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ABSTRACT

The detection of a very-high-energy TeV spectral component in the afterglow emission of gamma-ray bursts (GRBs) has
opened a new probe into the energetics of ultrarelativistic blast waves and the nature of the circumburst environment in
which they propagate. The afterglow emission is well understood as the synchrotron radiation from the shock-accelerated
electrons in the medium swept up by the blast wave. The same distribution of electrons also inverse-Compton upscatters
the softer synchrotron photons to produce the synchrotron self-Compton TeV emission. Accurate modelling of this
component generally requires a computationally expensive numerical treatment, which makes it impractical when fitting
to observations using Markov Chain Monte Carlo (MCMC) methods. Simpler analytical formalisms are often limited to
broken power-law solutions and some predict an artificially high-Compton-Y parameter. Here we present a semi-analytic
framework for a spherical blast wave that accounts for adiabatic cooling and expansion, photon escape, and equal-arrival-
time-surface integration, in addition to Klein-Nishina effects. Our treatment produces the broad-band afterglow spectrum
and its temporal evolution at par with results obtained from more sophisticated kinetic calculations. We fit our model to the
afterglow observations of the TeV bright GRB 190114C using MCMC, and find an energetic blast wave with kinetic energy
Eyiso = 9.1%71} x 10%* erg propagating inside a radially stratified external medium with number density n(r) oc r=* and
k= 1.67f8;‘1’g. A shallower external medium density profile (k < 2) departs from the canonical approximation of a steady
wind (k = 2) from the progenitor star and may indicate a non-steady wind or a transition to an interstellar medium.

Key words: radiation mechanisms: non-thermal - gamma-ray burst: general - gamma-rays: general.

The afterglow synchrotron emission from a spherical out-

1 INTRODUCTION . . .
flow is now well understood (R. Sari, T. Piran & R. Narayan

The intense, short-lived, and highly variable prompt gamma-ray
emission in gamma-ray bursts (GRBs) is followed by a much
longer-lasting, temporally smooth, and spectrally broad-band af-
terglow (see e.g. T. Piran 1999; P. Kumar & B. Zhang 2015, for
reviews). In the fireball model (J. Goodman 1986; B. Paczynski
1986; A. Shemi & T. Piran 1990), the latter emission arises when
the jet launched by the compact central engine interacts with the
circumburst environment (CBM), i.e. interstellar medium (ISM)
or wind-stellar medium, and produces an external forward shock
(M. J. Rees & P. Meszaros 1992; P. Meszaros & M. J. Rees 1993; B.
Paczynski & J. E. Rhoads 1993; P. Mészaros & M. J. Rees 1997).
In the canonical afterglow scenario, as the shock-front sweeps
up the CBM it accelerates electrons to relativistic Lorentz fac-
tors and into a power-law energy distribution, where they cool
by emitting synchrotron radiation while gyrating in the shock-
produced/amplified magnetic fields.

* E-mail: e.aguilar@irya.unam.mx (EAR); r.gill@irya.unam.mx (RG)
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1998; J. Granot & R. Sari 2002). Its broad-band spectrum (Radio-
Optical-X-rays) is described by a multiply broken power law
with smooth breaks at characteristic synchrotron self-absorption
(va), injection (vy,), and cooling-break (v.) frequencies. The same
distribution of electrons producing the synchrotron emission is
also expected to upscatter these seed synchrotron photons to
high energies (0.1 GeV), and even very high energies (VHE,
20.1TeV), via inverse-Compton (A. Panaitescu & P. Mészaros
1998; J. Chiang & C. D. Dermer 1999; A. Panaitescu & P. Ku-
mar 2000; C. D. Dermer, M. Bottcher & J. Chiang 2000a; C.
D. Dermer, J. Chiang & K. E. Mitman 2000b). The additional
cooling affects the particle distribution and consequently the
seed synchrotron spectrum (R. Sari & A. A. Esin 2001), partic-
ularly when the scattering occurs in the Klein-Nishina regime
(E. Nakar, S. Ando & R. Sari 2009).

Long lasting (with observer-frame duration T < 35ks) GeV
emission has been detected by the Fermi Large Area Telescope
(LAT) in several GRBs, and most notably in GRB 130427A (M.
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Ackermann et al. 2014). This high-energy (HE) component ini-
tially overlaps with the prompt phase but shows smooth flux
decline after the prompt emission ends, with dInF,/dInT ~
—1, suggestive of it being the afterglow. The long sought af-
ter TeV emission was finally observed in GRB190114C by the
Major Atmospheric Gamma Imaging Cherenkov (MAGIC) tele-
scopes (MAGIC Collaboration 2019b). Detection of few more
GRBs [160821B with a low-detection significance of ~3o0 (V. A.
Acciari et al. 2021), 180720B (H. Abdalla et al. 2019), 190829A (H.
E. S. S. Collaboration 2021), 201216C (S. Fukami et al. 2022)] at
sub-TeV and TeV energies followed soon after by the MAGIC and
high-energy Stereoscopic System telescopes. Lastly, an unprece-
dented level of TeV emission was detected in the brightest GRB
ever observed to date, GRB 221009A, by the Large High Altitude
Air Shower Observatory (LHAASO) that reported the detection
of more than 64000 VHE ( >0.2 TeV) photons within 3000s of
the burst trigger (LHAASO Collaboration 2023).

The TeV emission can most definitely be attributed to a sepa-
rate spectral component, which is most likely synchrotron self-
Compton (SSC) in leptonic models in which electrons are the
main radiators (see e.g. L. Nava 2021; R. Gill & J. Granot 2022 for
reviews). It cannot be synchrotron due to the maximum energy,
Egyn, max =~ 0.7(1 + z) "'« Ty GeV, to which synchrotron emission
can be produced (P. W. Guilbert, A. C. Fabian & M. J. Rees 1983; O.
C.Jager & A. K. Harding 1992). Here « is the particle acceleration
efficiency which is governed by the balance between shock accel-
eration and radiative cooling of particles at the shock front. As a
result, the GeV emission can show these two overlapping compo-
nents, i.e. synchrotron and SSC. In fact, GeV afterglow emission
detected by the Fermi/LAT shows hardening of the spectral slope
when compared to lower energies but still above the peak syn-
chrotron energy. This is indicative of the overlap of the declining
synchrotron spectrum and rising SSC spectrum, and can be seen
most clearly in GRB 190114C (MAGIC Collaboration 2019b) and
in GRB 221009A (B. Banerjee et al. 2025).

The TeV spectrum of distant sources is affected by three distinct
effects, one external and the other two internal to the emission
region. The external effect includes the absorption of VHE pho-
tons by extragalactic background light (EBL) into producing e*-
pairs. Beyond a redshift of z = 0.08, the Universe starts to become
opaque to TeV photons as they pair produce on the cosmic mi-
crowave background and starlight ultraviolet photons. Internal
to the emission region, the TeV photons can pair produce on
softer photon, with energy Ery < E < Erev, when the optical
depth to y y-annihilation exceeds unity. This mostly affects super-
TeV photons as the optical depth hardly ever exceeds unity for
TeV photons at large distances from the central engine where
the afterglow is produced. Finally, the VHE spectrum is affected
by inefficient inverse-Compton scattering in the Klein—-Nishina
(KN) regime, when the energy of the incoming photon in the rest
frame of the electron exceeds m.c?/ye, where y, and m,. are the
electron Lorentz factor (LF) in the fluid frame and its rest mass,
and cis the speed of light. In this case, the VHE spectrum shows a
spectral cutoff at that energy due to suppression in the scattering
cross-section. Most works account for this internal effect and the
external one.

The KN effect also alters the seed synchrotron spectrum (E.
Nakar et al. 2009; T. E. Jacovich, P. Beniamini & A. J. van der
Horst 2021; G. A. McCarthy & T. Laskar 2024). In particular,
it results in a hard particle distribution above the injection LF
when particles are fast cooling, and consequently a hard spec-
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trum above the injection frequency. Additional spectral break
frequencies are also introduced. GRB afterglows are typically
found in the slow-cooling regime several minutes after the initial
prompt GRB. In this case, KN effects make the spectrum above
the cooling break frequency harder, that results in obtaining shal-
lower light curves, e.g. in the X-rays. These modifications to the
spectrum and light curve affect the canonical closure relations
(i.e. the expected spectral and temporal indices in a given power-
law segment of fast/slow cooling synchrotron emission) and yield
inconsistent results when KN effects are not accounted for. For
example, outflow kinetic energy estimates obtained from X-rays
and GeV afterglows may differ when X-ray emitting electrons
are IC cooled and IC cooling for GeV emitting electrons is KN
suppressed (P. Beniamini et al. 2015).

To make model comparisons with afterglow observations, it
is advantageous to have a fast model-fitting code. This often re-
quires an analytic formalism that comes with several assump-
tions to make the computation faster. When fitting a synchrotron
plus SSC model to observations, the most common assump-
tions include considering only the emission along the line-of-
sight (LOS), sharply broken spectrum with asymptotic spectral
slopes, a step-function treatment of the Compton scattering cross-
section, and simpler radiative transfer with instantaneous escape
of radiation and no adiabatic cooling of particles.

Several efforts have been made using some/all of these assump-
tions to provide a semi-analytic prescription for the calculation of
an SSC spectrum when including KN effects (e.g. E. Nakar et al.
2009; T. E. Jacovich et al. 2021; S. Yamasaki & T. Piran 2022; Y.
Sato et al. 2023; G. A. McCarthy & T. Laskar 2024; C. Pellouin &
F. Daigne 2024). All of these approaches are inherently limited
in accuracy due to the simplifying assumptions that they make.
In particular, as shown in the current work, they all yield a high-
Compton-Y parameter that tends to enhance the energy radiated
in the SSC component. This leads to inferring lower values of
the ratio €/eg, a lower cooling LF, y., and therefore, a lower
vF, peak frequency of the slow-cooling synchrotron spectrum.
In fast cooling, the reduction of v, produces a more extended
low-frequency spectral tail below v,,. When the assumption of
power-law spectrum with sharp breaks is made, the model is
incapable of describing the smooth spectral shape near the break
frequencies that in some spectral regimes are clustered near each
other (see e.g. S. Yamasaki & T. Piran 2022). Typically, such works
also only include emission along the LOS, an approximation that
may be valid for ultrarelativistic spherical flows for which the
emission comes from within a narrow beaming cone of angular
size 1/I" around the LOS. However, this simplification breaks
down in jets with angular structure where the angular size of
the beaming cone may vary with polar angle due to the angular
dependence of the bulk LF, I'(#).

An alternative approach that overcomes these limitations and
improves the accuracy, while avoiding an explicit calculation of
the Compton-Y parameter, is by numerically solving the coupled
kinetic equations describing the evolution of particles and pho-
tons in both energy and time (e.g. M. Petropoulou & A. Mas-
tichiadis 2009; T. Fukushima et al. 2017; E. Derishev & T. Piran
2021; J. P. Hope et al. 2025). In this framework, the full KN cross-
section is used and the KN effect on the particle distribution
and the corresponding modification to the synchrotron and SSC
spectrum is self-consistently accounted for. In addition, this ap-
proach allows for the inclusion of adiabatic cooling of particles
and other non-linear processes that are often challenging to treat

920z Aienige- 0 uo 1senb Aq 80 /Z¥8/1 01 Be1S/S/97S/a101ue/seluw/Wwoo dno olwapese//:sdiy Woll papeojuMO(]



analytically, namely e*-pair production via y y-annihilation and
synchrotron self-absorption. The numerical treatment also al-
lows the integration over the equal-arrival-time-surface (EATS).
Generally, such methods are computationally intensive and
are not suitable for spectral and/or light-curve fitting to
observations.

The two approaches do not always yield consistent results. For
example, J. P. Hope et al. (2025) showed that the SSC cooling rate
obtained with their kinetic approach deviates from the results
obtained with the analytic approach of G. A. McCarthy & T.
Laskar (2024), particularly at early times and low-electron ener-
gies. Similarly, E. Derishev & T. Piran (2021) compared their ki-
netic model results with other approaches finding differences in
the predicted spectrum. Therefore, while analytical approaches
offer vastly superior computational performance, making them
ideal for parameter estimation using Markov Chain Monte Carlo
(MCMC) type analyses, they lack in accuracy when compared
with results obtained from kinetic approaches.

In this work, we propose a semi-analytic approach that ad-
dresses the several issues faced by analytical treatments and
yields more accurate time-dependent synchrotron and SSC spec-
tra with only a modest computational cost and time investment.
Our model solves both photon and electron continuity equations
analytically, assuming a quasi-steady state over time-scales much
shorter than the smallest time over which both distributions are
modified. Our model incorporates the effects of adiabatic expan-
sion and photon escape. Both are often not included in analytic
treatments and modify the broad-band spectrum in important
ways. We numerically calculate the Compton-Y parameter adopt-
ing the exact KN cross-section as well as the SSC spectral radiated
power. Finally, the observed spectrum is obtained by performing
integration over the EATS.

The structure of the paper is as follows: Section 2 describes
the physical model and the underlying assumptions to construct
a semi-analytic model. In Section 3, we first validate our model
by comparing the synchrotron-only emission with the standard
analytic models. Then, we compare our model with a kinetic ap-
proach over a wide dynamical range in time. Further, we demon-
strate that ignoring photon escape and adiabatic escape impacts
significantly on the resulting SSC spectra. Finally, we compare
our model with the standard analytic model for SSC with KN
effects and we discuss the discrepancies. Section 4 presents the
results of fitting the observed emission of the GRB 190114C.
Finally, in Section 5, we discuss our results and summarize our
conclusions.

2 THE MODEL

2.1 Forward shock dynamics in the thin-shell
approximation

We consider the dynamical evolution of an ultrarelativistic, thin
spherical shell propagating through an external medium with
radially stratified number density

—k
n(r) = o (%) , )

where n, is the normalization at 7, = 10'® cm when the index
0 < k < 2. The case k =0 (k = 2) implies a constant interstel-
lar medium (wind) profile, expected to be valid for short/hard
(long/soft) GRBs. The mass density of the external medium is
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then expressed as p(r) = Ar~%, with A = norfm,,, where m,, is the
proton mass. Initially, the shell is coasting at a bulk LF 'y > 1
and starts to sweep up the external medium with mass m(r) =
[47 /(3 — k)] p(r)r® and accelerate it to a proper velocity u ~ uy =
0By, where By = (1 — I';2)V/2. The interaction of the shell with
the external medium produces a double shock structure, where
a forward shock propagates ahead of the shell and shock heats
the swept up material, and a reverse shock propagates through
the ejecta shell and slows it down while extracting its kinetic en-
ergy. During the coasting phase the kinetic energy in the system
resides in both the ejecta and swept up material, such that Ey i, =
(Co — 1)Myc? = [T'(r) — 1]Myc? + u(r)*m(r)c?, where M, is the
baryonic load of the ejecta. Once the shocked swept up mass
reaches m(r) = M, /T, the shell of ejecta and swept up material
must decelerate at the deceleration radius,

r _ (3 - k)Ek,iso 1/G=k)
| Tar Acu? ’

@)

where most of the kinetic energy of the ejecta is transferred to that
of the shocked swept up material. At r > rge, the shell follows
the self-similar R. D. Blandford & C. F. McKee (1976) solution
and its complete dynamical evolution, from the coasting to the
non-relativistic expansion phase, can be obtained from energy
conservation to yield (e.g. A. Panaitescu & P. Kumar 2000; R.
Gill & J. Granot 2018)

Do+l ) 283k \?
rE)=——% \/1+F0+1$3 k+<m) -1 3

with & = r/rgec is the normalized radius. The shell becomes non-
relativistic when & > &,,, where &, = (T'2/3)/3~% establishes
the beginning of the non-relativistic regime with ['(&,,) = 2 (A.
Panaitescu & P. Kumar 2000).

When using the thin-shell approximation, we make the sim-
plifying and explicit assumption that the bulk Lorentz factor
of the fluid behind the shock is the same as that of the shock
front,! i.e. 'y, = . In this approximation, the radial width of
the shock-front in the comoving frame (all comoving quantities
are henceforth primed) can be obtained from particle number
conservation. This yields

A(r) = 4

r
43 —k)r’
The total internal energy density of the shocked fluid just behind
the shock is given by u], (r) = (I' — 1) n’ m,c?, where the number
density of the shocked fluid, »n’, can be related to that of the
external medium by the shock jump condition, so that for a strong

shock

Vadl' + 1
n'(r) = yfd;nzﬂ"n. (5)
Vad_l

when the adiabatic index is described as ,q = (4T + 1)/3T (e.g.
P. Kumar & J. Granot 2003), which equals 4/3 (5/3) for a relativis-
tic (non-relativistic) gas.

'n reality, the ultrarelativistic shock moves slightly faster with 'y, =
V2T, and when making this distinction I'g, should be used to calculate
the shock radius for a given lab-frame time.

MNRAS 546, 1-19 (2026)
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2.2 Non-thermal electrons

2.2.1 Electron injection

The dominant radiation mechanism for the broad-band afterglow
emission in GRBs is synchrotron emission from non-thermal, rel-
ativistic electrons. These are accelerated into a power-law energy
distribution at the shock front, and they are injected into the
emission region at the following rate,

dn/e,inj )

dr’
where g, is the injection rate normalization, and y, and yu are
the minimum and maximum electron LFs, respectively. By as-
suming that a fraction ¢, of the total internal energy density of the
shocked fluid goes into accelerating electrons and taking p > 2,
the LF of the minimal energy electrons can be obtained (R. Sari
et al. 1998),

_ (p—2) mp €e

(p—1me &
where m, is the electron mass and &, represents the fraction of the
total number of shock heated electrons that are accelerated into
a power-law energy distribution. The maximum Lorentz factor
yum is obtained from the equilibrium between radiative cooling,
including SSC, and shock acceleration, as discussed in equa-
tion (23) below.

=q(y.nN=qNy"* Ym(P) <y <yu(), (6)

r-1), @)

Ym

2.2.2 Electron cooling

The relativistic collisionless forward shock amplifies any pre-
existing magnetic field in the external medium, and more impor-
tantly, generates new magnetic field via current-driven instabili-
ties. In the standard afterglow model, it is generally assumed that
a fraction eg of the internal energy density of the shocked fluid
goes into that of the magnetic field, with egu = B”?/8x, so that

int
the strength of the comoving magnetic field is

B(r) = (32mmyc®)"” n'2 *[r(r — ]2 ®)

As the shock-accelerated relativistic electrons gyrate around the
magnetic field lines, they emit synchrotron radiation that cools
the electrons at the rate

. 6rmec
with f = ———.
UTB

©)

2
. Y
ysyn(y) - té(}") s
If synchrotron radiation is the dominant coolant of electrons,
then the LF of electrons that are cooling at the dynamical time,

= [ 1o 10)
T o TR

isgivenby 3" = t/t; . If the same distribution of electrons also
inverse-Compton scatters the produced synchrotron radiation,
the overall cooling rate is enhanced by the Compton-Y parameter,
Yise(¥), so that

2

L 14
= - 1+ Yesc s 11
Vese(¥) e [1+ Ysee(¥)] 11
where (e.g. E. Nakar et al. 2009)
Pc(y)
Yssc = s
) Pon(?) (12)

and Py, and P are the radiated powers in synchrotron and
IC emissions. Finally, as the shell expands, particles are further
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cooled adiabatically by doing PdV work on the shell, for which
the cooling rate is (e.g. C. D. Dermer & M. Humi 2001; M. S.
Longair 2011; J. P. Hope et al. 2025)

y (Jaa — 1) . 1 3lfc 1dlogl
—_d 7 h — = 1— =
Vaa(¥) th,(r) , Wit thy r 3 dlogr
(13)
where|[
dlogl'’  dlogl’ —-3|1 24Ty (T +1)&k3
dlogr ~ dlogé 20 () {T(E) + (Do + Dek3} |

14

Due to the additional cooling by the synchrotron radiation field,
the electron cooling LF is determined from equation (11) and
given by the condition (e.g. E. Nakar et al. 2009, neglecting adia-
batic losses)

P 1+ Y 2] = 2. (15)

The use of the above expression to obtain . is only justified in
the thin-shell approximation, where it is assumed that particles
cool at the same location, in a very thin layer behind the shock,
where they are accelerated. In fact, this approximation is only
truly valid for fast-cooling particles. During most of the afterglow
phase, particles are slow-cooling and the emission is produced
over a much larger volume behind the shock, and y. evolves due
to the evolution in the magnetic field energy density downstream
of the shock. To account for this possibility, some works instead
use an approximate relation téyn = ti(r)/T'(r) (e.g. F. De Colle
et al. 2012; R. Gill & J. Granot 2018), where tj,,(r) = for dr'/B(r')e
is the lab frame time corresponding to the distance travelled by
the thin shell.

2.2.3 Electron distribution

Once electrons are injected inside the radiative zone, their evolu-
tion is governed by the continuity equation,

ony(y,t') 0

o Ty [V ne(y. )] = q.(y. )

_n(y, 1)
(")

where the last term on the R.H.S is for adiabatic density dilution.
The total electron cooling rate is y/,; = Ve + Vag» due to SSC and
adiabatic expansion.

The continuity equation is a non-linear equation and its solu-
tion generally requires a numerical treatment. Here we simplify
it by assuming that for At’ « t/ , wheret/  is the shortest time-
scale over which the particle distribution is modified, the conti-
nuity equation can be approximately treated using a quasi-steady
state approximation, i.e. 9n,(y, t')/0t’ & 0. In this case, it admits
the following solution at a given radius (see Appendix B1.1 for
details)

. (16)

an

’ 1 y}:]w Ie()//)q/e()//)dy’ , Y <Y < ¥Ym
ne(y) =

[Veool (V)] nyM Ie(y/)q:e(y/)dy/ s Ym <V </,

where the integrating factor is

/ 1 V’ 1 "
Loy =ew| - [ o] (18)
tad Y | ycool ()/ " ) |

The solution in the top row gives the particle density of those
particles that have already cooled below yy,(r) to yuy (1), and the
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bottom row yields the solution for all the particles that have
cooled to y > yn(r).

As electrons are injected above y,, they cool and move to lower
energies over a dynamical time due to adiabatic and SSC cooling.
We can estimate the minimal particle LF, y,y(¢'), by equating the
step time, At’, with the time required for electrons to lose energy
from yyy (t' — At') to y (t'),

Af — /Vm/(t’) dy (19)
Yo (' —AL") |Vcool()’)| ’

m

The solution in equation (17) is general and describes the so-
called slow and fast cooling regimes including adiabatic expan-
sion. When cooling is dominated by SSC, the cooling time-scale
is very small compared with the adiabatic time-scale. In that case,
the factor I, ~ 1 and we obtain the well known expression for the
fast-cooling regime (e.g. E. Nakar et al. 2009), with an additional
component below the SSC cooling particles,

a y L yse
() & ey’ s LY <m (20)
1 —p—1
ol AR G

where the strict power laws are valid in the asymptotic regime,
i.e. away from any breaks in the distribution. Similarly, when
adiabatic cooling is the dominant cooling mechanism up to y5*,
with y3° > ypn, then I, o (y/y’)’, and the solution is

a Y < ¥m
ng(y) o {v7F, Ym <y L ¥&, (21)

SsC

1+Yslsc(y>y_p_1 v > Ve

which is the power-law behaviour expected in the slow-cooling
regime with an additional component below yy,. The normaliza-
tion for the electron distribution is obtained from the shock jump
condition, yielding

™™
4r(rn(r) = / dy nj(y,r) . (22)
1

The maximum LF up to which electrons can be accelerated is
determined by comparing the shock acceleration time-scale with

that for radiative losses, i.e. fo. = I,y With i, = L7¢5, where
Nacc 1S the acceleration efficiency, such that
1/2
6men
1+ Y] = () 23)
O'TB

where e is the elementary charge. The Compton-Y parameter de-
clines at high-electron LFs due to the Klein—-Nishina suppression,
and therefore at large y the maximum electron energy can be
simply calculated by taking Ys.(ym) = 0.

2.3 The Compton-Y parameter

The shape of the electron distribution and therefore the shape
of the SSC spectrum are strongly modified by the value of the
Compton-Y parameter when Yi.(y) > 1. The Compton-Y pa-
rameter is defined in equation (12) and can be expressed more
generally for an isotropic radiation field in the fluid frame inter-
acting with isotropic and relativistic electrons, (see Appendix A
for more details)

1 o0 /syn !
[ @ fis (,‘i—) , (24)
0 V

uy(r)

YSSC(Y? }’) =
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Thomson

[ = This work
[ ===- NAS09 (eq. 14)
().()():— ------- Heaviside (Xgkn =1) .o
1073 1072 1071 100 10"
T=v/V

Figure 1. Klein-Nishina scattering kernel for different approximations.
The solid line is the expression provided in equation (25) and used in
this work. The dashed line is the approximation from equation (14) in
E. Nakar et al. (2009). The dotted line is the Heaviside approximation
with Xgn = 1 (see equation 27), which is very crude and employed in most
analytical works.

where uj; = B?/8x is the magnetic field energy density in the
shell, u’j,yn is the spectral energy density of seed synchrotron pho-
tons, and fxy is the KN scattering kernel,

s @ = o [ autr - py (il U= 0]
8Xx

1 ymec? or

. (25)

with X = v//V’. Here V' is defined as the photon frequency beyond
which KN effects become important when the seed photon is
scattered by an electron with LF y,

mec? 1
h y’

V(y)= (26)
(E{c) is the mean energy of the scattered photon, oxy is the KN
cross-section, and h is the Planck constant. In this work, we use
the expression given by equation (A6) for the mean scattered
energy, which we use to calculate fxy exactly (solid black curve
in Fig. 1). When using the approximation (Ejc) ~ (E/c)r/(1 +X)
(e.g. E. Nakar et al. 2009) instead, it introduces small differences
in the value of fxn (dashed black curve in Fig. 1).

The KN cross-section is suppressed for X > Xy as oxy o« E7%,
whereas at X < Xgy it approaches or. A simple approximation
is to consider a step function, with oxy = o7 for X < Xgn and
oxn = 0 for X' > Xgn, which yields fyx = (1 +X)7! for X < Xgn
and fxn = 0 otherwise. This most crude and commonly used
approximation in many analytical works (e.g. E. Nakar et al. 2009;
T. E. Jacovich et al. 2021; G. A. McCarthy & T. Laskar 2024) is

55<55KN,

otherwise , @7)

fn® =
where typically Xxx = 1 and in some works Xgx = 0.2 (S. Ya-
masaki & T. Piran 2022; C. Pellouin & F. Daigne 2024). Fig. 1
shows that the step function is a very inaccurate approximation of
fxn as it severely underestimates the KN suppression for X < Xgn.
We also compare another approximation given in equation (14)
of E. Nakar et al. (2009), which is much closer to the accurate
result.
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Figure 2. Electron time-scales calculated for the fiducial parameters
Eyiso =4 x 10°%erg, Tp =200, ng =0.3cm™3, k=0, € = 107}, g =
1074, p=12.3, 2= 0.43 (dL = 2.45Gpc), ym = 1 x 10%. Where rp is the
radius of the shell from which the emission arrives along the LOS at the
apparent time T and rge is the deceleration radius.

2.4 The Synchrotron-self compton emission

2.4.1 Temporal evolution

The evolution of the comoving photon distribution is described
by the following continuity equation, that accounts for photon
production from SSC emission, photon escape, and dilution of
photon density due to expansion,

o, (n.t) PO n,(nt)  nL(t)
ot hv e i

, (28)

where n/,(v") = 0n’/0V’ is the photon number density per unit
frequency, P5*° = P/*" + P/C is the SSC radiated power per unit
volume per umt frequency, and t; . = 2A'/c is the photon escape
time-scale (T. Fukushima et al. 2017), where the factor of 2 ac-
counts for escape from the two surfaces of the shell when ap-
proximated as a slab of comoving radial width A’. In general, the
above equation is non-linear since the IC spectral radiated power
depends on the photon distribution at any given time t’. However,
when considering this equation over time-scales smaller than the
shortest time-scale in the problem, e.g. the photon escape time,
as demonstrated in Fig. 2 for a set of fiducial afterglow model
parameters, then the SSC spectral radiated power can be approx-
imated to be constant over At’ <« min(t/, Pf cools fag)- Therefore,
we discretize the evolution of the radiation field in the emission
region over steps in radius Ar = I'(r)8(r)cAt’'(r) where proper-
ties of the emission are considered to be constant between r and
r + Ar. In this case, the spectral energy density, u/, = hv'n/,, of
the total radiation field over time At’ can be expressed as (see
Appendix B2 for more details)

ul, (r) ~ [Pe(r)AL + ul,(r — Ar)] x (29)
exp [— AL () (14 (N + 14N 7]

where the first term on the R.H.S is the contribution due to the
newly produced radiation over time step At’ and the second term
is the radiation field in the emission region at radius r — Ar, with
spectral energy density u/,(r — Ar), both reduced by photon es-
cape and diluted by adiabatic expansion. Since the photon escape
time varies with radius, so does the interval At’ which is taken to
be a constant fraction of ¢ (7).

MNRAS 546, 1-19 (2026)

2.4.2 Radiated power

The synchrotron radiated power per unit volume per unit fre-
quency produced by a distribution of electrons can be calculated
by integrating the emission from a single electron over the entire
distribution, such that

YM
P = / dy () P, ). (30)
1

where the synchrotron power per unit frequency emitted by a
single electron accounting for the contribution of all pitch angles
is given by (e.g. G. B. Rybicki & A. P. Lightman 1979)

> V3e*B v ) ., 3 eB
Syn( )= 7cKsyn <7> L with v = 227m cyz’ G
e (]

c

where Ky, is the synchrotron kernel for a single electron given
by Kyn(x:) = (x/2) Jy dasine f(:/sma) dtKs/3(t). The radiated
power per unit volume per unit frequency of IC scattered syn-
chrotron photons by the same electron distribution is given by

3 . /S,Y“
P/IC ZCO_TUIC/ ne (y)/ dv e} F(q, r ) (32)

Yo,1C

hy, L .
where ypc = max (1, - ) and the above expression is valid
g Mec?

only for an isotropic and homogeneous photon distribution.
The last term is the IC’s kernel which includes Klein-Nishina

2
effects Fc(q, T'e) = 2qlog(q) + (1 +29)(1 — ) + 3 {52 (1 — ),
with Te = nf:éz vy and q = %‘th (G. R. Blumenthal &

R. J. Gould 1970). From relativistic klnematlcs q is constrained
to be in the range of 1/(4y2) < q < 1, and therefore using this
condition, the photon integration limits are

1 vy
/ / / IC
vo.o=—y and Vo = ———— . (33)
min 4)/2 max max 1— [
Y Mec?

2.5 The observed spectrum

Due to relativistic and light traveltime effects, photons emitted
from a spherical shell at different radii but from the same angular
distance 6 away from the LOS, or from the same radius but from
different 0, arrive at the observer at different times T. The locus
of points over different radii and 6 forms a EATS, as given by

T ru
T,= —— =t(r)— =, 34
= = (34)
from which emission arrives at the observer at a given time T,
where T, is the arrival time of photons in the cosmological rest
frame of the central engine, 1 = cos 6, and ¢ is the lab-frame time,
as given by

r dr/
o B’

for the radiating shell to arrive at radius r. The observed spectrum
is composed of contributions from Doppler boosted radiation
emitted at different radii and from different parts of the shell
(mainly that originating inside the 1/I'(r) beaming cone around
the LOS), which can be calculated from (e.g. R. Gill & J. Granot
2018)

t(r) = (35)

(1 +z)

F(v,T)= / dw 83w, L, r), (36)
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Figure 3. Comparison of slow-cooling synchrotron spectrum from dif-
ferent models with that obtained in this work in the case when Y5 (v ) <
1, for the following model parameters: Ey js, = 10°? erg, I'g = 200, ng =
1072cm™3, k=0, =101, eg=8x107"2, p=24, T=10%s, z=
1(6.8 Gpc). The figure shows the spectrum from our model after EATS
integration, which is compared with the 3D shocked fluid volume and
EATS integrated spectrum from GS02 and the LOS spectrum from SPN98.
Dashed and dotted lines are calculated using our model but assuming
shorter and longer escape time-scale, respectively. This verifies that our
chosen escape time (solid) is optimal.

where 11; = cosf; and 6; is the half-open angle of the jet, p =
A +zv/' = [T — ﬁ(r)u}]_] is the Doppler factor. The co-
moving spectral luminosity, L/, that escapes from the emitting
region is given by

Ll Y A 2 A w, (v, 1)
L, 1) =dmre A'(r) fesc(r) ACG) (37)
where (see Appendix B2 for more details)
1 —exp(—At'/tl.)
fesc(r) = p—/esc (38)

exp(—At'/tl.)

is the fraction of photons that escape from the emitting region
over time At'.

3 MODEL VALIDATION & IMPROVEMENTS

3.1 Comparison with synchrotron only analytic models

We first validate the accuracy of the synchrotron spectral com-
ponent in our model by comparing it with the standard analytic
model introduced by R. Sari et al. (1998, hereafter, SPN98) and the
improved and widely used prescription developed by J. Granot &
R. Sari (2002, hereafter, GS02). The SPN98 model is an analytic
framework in which afterglow synchrotron spectrum arises from
shock-accelerated electrons injected with a power-law energy dis-
tribution by the ultrarelativistic blast wave. The emission is calcu-
lated only along the LOS without integration over the EATS and
features different power-law segments joined sharply at charac-
teristic frequencies. In comparison, the GS02 model presents a
more realistic approach that incorporates particle adiabatic cool-
ing downstream of the shock and performs EATS integration over
the entire 3D shocked volume behind the shock. It also provides a
prescription for obtaining smoother spectral breaks between the
different power-law segments.

Fig. 3 compares the slow-cooling synchrotron spectrum, with
Yse < 1, from these two models and that obtained from our

SSC modelling of TeV afterglows in GRBs 7
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Figure 4. Comparison between our model (solid lines) and results ob-
tained using a numerical kinetic code (dashed lines). The parameters
used to calculate the spectra are Ey 5, = 4 x 10°3 erg, Ty = 200, ng =
03cm 3, k=0,6=10"", eg =10"%, p=23, ymy =1 x 108, 7 = 0.43
(d = 2.45Gpc). The different spectra are shown at different observer-
frame times T that corresponds to different & = ry,/rgec, Where 1y, is the
radius from which emission arrives at the observer at time T along the
LOS. Both models include SSC, adiabatic cooling (for particles) and den-
sity dilution (particles and photons), and escape of radiation from the
emission region.

model. It shows excellent agreement between our results and
the spectrum obtained from the GS02 model, and confirms that
the thin shell approximation used in this work is sufficient to
explain the synchrotron component. Both of these models do
not consider SSC emission and in particular effects on the seed
synchrotron spectrum due to KN effects. We make comparisons
with numerical models next that do include such effects.

3.2 Comparison with numerical models

Here we consider numerical models that produce the VHE TeV
emission with SSC and include KN effects on both the seed and
IC scattered emission. In particular, we use the numerical model
from Gill et al. (in preparation) that performs kinetic simulations
of the interactions between photons and electrons, including adi-
abatic cooling of electrons, density dilution of both species due to
expansion, and escape of radiation from the emission region. The
observed emission is obtained by performing an integration over
the EATS.

Fig. 4 presents a comparison between the broad-band numer-
ical spectrum and that obtained from our model, for different
observer-frame times T corresponding to different shell radii § =
L/ Tdec, Where 1y, is the radius of the shell from which the emission
arrives along the LOS at the apparent time T. The results from our
semi-analytical model are in good agreement with the numerical
model over the evolution of the afterglow phase, both before
(¢ < 1) and after (¢ > 1) the deceleration radius. Specifically, in
the synchrotron component, both approaches exhibit very similar
spectral shape and flux levels. Only minor differences appear near
and below the location of the peak frequency. When comparing
the SSC component at high energies, our results agree well in
spectral shape, however, small differences arises in the flux level
between the two approaches. The flux in our model is about a
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Figure 5. Comparison of the resulting spectra obtained from the approach used in this work, considering different effects (A) SSC, photon escape and
adiabatic expansion, (B) SSC and photon escape, and SSC with shorter (C.I) and larger (C.II) photon escape time-scales. Thin dashed lines represent
the synchrotron component and dotted lines represent the IC component. We use the following set of parameters g = 1 x 103, np = 1cm ™3, k=0,
€ =107, p = 2.4 and z = 1. For slow cooling, we set eg = 107* and Ej 5, = 1.08 x 10>* ergat T = 2.07 x 10*s. For fast cooling, we set eg = 1073 and

Ejiso = 4.04 x 10°*ergat T = 5.97 x 10%s.

factor of ~1.3 higher than that predicted by the kinetic approach
before the deceleration radius, whereas after the deceleration ra-
dius our model predicts about a factor of ~1.25-1.4 smaller flux.
The good agreement between the two results confirms the validity
of our semi-analytic treatment in describing the time-dependent
evolution of the broadband afterglow emission.

3.3 Importance of adiabatic cooling and photon escape

All analytical works on this topic generally do not include the
effect that adiabatic cooling has on the particle distribution, and
consequently on the SSC spectrum. In addition, all such works
also make the assumption of an infinitely thin shell, i.e. whatever
radiation field is produced at any given time in the fluid frame is
radiated instantaneously. Neglect of both effects lead to signifi-
cant changes in the model spectrum, as we demonstrate here, and
as a result, incorrect inference of the physical model parameters
when comparisons are made with observations. In the following,
we consider three different cases:

(i) Case A: Both photon escape and adiabatic cooling and di-
lution are considered.

(ii) Case B: Only photon escape and no adiabatic cooling and
dilution. Adiabatic cooling is neglected by imposing t,, > At’,
whereby we set ¢, ; to some arbitrarily large time.

(iii) Case C: No adiabatic cooling and dilution, but photon es-
cape at two different rates: (C.I) Escape of photons is made rapid
by artificially shortening the escape time by half; (C.II) photon
escape rate is made slower by making the escape time longer by
a factor of 2.

In Fig. 5, we calculate the SSC spectra for all these cases in the
slow (left panel) and fast (right panel) cooling regimes. We discuss
these cases in more detail below.

3.3.1 No adiabatic cooling and dilution

Adiabatic expansion of the emitting region acts to dilute both
the photon and electron number densities, and it also cools the
electrons. The obvious outcome is a larger overall normalization
of the spectrum, but more importantly case B shows a markedly

MNRAS 546, 1-19 (2026)

larger Y. in the slow-cooling regime. Since the synchrotron spec-
tral radiated power scales with electron density, P;/,Syn o ng(y),
and the IC spectral radiated power scales even strongly, P;, ;- &
n(y )? it leads to a larger Ys.. The enhanced cooling now reduces
the cooling LF of electrons, ¥, o [1 + Yesc(y.)] ™!, and moves the
cooling break to lower energies. A slightly harder spectrum above
V. is also obtained.

The spectrum is not so significantly affected in the fast-cooling
case, apart from having a slightly larger overall normalization.
Only small differences with respect to case A arise due to SSC
cooling dominating completely over adiabatic cooling.

3.3.2 Photon escape

In many analytic works no light travel time effects for the radia-
tion field are included, and all photons from the entire emitting
region arrive at the observer at the same time. In fact, it takes a
finite amount of time, i.e. ~ A/c in the lab-frame, for the radia-
tion field to traverse the width of the emission region. Similarly
to adiabatic expansion, but more importantly, photon escape acts
as a dilution effect on the photon energy density in the emitting
region (see equation 29). A shorter photon time-scale reduces the
fraction of photons that remain within the emission region over a
dynamical time-scale, which reduces the Compton-Y parameter
and increases the observed flux normalization. To assess how the
rate of radiation escape changes the spectra, we compare cases B
and C in Fig. 5.

When comparing the three cases in the slow-cooling regime,
the modification to the SSC peak flux and the IC spectrum are
rather minimal. This also means that the photon escape time-
scale produces a subdominant effect on the IC spectrum when
compared to that produced by adiabatic cooling and dilution. The
normalization of the synchrotron spectrum is changed, however,
which also affects the Compton-Y parameter. A faster rate of
photon escape (C.I) naturally yields a larger normalization of the
synchrotron component over a four times slower rate of escape
(C.II). Thesslightly larger value of Yy in C.IT also shifts the cooling
break to lower energies, which is reflected in the shift of the
spectral peaks to slightly lower energies.
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Figure 6. LOS analytic spectrum from NASO09 for the different values of
Xk~ and for the following set of model parameters: Ej j,, = 1 x 1053 erg,
o =200,np =0.1cm 3,k =0,ec =107}, e = 1073, p=2.3andz =1
at T = 200s. EATS integrated spectrum from our model (solid black) is
shown for comparison.

While large spectral changes are seen in the slow-cooling case,
the overall spectrum in the fast cooling regime is not modified
so drastically. Since particles radiate away their energy on much
shorter time-scales, adiabatic cooling is not the dominant effect
anymore. Faster radiation escape simply leads to a larger overall
normalization of the spectrum.

The example spectra shown in Fig. 5 clearly demonstrate the
effect of accurately accounting for adiabatic cooling & dilution as
well as rate of photon escape. We find that neglecting either of
the two effects leads to significant deviation of the SSC spectra,
particularly for the slow cooling regime.

3.4 Comparison with E. Nakar et al. (2009)

Here we compare our model with the widely used analytic for-
malism of E. Nakar et al. (2009, hereafter, NAS09), which is the
foundation for most current analytic models of SSC emission
with KN corrections. The goal is to show that due to the simpli-
fications in the NAS09 formalism its predicted spectrum deviates
in important ways from that obtained from our semi-analytic
approach.

Fig. 6 shows a comparison of the spectra obtained using the
NAS09 formalism along the LOS with different values of Xgn.
Many works that make use of the NAS09 formalism set Xgn = 1
or Xkn = 0.2, where the latter arguably yields results closer to the
more accurate solution (S. Yamasaki & T. Piran 2022). Alterna-
tively, one can use Xgn = 0.15 that approximates fxy at its mid-
point. As expected, smaller values of Xgy move the energy scale
above which KN effects modify the spectrum to lower energies.
While only small differences are observed between Xgn = 0.15
and Xgn = 0.2, the resulting spectra for Xgx = 1 exhibits a broader
and deeper valley in the synchrotron component, as well as an IC
component that extends to higher energies by at least one order
of magnitude in frequency.

Comparing with our approach (solid black), and specifically
examining the ratio of peak fluxes, it is clear that the two models
predict significantly different spectra. While NAS09 model pre-
dicts Ygse ~ +/(¥e/¥m )?> P €e/€p ~ 10 at the peak, our model yields
Y« < 1. This discrepancy between the two approaches produces
peak frequencies that differ by almost two orders of magnitude,

SSC modelling of TeV afterglows in GRBs 9

which can result in obtaining very different sets of model param-
eters when comparing with observations.

In Fig. 7, we compare the Compton-Y parameter and particle
distribution in the slow (left-panel) and fast (right panel) cooling
regimes. In order to show the asymptotic behaviour of our solu-
tion, and to make the comparison easier with the power-law so-
lution of NAS09, some of the model parameters assume extreme
values that are never realized in GRB afterglows. In general, we
find that our solution of Yy agrees with that of NAS09 and
represents a smoother version of the power-law approximation
obtained in NAS09. However, there are some differences in the
normalizations that arise due to several simplifying assumptions
in the analytic treatment of NAS09 and the additional effects
included in our model. In particular, we find that our model yields
lower values of the Ys. In the Thomson regime, these are within a
factor of 2 to that obtained from NAS09, but in the KN regime the
difference are significant. The comparison of the different break
energies and normalizations are presented in Table 1.

The differences in the Compton-Y parameter affect the particle
distribution and ultimately the observed SSC spectrum. In par-
ticular, particles are able to cool below y. in our model due to
the additional cooling by adiabatic expansion. This introduces an
additional cooled distribution of electrons that scales as N.(y) o
y2, which is similar to a thermal distribution that should form at
mildly relativistic and non-relativistic particle velocities.

Fig. 8 compares the smoother SSC spectrum obtained from our
model to the sharply broken power-law approximation of NAS09.
To normalize the spectrum from NAS09, we use the flux normal-
ization from SPN98, which always shows a larger overall normal-
ization compared to our results (also see Fig. 3). We find that
the spectral shapes of both the KN modified synchrotron spec-
trum and the IC spectrum generally agree with those obtained
from NAS09. However, the locations of the spectral breaks do not
match between the two results. In particular, when comparing
the EATS integrated spectrum (thick black curve) to that obtained
along the LOS (thin black curve), the spectral breaks at v, and
2vpy2 do not align, where the EATS spectrum shows these break
at energies typically larger by a factor of ~8.

4 MCMC MODEL FITS TO OBSERVATIONAL
DATA

To fit our model to observational data, we perform Bayesian
inference of our model parameters that describe the afterglow
light curve and spectrum. We implemented a MCMC sam-
pler employing the open-source Python package EMCEE (D.
Foreman-Mackey et al. 2013). This method is based on the affine-
invariant ensemble sampler proposed by (J. Goodman & J. Weare
2010) which is particularly efficient for exploring complex, high-
dimensional parameter spaces that involve correlated variables,
such as those that described the GRB afterglow emission. Our
likelihood function evaluates the agreement between the fluxes
predicted by our SSC model and the observed data at different
times and frequencies. Then the total log-likelihood function is
given by

2
(B — bRz

1 ,
logl = —EXJ:Z: O‘j,iz

+ ln(Znaj,iZ) N

(39)
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Figure 7. Comparison between our semi-analytic model and the analytic model of NAS09 with Xgn = 0.15, in the slow and fast (case I in NAS09) cooling
regimes. We use the following set of parameters I'p =1 x 10%, np =0.1cm™3, k =0, €. =107}, eg = 1074, p=2.4,z7 =1 (dy = 6.8Gpc), ym = 1012,
The upper panels show the Compton-Y parameter and the lower panels show the electron distribution, both are calculated at r;,. Dashed lines indicate
the expected power-law behaviour of the electron distribution given in equations (20) and (21), as well as the characteristic electron LFs. Left: slow
cooling case, with yim/Pm = 2 x 107 yielding Ej. 5o = 2.48 x 10% erg at T = 2.01 x 10 s. Right: fast cooling case, with yim/Pm = 1 x 107 yielding,
Ej iso = 5.15 x 10%% erg at T = 4.08 x 10°s. Note: Unrealistic physical parameters were chosen in this figure to achieve a large dynamical range between

the different breaks to demonstrate the asymptotic behaviour within them.

Table 1. Characteristic values calculated using different physical effects, obtained from our model at LOS radius
and from the NAS09 formalism. We also include predictions from an analytic which includes radiation escape and

adiabatic expansion.

SLOW COOLING FAST COOLING
MODEL CASE ¥e [10°] Yo [10M] Yrh ¥e [107] Y0 [10°] Yrh
This work A: SSC + ESC + AD 5.25 0.02 9.7 1.48 1.60 20.5
B: SSC + ESC 2.49 0.24 20.2 1.65 1.09 17.1
NAS09 SSC 3.36 2.12 15.2 1.00 259 31.1

syn

p—2
Note.y. = y¢ " /[1 4 Ysc(ye)]- cooling Lorentz factor; yg satisfy Ysc(y0) = 15 npaq = min [1, (%") ] - SSC ra-

diative efficiency; Yrn = ., /frad }; - Thomson Compton-Y parameter.

where [vFu];l}S, [vFv]‘j?fdel, and o;; are the observed flux, the
model-predicted flux, and the flux uncertainty at the i-th energy
data point and j-th observed time, respectively. The posterior
probability is constructed by combining the likelihood with uni-
form priors over physically motivated ranges of the model param-
eters (see Table 2).

Our model is described by Ngpm = 7 parameters, and we
use Nyakers = 21 (i.e. three times the dimensionality). Chains
are initialized around a reasonable set of values of physical
parameters with small random perturbations. We further as-
sume that the priors are uniformly distributed within physi-
cally motivated bounds. In Appendix C, we verify our MCMC
fitting routine by creating and fitting to synthetic afterglow
data.

MNRAS 546, 1-19 (2026)

4.1 MCMC model fits to GRB 190114C

We now apply the MCMC method to fit our model to the mul-
tiwaveband afterglow of GRB190114C (MAGIC Collaboration
2019b), which is the first GRB with a TeV afterglow (MAGIC
Collaboration 2019a). The prompt emission had a duration of
Tore &~ 25s and an isotropic-equivalent gamma-ray energy of
E, iso = (2.54£0.1) x 10 erg at a redshift of z = 0.4245.

For the fit we consider the afterglow spectrum at five different
times, where the actual spectrum at any given time is an average
over some duration AT = T; — T;. Since GRBs are photon starved
athigh energies, and especially at TeV energies, observations have
to be binned over time to obtain a reasonable signal-to-noise ratio.
When fitting the data with our model, it becomes computation-
ally intensive to first average the spectrum over some interval AT.
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as Fig. 7. Thin lines represent solutions considering only the emission along the LOS and thick lines represent the spectra obtained by EATS integration.
Note: Unrealistic physical parameters were chosen in this figure to achieve a large dynamical range between the different breaks to demonstrate the

asymptotic behaviour within them.

Table 2. Uniform prior ranges adopted in the MCMC sampling. All pa-
rameters are sampled with flat priors within the listed intervals. The cho-
sen limits are values typically inferred from GRB afterglow observations
and theoretical considerations.

Parameter Prior range
log;o 1o (cm™3) [-6, 2]

k [0, 2.5]
log; Ex iso (e1g) [52, 57]
log;o o [1, 3.5]
logq €e [—4, 0]
logyo €n [—6, 0]
p (2, 3]

Instead, we take a flux weighted mean time,

(1 _ Cl) TfZ—a _ TiZ—a
(T) = - 1-a

2—« T, —T,

to calculate the model spectrum, where we assume that F, o« T*
and « # 2. The power-law index « is obtained from the observed
light curve. For a reliable estimate we use the X-ray (1-10 keV)
light curve, for which ax = —1.36 £ 0.02 (MAGIC Collaboration
2019b). In addition, we impose a constraint on the deceleration
time of the blast wave, where we set Tye. = 20s which is the
approximate time-scale beyond which the X-ray and high-energy
emission shows a smoothly declining light curve.

Fig. 9 shows the posterior distributions of the model parame-
ters obtained from the MCMC fit. We find that all of the model
parameter are well constrained, with relatively narrow spreads
around their median values. Furthermore, they all exhibit some
degree of correlations that reflects degeneracies between the dif-
ferent model parameters due to insufficient constraints from ob-
servations.

The distribution of the kinetic energy of the blast wave
shows a peak around Ej s, >~ 9.1 x 10°* erg. When compared
with the prompt gamma-ray energy release of E, j, >~ 2.5 x
10° erg, this yields a low efficiency of 5, = E, iso/(Exiso +
E, iso) & 2.7 per cent when compared to other TeV non-bright
bursts that typically show n, ~ 15 per cent when ez ~ 107* (P.
Beniamini, L. Nava & T. Piran 2016).

In most works fitting the multiwaveband afterglow observa-
tions, including the TeV data, a strict assumption for k = 0 or
k = 2 is made as a simplification. In our approach the radial
profile of the external medium density is free to vary during the
fit and is constrained by observations. Here we find that the ex-
ternal medium has a wind-like radial density profile with k ~ 1.7,
where k = 2is expected in the collapsar scenario of long-duration
GRBs under the simplifying assumptions of a constant mass out-
flow from the progenitor star, M = 47 r?pv,, = 107> Mg yr, at
a fixed wind speed of v, = 10°kms™. A power-law index of
k < 2could imply that the medium is not entirely dominated by
a steady stellar wind, but rather by a combination of a wind plus a
uniform medium, or possibly by another kind of wind mass-loss
rate evolution (e.g. P. A. Curran et al. 2009; S.-X. Yi, X.-F. Wu &
Z.-G. Dai 2013).

In Fig. 10, we show the best-fitting (bold curve) spectra and
light curves, along with the same calculated by randomly sam-
pling the posterior distributions to show their spread. Our model
provides a good fit to the overall data. The 10keV light curve is
well explained by the model up to T ~ (3-4) x 10° s, above which
the observations show a steepening in the light curve, which
we interpret as occurring due the jet break. Our model uses a
spherical flow and it is designed to explain the early afterglow
observations when we expect to observe any TeV emission. This
typically occurs before the incidence of the jet break at 0.1d <
T; < 5d. Therefore, the steepening in the light curve due to this
effect is not captured in our model. In the TeV band, our solution
exhibits greater dispersion, which is due to the large error bars in
the MAGIC data. A similar trend is observed in the Fermi-LAT
band. However, the model TeV light curve shows an excellent
agreement with observations. The TeV spectra at later times, par-
ticularly at (Ty) and (Ts), show a steeper spectral trend that is not
fully reproduced by our model. As obtained in E. Derishev & T.
Piran (2021), it appears to require the SSC peak to be at energies
lower than what we find.

We estimate the jet break from the steepening in the X-ray
lightcurve that occurs at approximately T; ~ 3 x 10°s(3.47d).
Using the relationship given by 6; = (T;/ Tdec)2<34;fkk> Iy with
Taec = (1 4 2)rgec/(2cT3) and using the inferred parameters, we
obtain a jet open angle of #; ~ 0.0234 rad (1.34°), which implies

MNRAS 546, 1-19 (2026)
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Figure 9. Posterior distributions of the model parameters inferred from an MCMC fit to the broad-band afterglow observations of GRB 190114C. The
diagonal panels show the marginalized distribution for each parameter and the dashed vertical lines indicate the median value and the 1o confidence

intervals.

a corrected kinetic energy Ej = 67Eis0o/2 ~ 2.5 x 10°' erg. This
opening angle is smaller than previous estimates, which inferred
a wider jet based on a late-time afterglow jet break at ~7d, a
denser and constant circumburst medium (e.g. A. Melandri et al.
2022).

4.2 Comparison with other works

The best-fitting parameters found in this work are compared with
different works in Table 3. It is important to mention that while
we simultaneously fit spectra at five different times, many of
these listed works derive best-fitting parameters by fitting only
a single spectrum. Here we briefly comment on works that used
numerical models whose results may be comparable to our semi-
analytical model.

MNRAS 546, 1-19 (2026)

E. Derishev & T. Piran (2021) performed independent fits to
spectra at two different times with uncoupled model parameters,
resulting in two distinct parameter sets that included some pa-
rameters whose value was fixed a priori. They obtain electron
(and positron) distribution and photon spectrum in the comoving
frame by solving the kinetic equations and, like in this work,
account for particle adiabatic cooling and density dilution for
both photons and particles. In addition, they include the effects of
pair-production due to y y-annihilation and include the radiation
from these secondary pairs. The comoving radiation field is not
EATS integrated, but obtained in the observer frame using EATS
averaged effective coefficients that relate comoving quantities to
that in the observer frame. This amounts to scaling the instan-
taneous comoving spectrum using these coefficients to obtain
the observed spectrum. As shown in Fig. 8, the LOS spectrum is
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fits has been EBL corrected (using A. Dominguez et al. 2011).

Table 3. Comparison of our best-fitting model parameters with those obtained in different works. Notes: M19: (MAGIC Collaboration 2019b), W19:
(X.-Y. Wang et al. 2019), A20: (K. Asano, K. Murase & K. Toma 2020), DP21: (E. Derishev & T. Piran 2021), JR21: (J. C. Joshi & S. Razzaque 2021), F19:
(N. Fraija et al. 2019a, b), FT25: (L. Foffano & M. Tavani 2025), N25: (V. Nedora et al. 2025). We indicate with a 1 those works that either fix the values of
some model parameters a priori and/or manually find the best-fitting parameters and do not use MCMC. In this work, we find k < 2, but we quote an

A, value when assuming k = 2 for comparison with other works.

GRB 190114C

T [s] Ej iso (10%* erg) To no(em™>)(A4) k €(107%) e (1079 p 138 Refs.
87,141, 256, 476, 1250 9.1774 61327287 552008 %1073 1.6710% 473799 3657018 2637002 1 Thiswork
(1.87 x 1072)
[60-110], [110-180] 0.8 - 0.5 0 7 0.8 2.6 1 M19*
100 0.6 300 300 0 7 40 2.5 - w19
80 1 600 (300) 1.0 (0.1) 0(2) 6(8) 9(12)  23(235) 03 A207
90, 145 03 - 2.0 0 ~10 ~27-61 2.5 #1 DP21¢
90, 145 0.3 - (4.6x72) 2 ~11-13  ~26-62 2.5 #1 DP21°
90, 150 4 - (2x1072) 2 33 120 218 1 JR21°
[66-92] 2.0 - 1.06 (6 x 1072) 0(2) 1 5% 1072 2.3 1 F19f
[68-110] 0.63 500 0.2 0 5 50 2.8 - FT257
[60-110], [110-180] 10 600 0.5 0 1 0.1 2.6 1 N2st

similar in spectral shape to the EATs integrated one, and therefore
it is possible to obtain an approximate observer-frame spectrum
by appropriately scaling the instantaneous comoving spectrum.
K. Asano et al. (2020) used an entirely time-dependent kinetic
code (their Method I) from T. Fukushima et al. (2017), similar to
the one used in this work to verify our semi-analytic approach.
They also obtained the observer-frame spectrum by integrating
the comoving spectrum over the EATS. Therefore, we expect the
results of our work to be broadly similar to those from K. Asano
et al. (2020). However, there are some differences between our
approach and theirs. For example, they fix the fraction of shocked
electrons that are accelerated into a power-law energy dissipa-
tion and whose radiation we observe as SSC to & = 0.3 a priori.
This also means that the remaining 1 — & = 0.7 fraction of total
shocked electrons must emit thermal radiation, which has never
been observed in the afterglow phase. For that reason, we make
the standard assumption of & = 1. As pointed out by D. Eichler &
E. Waxman (2005), having this fraction in the range m./m, <
& <1 results in a degeneracy where the same afterglow spec-
trum is obtained when Ey iso = Ey iio/&e, o = nj/Ee, € = &e€y,

and eg = &€}, where the starred parameters are obtained when
§e=1.

Finally, in a recent work, V. Nedora et al. (2025) have devel-
oped a comprehensive kinetic code that includes reverse shock
dynamics and emission as well as jets with angular structure.
Their formulation of the SSC emission is broadly similar to ours.
When fitting to the broad-band spectrum of GRB 190114C using
a spherical shell, they perform the fit over a very coarse grid of
model parameters and fix the circumburst environment to an ISM
(k=0).

As can be seen from Table 3, a variety of model parameters,
some with large dispersion, have been obtained in different works
that employ a variety of methods to produce the SSC spectrum.
In most works the model parameters have been obtained by
comparing the model with the data by eye, and therefore, model
parameter degeneracies are not so clear. In addition, many works
assume an ISM circumburst medium that makes comparison
with our results difficult due to the inherent degeneracies. Even
when comparing our results to only those models that assume a
stellar wind medium (k = 2) and use kinetic approaches (e.g. K.

MNRAS 546, 1-19 (2026)
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Asano et al. 2020; E. Derishev & T. Piran 2021), there is no strong
consensus.

An exception are MAGIC Collaboration (2019b) and V. Ne-
dora et al. (2025), they fit two observed time intervals simulta-
neously, however, their analysis assumes an ISM (k = 0), and
naturally their inferred model parameters differ significantly
from ours, particularly in the larger value of the ratio €./eg ~
875-1000. In general the rest of models listed, for ISM medium,
predicts €./eg ~ 10-10000 ratios and lower Ej j5, respect to our
results.

On the other hand, when comparing our results only with
those models that assumes a stellar wind medium, k = 2, and use
kinetic approaches (e.g. K. Asano et al. 2020; E. Derishev & T.
Piran 2021), our results are closer with their findings with some
deviations. For example, our finding indicates €./eg ~ 126 and
Epriso & 9.1 x 10> erg, this is in contrast to the assumed lower
value Ey 5o ~ 3 x 103 erg and e./eg ~ 17-50 by E. Derishev &
T. Piran (2021). Similar, K. Asano et al. (2020) assume Ej jso ~
1 x 10>* erg requiring €./eg ~ 67 and I'; = 300 which are lower
values respect to our finding. Such discrepancies among different
works even for the same circumburst environment and similar
numerical treatment may arise due to parameter degeneracies as
indicated by our MCMC sampling. In terms of Ej iso, ['9, p our
results are similar to V. Nedora et al. (2025) but they assume k = 0
and find €. /eg = 1000.

5 SUMMARY & DISCUSSION

Our findings demonstrate that our proposed semi-analytic ap-
proach effectively captures the temporal evolution of the SED,
before and after the deceleration radius, with results very simi-
lar to that obtained using a numerical kinetic code (see Fig. 4).
Furthermore, we demonstrate that neglecting the effect of adi-
abatic expansion and adopting different radiation escape time-
scales significantly modify the resulting spectra. In particular, this
omission causes a substantial overestimation of the SSC flux com-
ponent and modifies the spectral shape due to an incorrect pre-
diction of the characteristic frequencies in both the synchrotron
and the SSC components, especially in the slow-cooling regime
(see Fig. 5).

When we compared our model with the analytical formalism
of NAS09, we found significant discrepancies between the two.
These arise due to some simplifications in the NAS09 formalism
that ignores the effects of adiabatic cooling, dilution of the radi-
ation field due to expansion, a finite rate of photon escape, and
EATS integration. Furthermore, we find that there is no config-
uration within our framework that is fully equivalent to NAS09,
because they assume that all SSC photons escape instantaneously
as they are produced at some radius r. In contrast, escaping pho-
tons take a finite amount of time (on the order of the light crossing
time of the shell) in our model, and hence only a fraction of
all photons produced at radius r are able to escape. As a conse-
quence, we find that the NAS09 approach tends to overestimate
the actual Compton-Y parameter and the SSC flux (see Figs 7
and 8), which has implications for the correct estimation of the
physical parameter values when it is applied to fit observational
data.

Moreover, spectral shape discrepancies between NAS09 and
our model are not solely due to the aforementioned effects. They
also arise from an oversimplified approximation of the scattering
kernel that smoothly transitions from the Thomson to the KN
regime over three orders in magnitude of the argument of the

MNRAS 546, 1-19 (2026)

kernel, given by the variable Xgy (see Fig. 1). We showed that the
widely used step function approximation cannot properly capture
the actual behaviour of the Compton-Y parameter (see Fig. 7). It
makes the spectrum in NAS09 very sensitive to the value of Xgy at
which an abrupt transition from the Thomson to the KN regime
is made, as shown in Fig. 6. This artifact can be remedied by
adopting better approximations of the scattering kernel that may
offer more accurate results while keeping the treatment analytic
(Aguilar-Ruiz et al., in preparation).

We applied our formalism using MCMC to fit the observed
afterglow spectra and light curve of GRB 190114C. We inferred a
value of Ey ;5o & 9.1 x 10°* erg for the isotropic-equivalent kinetic
energy, which suggests that this GRB is more energetic than what
was previously shown by other works that assume k = 2 and find
Episo S 4 x 10%* erg. Such high E i, in this GRB puts it closer to
GRB 2210094, a.k.a the BOAT, which was the brightest of all time
GRBs that had a kinetic energy budget of Ey jso ~ 2 x 105 erg for
a jet with a shallow angular profile (R. Gill & J. Granot 2023;
B. O’Connor et al. 2023). It was also the brightest in the TeV
band with more than 64000 photons detected at E > 0.2 TeV
(LHAASO Collaboration 2023). In light of this, our results suggest
that afterglow TeV emitters require large Ej j5, energy budgets to
power the TeV emission and that they may represent the extreme
class of GRBs. In addition, these GRBs also tend to exhibit high
prompt gamma-ray fluences that form a rare subset around 1
per cent of all GRBs (K. Noda & R. D. Parsons 2022).

Our modelling self-consistently finds a value of k = 1.67 for the
power-law index of the external medium density, which supports
its wind-like nature that is expected in collapsar driven GRBs
over an ISM. Since we find k < 2, it also opens up the possibility
that the external medium is not entirely dominated by a constant
stellar wind, and may support either a non-uniform mass outflow
rate from the progenitor star or a combination of a stellar-wind
and an ISM (e.g. N. Fraija et al. 2019a, b), with the former transi-
tioning into the latter at large distances from the central engine.
Finding a value for k different from the generally assumed fixed
values of k = 0 and k = 2 also underscores the need to treat it
as a free parameter when comparing with observations. Since
afterglow parameters are generally degenerate, fixing the value
of k, although convenient, may lead to an inaccurate inference
of the other model parameters. This is supported by the poste-
rior distributions that we obtain from our MCMC fit that shows
correlations between the external medium properties and the jet
dynamical parameters.

One of the largest uncertainties in the physics of afterglow
shocks is the fraction of energy in the shocked fluid that goes
into the radiating electrons and magnetic field. Note that our
model assumes constant microphysical parameters, however,
some works suggest that allowing €. and eg to evolve with
time may affect the temporal and spectral properties of GRB
afterglows (e.g. N. Fraija et al. 2024). Here we find both val-
ues, with €, >~ 4.6 x 1072 and eg =~ 3.6 x 1074, that agree with
canonical expectations. In the Thomson regime, the value of the
Compton-Y parameter for a slow-cooling spectrum is given by
Yin = (ve/vm)?PY%(e./€p)"/? ~ 2, where we have used the value
of p=2.63 from our fits and the critical frequencies from the
first two spectra shown in Fig. 10. This estimate agrees with the
spectra of GRB190114C at those times. The X-ray data in this
GRB does not provide strong constraints on the ratio v /vy, which
can be used to constrain the ratio of ¢./ep for a given Y, =
(vE, ic/(VF,)syn When KN effects are absent. This result is also
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strictly valid when adiabatic dilution is ignored, which otherwise
produces a lower Yry,.

The microphysical parameters ¢, and e are correlated, and
our results indicate a ratio of €. /eg ~ 127. This ratio is generally
higher by a factor of ~2-5 to those found by other numerical
works that assume k = 2. However, comparing with analytical
results of J. C. Joshi & S. Razzaque (2021) who report €./eg ~
2.75, our results are almost two orders of magnitude higher. These
differences may largely arise due to the missing effects in their
analytic treatment, namely adiabatic cooling of particles and
dilution of the radiation field. Nevertheless, our findings agree
with the recent study by P. Tiwari et al. (2025), who modelled
two decades of GRB afterglow observations (220 GRBs) using a
kinetic approach and found preferred values of the microphysical
parameters €, ~ 0.1 and eg ~ 1074,

Our current formalism only explores the afterglow emission
from a spherical blast wave. GRB jets have been shown to have
angular structure (e.g. R. Gill & J. Granot 2018; P. Beniamini,
J. Granot & R. Gill 2020; R. Gill & J. Granot 2023) which is a
natural outcome of their interaction with the confining medium,
i.e. the stellar material in the case of collapsar produced GRBs
(e.g. O. Gottlieb, E. Nakar & O. Bromberg 2021). Therefore, it be-
comes important to properly account for the jet structure, which
was shown to be critical in explaining the afterglow of the TeV
bright GRB 221009A (B. O’Connor et al. 2023). Some attempts
have been made to include it in calculating the SSC emission by
J. P. Hope et al. (2025), who used a kinetic code and discretized
the energy structure of the jet into several uniform zones while
keeping the same initial bulk Lorentz factor in all. Kinetic codes
are typically very computationally expensive and do not allow
performing MCMC fits over a vast parameter space, which be-
comes even more prohibitive for a jet with angular structure both
in energy and bulk Lorentz factor. Since our current formalism
is semi-analytic, it easily allows for incorporating more complex
jet structures while maintaining acceptable computation times.
This will be a topic of a future work (Aguilar-Ruiz et al., in
preparation).

The number of TeV bright GRBs have grown after the dis-
covery of GRB190114C, which now makes it possible to better
constrain the afterglow shock physics by including the additional
constraints provided by the TeV emission. Future discoveries will
indeed assist in answering the question of what really makes
GRBs TeV bright.
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APPENDIX A: COMPTON PARAMETER
DERIVATION

Al Compton’s energy loss rate

The interaction rate of a single electron passing through a photon
radiation field, in the electron’s rest frame, is given by the expres-
sion
dN//
dt//
where ng”(E”, Q")dE"dQ” and do”gy are the differential pho-
ton distribution of the radiation field and the full differential
cross-section for Compton scattering which includes KN ef-

fects, respectively. Using invariant quantities, W =
i (E',Q)dE'dQ

— / CnE//(E//’ Q//)dE//dQ//dg/,KN, (Al)

,N.” = N and do"xn = doygy, the interaction rate is
transformed to the comoving fluid frame as

dN, 1dN,
_ L1dN. A2
ar ~ yar 2
, , dO’C
—c f dE'dQ ni(E', Q) (1 — Bopt) dEjdQe ————. (A3)
d ICdQIC

where 8. = /1 — 1/y2 is the velocity of the colliding electron in
units of the speed of light and 1 = cos 6, is the collision angle
between the electron and the incident photon. The energy loss
rate of a single electron is given by the expression

dNe

T (Elc —E') . (A4)

Ic(y) =

= cf dE'dQ ni(E', Q) (A — Bet') [(Erc) — E']oxn(k"), (AS)

where (Ejc) = 1. [ dB{cdSc Eic gt
scattered photons. After performmg the integration, this expres-

sion becomes (see C. D. Dermer & G. Menon 2009)

7”2 7"
30p [k<(1+2k)3—1>+ e

is the mean energy of

E/ — 2 1—
( IC> Y MeC { Sk,,SO_KN 3 (1+2k//)3

2k (k//Z — k' = 1)

L+ 2k + log(1 + 2k”)i| } ,

where k" = y(1 — B.i') E/(mcc?) is photon energy in the elec-
tron’s rest frame normalized by the electron rest-mass energy.

Similarly, the total Compton cross-section is defined as oxn =
J dE{cdQi¢ d;”% and after integration it takes the following ex-

pression (see G B. Rybicki & A.P.Lightman 1979; C. D. Dermer &
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G. Menon 2009)

3 oT
ORN = gw (A7)
2k//2(1 + k//) k//Z —2k" =2
4 log(1 + 2k") | .
|: + (1 + 2k//)2 k’ Og( + )

In the case of an isotropic photon distribution and ultrarel-
ativistic electrons, y > 1, the energy’s loss rate of an electron
crossing an isotropic radiation field is given by

Bo(y) = c [;° dB np(B)) [ dn 52 [(Efc) — Bl oxn(K").
(A8)

A2 Compton-Y parameter for an isotropic photon
radiation field and ultrarelativistic electrons

The Compton-Y parameter, Yy, is defined by equation (12) as
the ratio of energy losses of Compton scattering and synchrotron
emission, both produced by the same electron population. Taking
equation (A8) for Compton energy losses and synchrotron energy
losses, given by

Pn(y) = GTC upy’p; . (A9)

in the case of ultrarelativistic electrons, S ~ 1, hence, the
Compton-Y parameter takes the expression

Pic(v)

Yise =
)= Pin(¥)

(A10)

© w30 - ) oxn(k")
= dv’ -~ du———= |{Ejo) — | ——=, Al2
fo ' Uy ./—1 a 8hv'y? [< IC> U] oT ( )

Expressing the above equation in terms of synchrotron photon
frequencies v’ and V' (see equation 26) and using the differential
energy density u/, = hv' n,, the general expresion of Compton-Y
parameter for relativistic electrons takes the form

1 [ v/ 1 v
Yoee(¥) = LT’,/O dv'u, |:fKN1 (ﬁ) + ?fKNz <§>:| (A13)
B

where we define the last two quantities as

1 / X(1—p)
fon, (%) = gi Y ana - (EIC)Z Uc(x . ) . (A19)
X J_1 ymecC oT
1 X(1— )
fon, ) = §/+ du( —M)M,
8 -1 oT

with X = % In general, when (Efc> > hy', the second term can
be neglected.

APPENDIX B: CONTINUITY EQUATION

B1 Electron continuity equation

The evolution of particles in time and energy is governed by the
continuity equation. Assuming that particles neither escape nor
undergo further acceleration, the electron continuity equation in
the fluid’s comoving frame is written as

n(y.t)

ong(y,t")
Tﬂ‘a*[n ) Veoa(y 0] = @y ) = =5 G5 4BD)
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where y/ ; is the total cooling rate, t,,(¢') is the adiabatic time-
scale, and q.(y,t) is the injection rate of electrons, which in
general is assumed to be

O’ny(y, 1)

<y <yu. B2
o0y Ym <Y < (B2)

=q.(y, t)=qyt)y P

B1.1 Steady state solution

If neither cooling nor adiabatic expansion modifies the elec-
tron distribution in a small interval of time, i.e. when At’ «
min(t/,;, t,4) such that, n,(y) remains roughly constant in the
time interval [t', t’ + At’], the electron distribution can be treated
as quasi-steady. In this case, the continuity equation is reduced to

a first order differential equation, such that

ne(y.t)
()

This equation admits two solutions determined by the condition

of whether y > yp, or y < ym. In the following we present both
cases.

0
- a [nle()” t/) |yc/001(ys t/)l] = q/e(ys t,) - (B3)

Solution fory > y,: This equation can be solved, using a stan-
dard method for solving first ordinary differential equation, and
taking the the boundary condition as n.(yy) = 0, the solution is

/ 1 VM 4 / ! 4
n(y) = 7/ VLY, y)AdY', Yo <V <M,
VeI Sy
(B4)

where the function I.(y’, y) is the ratio of the integrating factors,
given by

, y' d)///
L(y'.y) =exp —/ T o | (BS)
Y tadlycool(y )I

Using integral properties, this factor can be expressed as
L&, y)= gee(g;%) which is particularly useful for numerical im-
plementation. The above solution matches to the independent-
time electron escape solution (see equation C10 in C. D. Dermer
& G. Menon 2009), therefore, analogous to that case, the function
L(y’, y) can be interpreted as the probability to an electron with
LF, y’, cools down to y before it lost energy due to adiabatic
expansion.

Solution for y < yp,. In this case the continuity equation also
have a solution given by

™M
— .Y, y)dY', ¥ < Vm (B6)
Voo o

n(y) =
where the normalization constant can be determined by connect-
ing both solutions at yy,.

B2 Photon continuity equation

The evolution of the photon distribution is described by the con-
tinuity equation, where photons are added due to SSC emission
and removed by the escape term, and the distibution is diluted by
the adiabatic term,

on, (v, t") _ PV, t) 3 n,(',t) 3 n, (v, t)
ot’ hv' t!

’
esc tad

; (B7)
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where P;* is the SSC radiated power per unit volume and fre-
quency, and /. and t;; are the photon escape and adiabatic ex-
pansion time-scales. We solve this equation by discretizing it over
a time-scale At'(r)™' « t{ (1)~ +/4,(r)~*, and during which it
is assumed that the spectral radiated power and the rates of
escape and adiabatic dilution remain constant. Under these as-
sumptions, the solution can be obtained using the integrating

factor method, such that
P‘?SC (t/ ) t
h\)/ t

0

n, () = [n;,(r(;) + L(t, t{))dt’i| (BS)

1
L(t,t)
where I, is the integrating factor given by
L ) =exp[ (vt +d) ar] (BY)

for At =t' — t;. The photon distribution has a trivial solution,

P/S/SC !
n,(t') > exp[— (t'oe + 1) AL'] [n/v,(t’ - A)+ “hv(,t)At’} .
(B10)

where the exponential term gives the fraction of the photons that
remain in the emission region over time At’. The first term inside
the second square bracket represents the photon distribution that
was injected from the previous discretized step, and the second
term represents the newly produced SSC photons during time
At

Finally, the observed spectral flux will be determined by pho-
tons that escape from the emitting region after time At’, which
escaped spectral power is given by

P‘:/ An(}, ﬁ//
P = S = - exp(— A/ O1 L (B11)

where 71}, = n/,(t") exp(At'/t;.).

€esc

B3 Numerical methodology

The numerical methodology used to solve the continuity equa-
tions and compute the observed flux is described as follows:

(i) Shell conditions: For any radius, we start by calculating the
physical quantities that define the shell at radius r, i.e. B, A’, n,
A, 1y, the, and ym.

(ii) Quasi-steady state solution: For each radius in the range
Tveam < I' < I 0s, the time-step is set according to the condition

At/ < min (tésc’ ti/id’ té,cool) ’

where rpeam is the beaming cone radius and r g is the line-of-
sight radius. The electron and photon distributions are then ob-
tained iteratively at each radius following these steps:

(a) Calculate the Compton parameter, Y.(y, 1), using
equation (24), where the synchrotron photon energy density
is given by equation (29), this equation includes the contri-
bution from the previous step, u;"(r — Ar) and the newly
injected synchrotron photons, j2" given by equation (30).

(b) Calculate the steady-state electron distribution using
equation (17), and normalize it using equation (22).

(c) Update the synchrotron spectral radiated power and
the photon energy density using equation (30) and equation
(29).

(d) If the error in Compton parameter is less than the 5
per cent finish the iterative method, otherwise go to step (a)
and repeat every step.
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(iii) Pre-calculation of escaped luminosity: After convergence is
achieved, compute the comoving spectral luminosity of escaping
photons, L°(V', r), using equation (37) and store the results.

(iv) Observed flux calculation: Finally, the observed flux
is obtained by integrating the comoving escaped luminosity,
L%¢(v', r), over the EATS for each observer time of interest, using
equation (36).

APPENDIX C: MCMC FIT TO SYNTHETIC
AFTERGLOW DATA

To test our MCMC sampler we perform a fit to synthetic spec-
tra observed at two different times. We use the values assuming
an early evolution of the afterglow spectra (T = 100s and T =
300s). The synthetic data was created taking 32 points covering
the energy range between 10 and 5 x 10'? eV and assuming each

MNRAS 546, 1-19 (2026)

point has an uncertainty equal to 10 per cent of the central value.
Fig. C1 shows the posterior distributions with the best-fitting
model parameters and the model spectra calculated by randomly
sampling the posterior distributions. The five inferred parameter
values from the MCMC are in excellent agreement within 1o of
confidence level around the true value. The remaining two cor-
related parameters, i.e. no and k, are not so well constrained due
to the sparse data that did not include the peak of the lightcurve,
which would have constrained the deceleration radius. This limi-
tation is common for GRB afterglows observations as early multi-
band data are not available in geneal. Nevertheless, our best-
fitting values for these parameters are close to their true values.
Therefore, we conclude that our MCMC sampler is reliable and
capable of inferring the physical model parameters from broad-
band spectral data.
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Figure C1. The upper panel shows the posterior marginal probability distribution resulting of ran our MCMC sampler to fit synthetic data, blue crosses
indicates the true values, and vertical lines indicates the median and the 1o confidence level. The bottom panel shows the synthetic data create for times
T =100s and T = 200s for the following parameters Ey j, = 1 x 10%* erg, o = 500, np = 0.3cm™3, k =0, €, = 107, eg = 1073, p = 2.5, = 0.43
(dL = 2.45Gpc) and the set of solutions within 1o of confidence level.y, (')
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