both s; ¢, s;1 are strictly less than zero. Hence, we only need
to prove the lemma for the following three cases:

Case 1 (si0 > 0 and s;1 < 0). In this case —=2— = 1, and the following always

8i,0F8i,1

happen: Y; = Y1 — (u;, 1) and X; < X;_1 + (u;,0). Hence,

9(Xi) — 9(Xi—1) + 9(Yi) — g(Yi1) = ai0 + bi1 = si0-
By our definition OPT; = (OPT U X;)NY; = OPT;—1 + (u;,0) — (u;,1). Thus, we
are left to prove that
g(OPT; 1) — g(OPT; 1 + (ui,0) — (us, 1))
1 Si
< 5 - [9(X0) = g(Ximn) + g(¥) - g(¥in)] = =2
There are two cases. If (u;,0) € OPT, (u;,1) ¢ OPT, then the left-hand side of
the last expression is 0, which is clearly no larger than the nonnegative s; /2. If
(u3,0) € OPT, (u;,1) € OPT, then
g(OPT;_1) — g(OPT;—1 + (u;,0) — (u;, 1)) = [g(OPTl;l) —g(OPT;_1 + (uy, 0))]
+ [9(OPT;—1 + (u,0)) — g(OPTi—1 + (u;,0) — (us, 1))]
< g(Yie1 — (ui,0)) — g(Yi1) + 9(Xim1 + (ui, 1)) — 9(Xi-1)
=51 <0<s0/2.

The first inequality follows from submodularity since OPT;—1 C Y;_1 — (u;,0) and
X1 COPT;_1 + (ui,O) — (ui, 1).
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Case 2 (sj0 <0 and s;1 > 0). This case is analogous to the previous one, and
therefore we omit its proof.

Case 3 (si,0 > 0 and s;1 > 0). In this case s;0 = a;,0+bi1, 8i1 = ai,1 +bio, and
SO

(5.2)
E[g(Xi) — g(Xi-1) + g9(Yi) — g(Yi-1)]

= 31-08+05“ Jg(Xiz1 + (14,0) — g(Xiz1) + 9(Yie1 — (w4, 1)) — g(Yiz1)]

S,
(X + (i, 1) — 9(Xi1) + g(Yiet — (w,0)) — g(Vi1)]
$i,0 T Si 1
. 312,0 + 512,1

$i,0 T Si 1

Next, we upper bound E[g(OPT;_1) — g(OPT;)]. As OPT; = (OPT U X;)NY;, and
given the random choices of the algorithm

Elg(OPTio1) = g(OPT)] = ——5— - [g(OPT;1) = g(OPTioy + (15, 0) — (ui, 1))
+ 2L [g(OPTi-1)— g(OPTi 1 +(us, 1) — (;,0))]
Si,0 + Sin
(5.3) < Zi0%i1
$i,0 T Si,1

The final inequality follows by considering two cases. Note first that {(u;, 0), (u;, 1)} C
Y;_1 and {(ul,O), (Ui,l)} NX,_1=o. If (UZ,O) ¢ OPT;_4, and (ui,l) € OPT;_4,
then the second term of the left-hand side of the last inequality is zero. Moreover,
OPT;_1 = ((OPTUX,;_1)NY;_1) CY;_1 — (u;,0). Thus, by submodularity,

g(OPT;_1) — g(OPT;_1 + (u;,0) — (ug,1))
< g(Xio1 + (ui, 1)) — 9(Xiz1) + 9(Yie1 — (44,0)) — g(Yie1) = si1-

The other case is analogous. By (5.2) and (5.3), inequality (5.1) holds if

Sio+si1 2 \sio+sin)’
which can be easily verified. O

A note on Max-SAT. The well known Max-SAT problem is in fact a special case
of SSAT where f is a linear function. We note that Algorithm 4 can be applied to
Max-SAT in order to achieve a (3/4)-approximation in linear time; however, this is
not immediate. This result is summarized in the following theorem.

THEOREM 5.3. Algorithm 4 has a linear time implementation for instances of
Max-SAT.

Proof. Consider the way oracle queries of g are answered in the proof of The-
orem 1.3. The only use of queries to f made by this proof is in order to evaluate
f(C)—the total weight of the clauses in the set C'. In order to avoid these queries,
one can use an additional counter w(C') which holds the total weight of the clauses
that are satisfied in C'. Initially, this counter is the total weight of clauses in the
formula. The counter can be updated in constant time along with the update of the
array C. Whenever a counter of a clause in C' becomes zero, the additional counter
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is decreased by the weight of the clause. If the counter of a clause is increased back
from zero the weight of the clause is added to the counter. These additional updates
are done in constant time. Answering oracle calls to f(C') are done in constant time
by returning the value of the counter. Hence, the total running time is linear in the
size of the formula. d

5.2. A linear time tight (3/4)-approximation for SW with two players.
An input for SW consists of a ground set A of n elements and k players, each
equipped with a normalized monotone submodular utility function f; : 2V — R*.
The goal is to partition the elements among the players while maximizing the social
welfare. Formally, the objective is to partition N into N1, Na, ..., N, while maximiz-
ing Zf:1 fi(Ni).

We give below two different short proofs of Theorem 1.4 via reductions to SSAT
and USM, respectively. The second proof is due to Vondrék [39].

Proof of Theorem 1.4. We provide here two proofs.

First Proof. Given an instance of SW with two players, construct an instance of
SSAT as follows:

1. The set of variables is N.

2. The CNF formula ¥ consists of 2|A/| singleton clauses, one for every possible
literal.

3. The objective function f : 2¢ — R is defined as follows. Let P C C be the
set of clauses of ¥ consisting of positive literals. Then, f(C) = f1(C N P)+
£(C\ P).

Every assignment ¢ to this instance of SSAT corresponds to a solution of SW using
the following rule: N7 = {u € N | ¢(u) = 1} and No = {u € N | ¢(u) = 0}. One can
easily observe that this correspondence is reversible and that each assignment has the
same value as the solution it corresponds to. Hence, the above reduction preserves
approximation ratios.

Moreover, queries of f can be answered in constant time using the following
technique. We track for every subset C' C C in the algorithm the subsets C' N P and
C'\ P. For Algorithm 4 this can be done without affecting its running time. Then,
whenever the value of f(C) is queried, answering it simply requires making two oracle
queries: f1(C'NP) and fo(C\ P).

Second Proof. In any feasible solution to SW with two players, the set N7 uniquely
determines the set No = N\ NV;. Hence, the value of the solution as a function of NV}
is given by g(N1) = f1i(N1) + f2(N \N7). Thus, SW with two players can be restated
as the problem of maximizing the function g over the subsets of N.

Observe that the function g is a submodular function, but unlike f; and fo, it
is possibly nonmonotone. Moreover, we can answer queries to the function g using
only two oracle queries to f; and f».° Thus, we obtain an instance of USM. We apply
Algorithm 2 to this instance. Using the analysis of Algorithm 2, as is, provides only
a (1/2)-approximation for our problem. However, by noticing that g(&) + g(N) >
fiN) + f2(N) > g(OPT), and plugging this into the analysis, the claimed (3/4)-
approximation is obtained. O

6. Discussion. The main result of this paper is a randomized linear time (1/2)-
approximation algorithm for USM. This result is the best one can hope for assuming

SFor every algorithm, assuming a representation of sets allowing addition and removal of a single
element at a time, one can maintain the complement sets of all sets maintained by the algorithm
without changing the time complexity. Hence, we need not worry about the calculation of N'\ N7.
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the function f is accessed via a value oracle. We leave several interesting open ques-
tions for future research. The first question is whether it is possible to derandomize
the algorithm to obtain a deterministic algorithm. The deterministic algorithm we
presented provides only (1/3)-approximation. This is currently the best deterministic
algorithm for USM (a deterministic, but slower, algorithm achieving (1/3 — o(1))-
approximation was previously described by [12]). So far, there is no proof that deran-
domization is not possible. However, we suspect that no polynomial time deterministic
algorithm can achieve (1/2)-approximation. A recent work by [24] shows that a large
family of deterministic algorithms generalizing our algorithm fail to achieve (1/2)-
approximation. Understanding the role of randomization in this basic problem is an
interesting avenue for further research.

A second interesting direction is extending our basic algorithm to constrained
variants of the submodular maximization problem. Many such variants were stud-
ied by previous works. Applying our algorithm to constrained problems is difficult
since it provides no guarantees on the set of elements chosen, nor on the number
of such elements. Recently, Buchbinder et al. [3] managed to extend the fractional
version of the algorithm to handle cardinality constraints. Their algorithm provides
(1/2)-approximation when the algorithm is constrained to choose at most (or ex-
actly) k = n/2 elements. However, its proven performance guarantee deteriorates as
the cardinality constraint k& decreases. In our opinion, the algorithm presented by [3]
(or a similar variant) should achieve a constant approximation also for small values
of k. Extending our algorithm to other constraint types remains an intriguing open
problem.
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