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A B S T R A C T 

Time-resolved linear polarization ( � ) measurements of the prompt gamma-ray burst emission can reveal its dominant radiation 

mechanism. A widely considered mechanism is synchrotron radiation, for which linear polarization can be used to probe the 
jet’s magnetic-field structure, and in turn its composition. In axisymmetric jet models, the polarization angle (PA) can only 

change by 90 

◦, as � temporarily v anishes. Ho we v er, some time-resolv ed measurements find a continuously changing PA, which 

requires the flow to be non-axisymmetric in at least one out of its emissivity, bulk Lorentz factor, or magnetic field. Here, 
we consider synchrotron emission in non-axisymmetric jets, from an ultrarelativistic thin shell, comprising multiple radially 

expanding mini-jets (MJs) or emissivity patches within the global jet, that yield a continuously changing PA. We explore a 
wide variety of possibilities with emission consisting of a single pulse or multiple o v erlapping pulses, presenting time-resolved 

and integrated polarization from different magnetic field configurations and jet angular structures. We find that emission from 

multiple incoherent MJs/patches reduces the net polarization due to partial cancellation in the Stokes plane. When these contain 

a large-scale ordered field in the plane transverse to the radial direction, � al w ays starts near maximal and then declines over 
the single pulse or shows multiple highly polarized peaks due to multiple pulses. Observing � � 40 per cent (15 per cent) 
inte grated o v er one (sev eral) pulse(s) will instead fa v our a shock-produced small-scale field either ordered in the radial direction 

or tangled in the plane transverse to it. 

Key words: magnetic fields – polarization – radiation mechanisms: non-thermal – relativistic processes – gamma-ray burst: 
general. 
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 I N T RO D U C T I O N  

espite many efforts over the last several decades, the exact radiation
echanism that produces the band-like (Band et al. 1993 ) non-

hermal spectrum of prompt emission in gamma-ray bursts (GRBs)
emains poorly understood (see e.g. Kumar & Zhang 2015 , for
 re vie w). The tw o most f a v oured mechanisms are optically thin
ynchrotron emission from relativistic electrons with power-law
nergy distribution (e.g. Sari & Piran 1997 ; Daigne & Mochkovitch
998 ; Genet & Granot 2009 ; Rahaman, Granot & Beniamini 2024 )
nd inverse-Compton scattering of softer seed quasi-thermal photons
e.g. Thompson 1994 ; Ghisellini & Celotti 1999 ; Giannios 2006 ; Gill
 Thompson 2014 ; Thompson & Gill 2014 ). Spectral modelling of

rompt GRB emission alone has pro v en insufficient in discriminating
etween these two radiation mechanisms (e.g. Gill, Granot & Beni-
mini 2020b ). One promising tool that could break this de generac y is
inear polarization (see e.g. Gill, Kole & Granot 2021 , for a re vie w).

Linear polarization can also be used to better understand our
iewing geometry, the jet’s angular structure, and for synchrotron
mission also the jet’s B -field configuration. Time-integrated (Granot
 E-mail: rsgill.rg@gmail.com (RG); granot@openu.ac.il (JG) 
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003 ; Lyutikov & Blandford 2003 ; Toma et al. 2009 ; Gill, Granot &
umar 2020a ) and time-resolved (Gill & Granot 2021 ) polarization
odels for synchrotron emission from axisymmetric outflows have

een presented in many works. In this case, due to the azimuthal
ymmetry of the emissivity, bulk Lorentz factor (LF) � and the B
eld in the emitting region, the net polarization angle (PA) θ� 

can
nly align with two directions, either along the line connecting the
bserver’s line of sight (LOS) to the jet symmetry axis or transverse to
t, regardless of the emission mechanism. Consequently, the change
n PA can only be �θ� 

= 90 ◦. One way this symmetry can be
roken is when the observed region of angular size 1/ � around our
OS contains an ordered B field. That can lead to a gradually and
ontinuously changing PA (Granot & K ̈onigl 2003 ; Wang & Lan
023a , b ). 
Time-resolved polarization measurements in GRB 170114A by

OLAR did hint at a continuously evolving PA (Burgess et al.
019 ; Zhang et al. 2019 ). Similar changes, albeit integrated over
arger time-bins, have also been seen (with modest significance) in
ome other GRBs (Yonetoku et al. 2011 ; Chand et al. 2019 ; Sharma
t al. 2019 ). Axisymmetric jet models cannot explain a continuously
hanging PA, and hence the need to develop non-axisymmetric
odels of prompt GRB polarization. Non-axisymmetric jet models
ere discussed in many earlier works (e.g. Shaviv & Dar 1995 ;
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ruzinov & Waxman 1999 ; Granot & K ̈onigl 2003 ; Lyutikov &
landford 2003 ; Nakar & Oren 2004 ; Lyutikov 2006 ; Lazar, Nakar
 Piran 2009 ; Narayan & Kumar 2009 ; Zhang & Yan 2011 ; Huang &
iu 2022 ). In many cases, this was in the context of GRB afterglows,
here the emission at any given observed time originates from several 
ini-jets (MJs) or patches within a larger collimated outflow or global 

et. Such patches or MJs can vary in emissivity, bulk- �, and/or B -field
tructure according to some distribution as a function of polar angle 

and azimuthal angle ϕ measured, respectively, from and around 
he jet symmetry axis. 

In this work we generalize a model of time-resolved prompt GRB
olarization introduced in Gill & Granot ( 2021 ) to include several
Js / patches, and demonstrate how a continuously varying PA can 

e obtained for different jet structures and B -field configurations 
hen the emission mechanism is synchrotron radiation. The MJs 

nd patchy shell models are discussed in Section 2 . The formal-
sm for calculating time- and energy-dependent pulse profiles and 
inear polarization from an axisymmetric ultrarelati vistic outflo w 

s presented in Section 3 . In Section 4 , we present our model of
on-axisymmetric jets including MJs or patches and calculate the 
olarization evolution o v er a single pulse. In Section 5 the single
ulse formalism is used to obtain the polarization properties of 
ultiple o v erlapping pulses. Our conclusions are giv en in Section
 along with a discussion of existing time-resolved polarimetric 
bservations and their interpretation within our model. In the Ap- 
endix, we present results for several additional cases to capture the 
ariety in polarization evolution expected in the scenarios explored 
ere. 

 M J S  A N D  PATC H Y  SHELLS  

ultiple mutually-incoherent emitting regions can arise within the 
perture of the global jet because of some kind of hydrodynamic 
r hydromagnetic disturbance. The most likely nature of this dis- 
urbance depends on the outflow composition (see Section 3.1 ), 
.e. whether it is kinetic-energy-dominated (i.e. weakly magnetized) 
n which case it is ascribed to internal shocks between different 
hells launched by the central engine, or Poynting-flux-dominated 
i.e. strongly magnetized) where a magnetohydrodynamic (MHD) 
nstability can produce it. In both cases, the distinct emission regions 
an be envisaged either as individual blobs or MJs with mutually 
istinct properties or patches that are assumed (for simplicity) to 
ary only in emissivity. The MJs can vary in their angular structure,
.g. uniform top-hat MJs or MJs with a core and power-law wings.
he distinction between MJs and patches disappears when the global 

et is uniform in bulk- � and the MJs have a top-hat angular profile. 
In general, the emitting blobs can be moving into random direc- 

ions with a distribution of LFs γ ′ 
b in the mean outflow (local centre of

omentum) rest frame, which itself is moving with bulk LF � � γ ′ 
b 

Lyutikov & Blandford 2003 ; Lyutikov 2006 ; Lazar, Nakar & Piran
009 ; Narayan & Kumar 2009 ; Beniamini & Granot 2016 ; Granot
016 ). As a result, a given observer will only receive emission from
 fraction of the total number of such blobs whose beaming cones (of
ngular size ∼1 / �γ ′ 

b in the lab-frame) point towards the observer. 
his also implies that emission from multiple blobs can be observed 
ithin the 1/ � beaming cone of the outflow around the LOS. 
Here we adopt a simpler scenario (Kumar & Piran 2000 ), where

e ignore the random motions of the emitting regions away from the
adial direction in the fluid frame, and instead assume that the MJs and
atches propagate radially. The angular size of the emitting regions, 

¯ ∼ 1 / �, is dictated by causality, where � is the local bulk LF of the
ow. Regions separated by angular scales much larger than 1/ � must
emain causally disconnected. Therefore, the total number of MJs or 
atches is limited to, e.g. N ∼ ( �θ j ) 2 for a top-hat global jet with
alf-opening angle θ j . Since the observed angular size of the flow,
et by the beaming cone, is also ∼1/ �, no more than a single MJ or
atch can be observed fully from within its beaming cone. Ho we ver,
ultiple such regions can be partially observed, from outside of their

eaming cones, depending on their distribution and co v ering factor.
ontribution to the observed emission from neighbouring patches 

hat lie outside of the beaming cone, as shown in later sections, must
rrive later due to the angular time delay and must also be suppressed
ue to Doppler de-beaming. 
Prompt GRB emission shows strong temporal variability on a 

imescale t v � t GRB where t GRB is the total duration of the prompt
mission. This can be readily attributed to multiple shell collisions in
he internal shock scenario, but in general may require more elaborate 

odels, e.g. relativistic turbulence (Lazar, Nakar & Piran 2009 ) or
agnetic reconnection (Lyutikov 2006 ). 

.1 Magnetic field 

o calculate the linear polarization, we need to know the structure
f the magnetic field in the emission region. Here we consider
our physically moti v ated structures (e.g. Gill, Granot & Kumar
020a ): (i) B ord : an ordered B -field in the plane transverse to the
adial direction and having a coherence length angular scale larger 
han that of the beaming cone, such that θB � � 

−1 (Granot 2003 );
ii) B ⊥ 

: a shock-generated tangled (randomly oriented) B -field with
B � � 

−1 also constrained to be in the plane transverse to the
adial direction (Granot 2003 ); (iii) B � : an alternative to the previous
ase and a generalization of the shock-generated field, where the 
eld is now ordered in the radial direction (Granot 2003 ); (iv) B tor :
n axisymmetric globally ordered toroidal field that is expected to 
rise in PFD outflows (Lyutiko v, P ariev & Blandford 2003 ; Granot
 Taylor 2005 ). Please note that apart from B ord , the other field

tructures possess global axisymmetry w.r.t the jet axis. 
Large-scale ordered B -field configurations, such as B ord and B tor ,

ersist in Poynting-flux-dominated outflows. Near the jet launching 
adius the B -field is anchored either in the accretion disk and/or
 rapidly rotating magnetar (e.g. Spruit, Daigne & Drenkhahn 
001 ). Since the poloidal component of an axisymmetric field 
eclines much more rapidly with radius ( B p ∝ R 

−2 ) in comparison
o the toroidal component ( B ϕ ∝ R 

−1 ), the field at large distances is
redominantly transverse to the radial direction. It is also susceptible 
o current-driven magnetic kink instabilities and/or turbulence at the 
nterface between the jet and confining medium (e.g. Bromberg & 

chekhovsk o y 2016 ; Lazarian, Zhang & Xu 2019 ), that distort its
hape and introduce random polarity reversals in different directions 
cross the jet surface (see e.g. fig. 4 of McKinney & Uzdensky
012 and fig. 2 of Kadowaki et al. 2021 ). As a result, the field
econnects at different locations within the bulk flow and produces 
ets of relativistically moving electrons into random directions. These 
lectrons then radiate synchrotron photons into a cone of angular size
 /γ ′ 

b around their direction of motion in the bulk flow. The complexity 
nd appropriate physics of such a scenario is not captured by the
impler model of radially propagating blobs/MJs explored in this 
ork. The coherence of the non-reconnecting magnetic field, along 
hich the electrons propagate and cool, is maintained on angular 

cales θB � 1/ �, and these large scale fields occupy a large fraction
f the jet aperture. In fact, the presence of dynamically-dominant 
arge-scale fields would actually suppress the formation of blob-like 
tructures in the flow as that would require severely bending field
ines against magnetic tension, which is challenging to achieve in 
MNRAS 527, 12178–12195 (2024) 
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 strongly magnetized outflow. An additional source of free energy,
uch as magnetic reconnection or proper velocity variations resulting
n internal collisions and in turn some magnetic reconnection, may
ead to the formation of local small blobs, but these are typically
xpected on angular scales �1/ �. Therefore, the simpler MJ scenario
ssumed here is not so well physically moti v ated in this case. Instead,
e describe the non-axisymmetric emission in this case using a
atchy shell with distinct emissivity patches. These represent the
ocations where the accelerated electrons lose most of their energy to
ynchrotron radiation while propagating along the non-reconnecting
arge-scale fields. In the B tor scenario, it is further assumed that the
on-reconnecting field retains its initial toroidal structure even after
ome of the field reconnects locally due to instabilities in the flow. 

On the other hand, the MJ scenario is well suited to describe
 kinetic-energy-dominated outflow, in which collisions of inho-
ogeneous and radially propagating shells may in turn produce

everal radially propagating blobs. These collisions would also lead
o internal shocks and therefore shock-produced fields, such as B ⊥ 

or
 � , that represent two extremes of the field anisotropy with respect

o the direction of the local shock normal, which aligns with the lab
rame fluid velocity (assumed radial in this work). The true anisotropy
f the field at such collisionless shocks is not entirely clear yet and
t may be intermediate between these two extremes, and evolve with
he distance behind the shock (Granot & K ̈onigl 2003 ; Gill & Granot
020 ). 

 AX ISY M M ETR IC  J E T  POLARIZATION  

O D E L  

e consider the dynamics and emission of an ultrarelativistic thin-
hell, with LF � � 1 and lab-frame width � � R / � 

2 . The shell
adiates between radii R 0 and R f = R 0 + � R . During this time, its
ynamical evolution is go v erned by � ( R ) = � 0 ( R / R 0 ) −m /2 , where
 0 = �( R 0 ). The index m is used to study cases in which the

hell is coasting ( m = 0), accelerating ( m < 0), or decelerating
 m > 0). All comoving quantities henceforth appear with a prime.
he shell’s comoving anisotropic (w.r.t. the local B -field direction)
pectral luminosity evolves with radius as the peak luminosity and
pectral peak energy change as a power law with radius, 

 

′ 
ν′ ( R, θ ) = L 

′ 
0 

(
R 

R 0 

)a 

S 

( 

ν′ 

ν′ 
pk 

) 

f ( θ ) with ν′ 
pk = ν′ 

0 

(
R 

R 0 

)d 

, 

(1) 

here L 

′ 
0 = L 

′ 
ν′ 

pk 
( R 0 ) and ν ′ 

0 = ν ′ 
pk ( R 0 ) are normalizations of the

pectral luminosity and peak frequency at R = R 0 , and f ( θ ) encodes
he jet (axisymmetric) angular structure. The comoving spectrum is
ssumed to be the phenomological Band-function (Band et al. 1993 ), 

 ( x ) = e 1 + b 1 

{
x b 1 e −(1 + b 1 ) x x ≤ x b , 

x b 2 x 
b 1 −b 2 
b e −( b 1 −b 2 ) x ≥ x b , 

(2) 

here x ≡ ν ′ /ν ′ 
pk = (2 � 0 /δD 

) x 0 ( R/R 0 ) −d with x 0 ≡ ( ν/ ν0 ). Here
0 = 2 � 0 ν

′ 
0 / (1 + z) ( z being the source redshift) is the peak fre-

uency of the first photons emitted along the observer’s LOS from
adius R 0 and received at time t = t 0 , and δD is the Doppler factor
efined below. The break energy x b = ( b 1 − b 2 )/(1 + b 1 ) > 1 when b 2 
 −1. The power-law indices a and d in equation ( 1 ) depend on the

utflow composition and dynamics, which we briefly discuss next. 

.1 Outflow composition and dynamics 

he outflow’s dynamical evolution and how energy is dissipated and
hen ultimately radiated, are sensitive to its composition, typically
NRAS 527, 12178–12195 (2024) 
xpressed in terms of its magnetization σ , given by the ratio of
he magnetic to matter enthalpy densities. When σ � 1, the flow
ynamics are described by the fireball model (Paczynski & Xu 1994 ;
ees & Meszaros 1994 ; Sari & Piran 1997 ; Daigne & Mochkovitch
998 ), in which after an initial rapid acceleration phase with �( R ) ∝ R ,
he fireball LF saturates to � ∞ 

� 100 and the outflow becomes
inetic-energy dominated. During this coasting phase ( m = 0) part
f the kinetic energy is dissipated and radiated away in internal
hocks. 

Alternatively, when σ � 1, the outflow is Poynting flux dominated
e.g. Thompson 1994 ; Lyutikov & Blandford 2003 ), and the main
nergy reservoir is magnetic. This energy may be dissipated via
agnetic reconnection and/or MHD instabilities, e.g. the Kruskal–
chwarzchild instability (Lyubarsky 2010 ; Gill, Granot & Lyubarsky
018 ) which is the magnetic analog of the Rayleigh–Taylor insta-
ility. These can develop in models of high- σ outflows featuring a
triped wind (Lyubarsky & Kirk 2001 ; Spruit, Daigne & Drenkhahn
001 ; Drenkhahn 2002 ; Drenkhahn & Spruit 2002 ; B ́egu ́e, Pe’er &
yubarsky 2017 ) in which the magnetic field lines reverse polarity
nd magnetic energy is dissipated when opposite polarity field lines
ndergo reconnection. A significant fraction of the dissipated energy
oes towards accelerating the flow as �∝ R 

1/3 , i.e. with m = −2/3.
 similar acceleration profile is also obtained in a highly time-
 ariable high- σ outflo w e ven without field polarity re versals (Granot,
omissaro v & Spitko vsk y 2011 ; Granot 2012 ; Komissarov 2012 ),
hich may still dissipate energy via internal shocks. 
Gill & Granot ( 2021 ) showed that for a kinetic-energy-dominated

KED) flow the power-law indices in equation ( 1 ) are a = 1 and d =
1 (see also Genet & Granot 2009 ), while these for the Poynting-
ux-dominated model are a = 4/3 and d = −2. For brevity, we only
resent results for the KED flow here and note that these can be
asily generalized to different m values. 

.2 Light cur v e and polarization 

he energy-dependent linear polarization, � ν = 

√ 

Q 

2 
ν + U 

2 
ν

/
I ν ,

an be expressed using the Stokes parameters { I ν , Q ν , U ν , V ν} where
 ν = 0 (negligible circular polarization) is expected, I ν∝ F ν is the

otal specific intensity at frequency ν, and F ν is the flux density. The
atio of the Stokes parameters is given by (Gill, Granot & Kumar
020a ), 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

Q ν ( t z ) 

I ν ( t z ) 

U ν ( t z ) 

I ν ( t z ) 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

= 

∫ ˆ R max 
ˆ R min 

d ̂  R 

∣∣∣ d ̃ μ
d ̂ R 

∣∣∣ δ3 
D L 

′ 
ν′ ( ̂  R ) 

∫ 2 π
0 d ̃ ϕ � ( ̃ ξ, ̃  ϕ ) � 

′ 
{ 

cos (2 θp ) 

sin (2 θp ) 

} 

∫ ˆ R max 
ˆ R min 

d ̂  R 

∣∣∣ d ̃ μ
d ̂ R 

∣∣∣ δ3 
D L 

′ 
ν′ ( ̂  R ) 

∫ 2 π
0 d ̃ ϕ � ( ̃ ξ, ̃  ϕ ) 

(3) 

or radiation received by a distant observer in the direction of the
nit vector ˆ n from a thin-shell located at a redshift z and expanding
ith LF � = (1 − β2 ) −1/2 and radial velocity 
 βc, with c being the

peed of light. The Doppler factor relates the observed and comoving
requency of radiation emitted by material moving in the direction
f the unit vector ˆ β = 


 β/β, and it is given by δD 

= (1 + z) ν/ν ′ =
 �(1 − 
 β · ˆ n )] −1 = [ �(1 − β ˜ μ)] −1 , where ˆ n · ˆ β ≡ ˜ μ = cos ˜ θ with
˜ = 

˜ θ ( θ, ϕ) and ˜ ϕ being the polar and azimuthal angles measured,
espectively, from and around the LOS. For an ultrarelativistic flow
 � 1 and for which δD 

≈ 2 �/ (1 + 

˜ ξ ) with ˜ ξ ≡ ( � ̃

 θ) 2 . The arri v al
ime t of a photon originating at an angle ˜ θ and from a radius R is
iven by (e.g. Granot, Cohen-Tanugi & Silva 2008 ) 

 z ( R, ˜ μ) ≡ t 

(1 + z) 
= t lab − R 

c 
˜ μ ≈ R 

2 � 

2 c 

(
˜ ξ + 

1 

1 + m 

)
, (4) 

or an ultrarelativistic thin-shell expanding with bulk LF �( R ) ∝ R 

−m /2 

ith m > −1, and where t lab = 

∫ R 
0 dR 

′ /cβ( R 

′ ) is the lab-frame time.
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Figure 1. The physical set-up showing different angular scales. A single 
top-hat MJ (blue) or a uniform patch, with half-opening angle θ̄mj , is shown 
inside a top-hat global jet with angular size θ j . The symmetry axis of the MJ 
has coordinates ( θmj , ϕ mj ) w.r.t the global jet axis, where the azimuthal angle 
(and the polarization angle θ� 

) is measured counter-clockwise from the line 
connecting the global jet symmetry axis and observer’s line of sight (red plus 
sign). The red circle shows the beaming cone of angular size 1/ �. The same 
set-up is also generalized to global jets with angular structure with θ j → θ c , 
where θ c is the angular size of the core. 

H
�  

T  

t

a  

t
b
a  

o  

p
d
α  

2  

fi
w  

L  

a  

4
M

H
o  

o  

f

g
w  

ϕ  

o  

d  

t
a

P

P

H  

o  

(  

s  

a
n  

s

n

W
o  

i  

l  

i

F

w

w  

p  

S  

p  ∑
 

o  

a  

p
r

i  

i  

n

 

j

4

T
θ  

t  

t  

j  

s  

B  

t  

(

a
i  

p  

C
c  

l  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/527/4/12178/7502800 by guest on 15 January 2024
ere we made the approximation ˜ μ ≈ 1 − ˜ θ2 / 2 for ˜ θ � 1 when � 

1 and where ˜ ξ = ( � ̃

 θ) 2 = ( � 0 ̃  θ ) 2 ˆ R 

−m = 

˜ ξ0 ˆ R 

−m with ˆ R ≡ R/R 0 .
he arri v al time of the first photons originating at radius R 0 and along

he LOS with ˜ μ = 1 ( ̃ ξ = 0) is t 0 ,z = R 0 / 2(1 + m ) � 

2 
0 c. 

The comoving synchrotron spectral luminosity L 

′ 
ν′ is anisotropic 

nd � ( ̃ ξ, ˜ ϕ ) = 〈 [1 − ( ̂  n ′ · ˆ B 

′ ) 2 ] ε/ 2 〉 represents the factor relating to
he pitch angle of radiating electrons averaged over the local proba- 
ility distribution of the comoving magnetic field ˆ B 

′ in equation (3), 
nd where � 

′ and θp are the local (and not averaged over the whole
bserv ed re gion of the emitting shell) de gree of polarization and
osition angle, respectively. When the power-law electrons’ energy 
istribution is independent of their pitch angles, ε = 1 + α where 
= −d log F ν / d log ν is the spectral index (Laing 1980 ; Granot

003 ). Expressions for � ( ̃ ξ, ˜ ϕ ), θp , and � 

′ for different magnetic
eld configurations and assuming an ultrarelativistic uniform flow 

ere first derived in Granot ( 2003 ); Granot & K ̈onigl ( 2003 );
yutiko v, P ariev & Blandford ( 2003 ); Granot & Taylor ( 2005 ) and
re summarized in Toma et al. ( 2009 ); Gill, Granot & Kumar ( 2020a ).

 NON - A X ISY M METRIC  J E T  STRUCTURE :  
J S  A N D  PATC H ES  

ere we develop a general formalism that describes the distribution 
f MJs/patches inside the aperture of the global jet. For brevity, we
nly refer to MJs in all of the formulae in what follows, but the same
ormalism is used to describe patches. 

We consider several (non-overlapping) MJs distributed inside a 
lobal collimated outflow (or jet), which is axisymmetric on average, 
ith angular size much larger than each MJ. The coordinates ( θmj ,
 mj ) of the symmetry axis of each MJ (relative to the symmetry axis
f the global flo w), as sho wn in Fig. 1 , are randomly drawn from their
istribution according to the solid angle, d � = d(cos θ )d ϕ, so that
he probability density function for a given 0 ≤ θmj ≤ ( θmax − θ̄mj ) 
nd 0 ≤ ϕ mj ≤ 2 π follows from 
 ( θmj )d θmj = 

sin θmj d θmj 

[1 − cos ( θmax − θ̄mj )] 
, (5) 

 ( ϕ mj )d ϕ mj = 

d ϕ mj 

2 π
. (6) 

ere, θ̄mj is the MJ half-opening angle and θmax can be the half-
pening angle of a top-hat jet ( θ j ) or some multiple of the core angle
 θ c ) of an angular structured jet. To obtain non-o v erlapping MJs, we
et the condition so that the angular separation between the symmetry
xes of any two neighbouring MJs follows �θ

mj 
i,j ≥ θ̄mj ,i + θ̄mj ,j , or 

ˆ  i · ˆ n j ≤ cos ( ̄θmj ,i + θ̄mj ,j ) where ˆ n k is the direction of the k th MJ’s
ymmetry axis, i.e. 

ˆ  i · ˆ n j = cos �θ
mj 
i,j = (7) 

sin θmj ,i sin θmj ,j cos ( ϕ mj ,i −ϕ mj ,j ) + cos θmj ,i cos θmj ,j . 

hile the minimum separation here is strictly true for non- 
 v erlapping top-hat MJs, it must be some multiple of the core sizes
f the MJs have angular structure. The total number N mj of MJs is
imited by the co v ering factor, which e.g. in the case of top-hat MJs
nside a top-hat global jet is given by 

 = N mj 

(
θ̄mj 

θj 

)2 

= N mj 
ξmj 

ξj 

, (8) 

here ξ{ j , mj } ≡ ( �{ θj , θ̄mj } ) 2 . 
To calculate the pulse-profile and polarization from each MJ, 

e use the formalism described in Section 3 to obtain the Stokes
arameters { I ν, mj , Q ν, mj , U ν, mj } . Since for incoherent radiation the
tokes parameters are additive, we then obtain the net light curve and
olarization by adding the contribution from each MJ, such that � ν =
 

i � ν, mj, i where � ν = { I ν , Q ν , U ν} . The net polarization at time t z is
btained from � ν( t z ) = 

√ 

Q 

2 
ν( t z ) + U 

2 
ν ( t z ) 

/
I ν( t z ) and polarization

ngle from θ� 

( t z ) = 

1 
2 arctan [ U ν( t z ) /Q ν( t z )]. The time-integrated

olarization is likewise obtained from time-integrated Stokes pa- 
ameters, with �̄ ν = 

∫ 
� ν( t z ) dt z and �̄ ν = 

√ 

Q̄ 

2 
ν + Ū 

2 
ν / ̄I ν . 

Depending on the scenario considered, the MJs/patches can vary 
n emissivity, bulk- �, angular size, and even angular structure (only
n the case of MJs). Here, we consider three different scenarios,
amely 
(i) top-hat MJs or uniform patches inside a global top-hat jet, 
(ii) the same inside a global jet with angular structure, and 
(iii) MJs with angular structure in emissivity in a global top-hat

et. 

.1 Top-hat MJs/patches inside a global top-hat jet 

he top-hat MJs/patches have angular size (half-opening angle) 
¯mj ⇔ ξmj ≡ ( � ̄θmj ) 2 that is much smaller than that of the global
op-hat jet with θ j ⇔ ξ j ≡ ( �θ j ) 2 , where � � 1 is the bulk LF of
he entire flow. The distribution of the MJs/patches inside the global
et is shown in Fig. 2 , along with the location of the viewing angle
urrounded by the beaming cone (red circle). Fig. 2 also shows the
 -field lines for the globally ordered toroidal field ( B tor ) as well as

he orientation of the B -field lines for the case of an ordered field
 B ord ) inside of every patch. 

The normalized light curve, net polarization and polarization 
ngle, are shown as a function of normalized time ˜ t = t/t 0 = t z /t 0 ,z 
n Fig. 2 for all of the different B -field configurations and for a
ulse with � R / R 0 = 1 and x 0 = 0.1 for all of the MJs/patches.
ontributions from different MJs/patches are shown with different 
olours that correspond to their locations within the global jet. The
ight curve is normalized using the maximum flux density F 0 from a
MNRAS 527, 12178–12195 (2024) 
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Figure 2. Top: A global top-hat jet (solid black circle) comprising several top-hat MJs (used for B � and B ⊥ ) or uniform emissivity patches on the global 
jet’s surface (used for B ord and B tor ). The global jet and MJs /patches have normalized (by the causal size) solid angles ξ j = ( �θ j ) 2 = 10 2 and ξpatch / mj = 

( � ̄θpatch / mj ) 2 = 1, respectiv ely, with a co v ering factor F = 0 . 3 implying N mj/patch = 30 MJs/patches. The B ord field is illustrated here with the patches having 
an ordered B field with coherence angular scale of θB ∼ θ̄patch in the plane transverse to the radial direction. The globally ordered toroidal field B tor is shown 
with grey dashed concentric circles around the global jet’s symmetry axis marked by a ‘ + ’ symbol. The size of the beaming cone is shown with a red circle, 
having ξ = ( �θ ) 2 = 1, around the observer’s line of sight (LOS) marked by a red ‘ + ’ symbol. Bottom: Pulse profile and polarization evolution o v er a single 
pulse for a kinetic-energy-dominated (KED) flow with � ( R ) = � ( R 0 ) = � 0 � 1. The flux density is normalized by the peak flux density ( F 0 ) from a MJ/patch 
centred at the LOS, and the time is normalized by the arri v al time ( t 0 ) of the first photons emitted along the LOS by material at radius R 0 . The contribution of 
the N mj/patch distinct MJs/patches is shown with different colours, while the global quantities are shown with a black curve. These are the pulse profile (top), 
linear polarization (middle), and polarization angle (bottom) measured counter-clockwise from the horizontal axis. The black dashed line in the middle panel 
shows the time-integrated polarization. Only a single light-curve panel is shown as the differences in light curves for the different B fields are negligibly small. 
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ypothetical (if not present) MJ/patch centred at the LOS. Since all
f the MJs/patches are viewed off-axis (LOS outside of the MJ/patch
perture) in this set-up, the emission arrives at the observer with an
ngular delay in addition to the radial one (that causes the emission
rom a MJ/patch along the LOS to start arriving at ̃  t = 1). Hence, the
resence of an offset in the rise time of the pulse with respect to t =
 0 ( ̃ t = 1). For reference, the angular delay time for emission arriving
rom an angular distance of 1/ � (size of beaming cone) away from the
OS is exactly the same as the radial time delay for a uniform flow

with m = 0), which would give a total time delay of t = 2 t 0 or ̃  t = 2.
he light curve also shows a shallower decay post-peak, in compar-

son to that of individual MJs/patches, due to the contribution from
everal MJs/patches with progressively larger offsets in the rise times.

The polarization curves, as shown in the middle panels of Fig. 2 ,
nitially reflect the � of the MJ/patch that dominates the flux, which
n this case is the one closest to the LOS. As emission from other

Js/patches starts to arrive, and even dominate the flux at different
imes, the net � declines much more rapidly in comparison to the
ery shallow decay of that from each MJ/patch. The reason behind
his decline in the net � is the cancellation due to different randomly
riented PAs of the o v erlapping emission, which is also reflected in
he temporal evolution of the net PA ( θ� 

) as shown in the bottom
NRAS 527, 12178–12195 (2024) 
anels of Fig. 2 . The net polarization is then approximately obtained
rom � ∼ � 0 / 

√ 

N , where � 0 is the polarization at an y giv en time
rom a MJ/patch that makes the dominant contribution to the flux.
his polarization is then diluted by the contribution from N − 1 other
Js/patches that ef fecti vely contribute to the total flux. Therefore,

s N grows the net polarization will decline accordingly. The
haracteristic trend of net � in this scenario is that it will be largest,
ven close to maximal, at the onset of the peak, but it will al w ays
ecline in the tail of the pulse while the net PA changes continuously.
The time-integrated polarization is shown using a black dashed line

n Fig. 2 . When q < 1 in a uniform jet, the time-integrated polarization
anishes for B fields, e.g. B ⊥ 

and B � , that are axisymmetric around
he local shock normal or velocity direction (radial here), due to
omplete cancellation in the Stokes plane. Here, the MJs break that
ymmetry and yield a modestly high polarization. 

Although the global PA changes continuously, that of each MJ
s still strictly limited to �θ� 

= 90 ◦ in the cases of B ⊥ 

and B � .
his is due to the fact that each MJ is axisymmetric around its
wn symmetry axis. When the PA changes by 90 ◦, the polarization
anishes and reappears. The temporal evolution of PA is exactly the
ame for both B ⊥ 

and B � fields, except for the 90 ◦ offset. Since the
eld structure is similar in both cases, i.e. axisymmetric around the
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Figure 3. Same as Fig. 2 but with � R / R 0 = 4. 
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adial direction (generally it is around the local shock normal), the 
emporal evolution of the PA is also similar, and the 90 ◦ offset is
aused by the same offset in the orientations of the two B fields with
espect to the radial direction. 

The axisymmetry is broken in both the B ord and B tor cases due to
he presence of a large-scale B field, and in both the PA does change
ontinuously and gradually. In some instances, when the global � ,
nd even that from a single patch, shows a local minimum with �
lose to zero, the PA correspondingly shows a gradual change with 
θ� 

< 90 ◦, akin to an S-curve and not a sharp one. 
Fig. 2 only shows one random realization of the distribution of the
Js/patches. To see how the polarization properties might change 
ith different arrangements, we produce two additional random 

ealizations in Fig. A1 for comparison. Here, we demonstrate how 

he temporal evolution of polarization can be significantly different 
n different bursts under the assumed scenario. More importantly, 
he time-integrated polarization can be drastically different. This is 
specially true for B ⊥ 

, B � , and B ord magnetic fields, where the time-
ntegrated polarization can vary by 15 −20 per cent. 

The effect of a longer emission time, with � R / R 0 = 4, is shown
n Fig. 3 . This results in stretching the time when the last photon is
eceived from the material closest to the LOS by a factor of ˆ R f =
 + �R/R 0 for a (coasting) flow with m = 0 (see Gill & Granot
021 for different critical times and additional details). Therefore, 
ompared to the case shown in Fig. 2 with ˆ R f = 2, the first break
n the light curve shown in Fig. 3 , corresponding to emission from
ˆ 
 f = 5, occurs at a normalized time that is 5/2 times larger. For

ome MJs/patches, the first break in the light curve may occur due
o passage of the spectral break across the observed frequency ν as
et by x 0 = ν/ ν0 . 

Fig. 4 shows the effect of a larger ξ patch/mj . One obvious outcome for
 fixed covering factor is that the total number of MJs/patches must
e smaller. Secondly, the post-light curve-peak contribution, arising 
rom angles outside of the beaming cone, to the total emission from
ach MJ/patch is stretched out o v er larger times. As a result, changes
n � and θ� 

show a temporal delay. Fig. A2 sho ws ho w the pulse
rofiles and polarization properties change for a variety of MJ/patch 
ngular sizes. Inhomogeneities with angular sizes somewhat smaller 
han the local causal size, with ξ patch/mj < 1, may potentially exist 
 v er a single dynamical time or so before being smeared out o v er
he local causal size. Therefore, for comparison, Fig. A2 also shows
 case with ξ patch/mj = 1/4. 
Fig. 5 shows the effect of a larger co v ering factor with F = 0 . 4.
 larger co v ering f actor while k eeping the angular size of the
Js/patches fixed means that a larger number of MJs/patches 

ontribute to the global light curve at any given time, thus making the
ight curve somewhat smoother and the global polarization slightly 
maller when compared with the F = 0 . 3 case. Different co v ering
actors for a fixed ξ patch/mj are shown in Fig. A3 . In all cases, the initial
rend at ˜ t � 10 is the same regardless of F and the behaviour only
iverges at later times. This is due to the fact that the arrangement
f the MJs/patches within an angular size of a few beaming cones
s the same in all cases. Being closer to the LOS these MJs/patches
ake the dominant contribution at early times (or even the only

ontribution due to the larger angular time delay in the onset of the
mission from more distant MJs/patches). An increase in the co v ering
actor introduces additional MJs/patches, which, being f arther aw ay 
rom the LOS, contribute to the total flux at later times. Hence, the
ivergence in the polarization trends at later times. The scenario with
he larger F , and therefore larger N patch/mj , sho ws the lo west le vel of
olarization at late times. This again confirms the aforementioned 
oint where observation of larger number of MJs/patches with 
andomly oriented PAs reduce the global � . 

.2 Top-hat MJs/patches in an angular structured global jet 

ext, we consider a global jet with angular structure both in the
omoving spectral peak luminosity and bulk- � (e.g. Rossi, Lazzati 
 Rees 2002 ; Granot & K umar 2003 ; K umar & Granot 2003 ; Rossi

t al. 2004 ; Gill & Granot 2018 ; Gill, Granot & Kumar 2020a ), 

ν ′ 
p L 

′ 
ν′ 
p 
( θmj ) 

L 

′ 
0 

= � 

−a j , 
�( θmj ) − 1 

� c − 1 
= � 

−b j , (9) 

� ( θmj ) = 

√ 

1 + 

(
θmj 

θc 

)2 

, 

here ν ′ 
p is the spectral peak frequency, L 

′ 
0 = ν ′ 

p L 

′ 
ν′ 
p 
( θmj = 0) is

he spectral peak luminosity at the global jet symmetry axis, θmj 

s the polar angle of the MJ/patch symmetry axis, and the angular
rofiles fall off as a power law for polar angles larger than some core
ngle θ c . Since θ̄mj � θmax ≡ κθc , where κ ∼ few is limited by the 
ompactness argument (Gill, Granot & Kumar 2020a ), we consider 
MNRAS 527, 12178–12195 (2024) 
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Figure 4. Same as Fig. 2 but with ξpatch/mj = 4, N patch/mj = 8 and F = 0 . 32. 

Figure 5. Same as Fig. 2 but with co v ering factor F = 0 . 4 corresponding to N patch/mj = 40. 
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nly top-hat MJs/patchesbut whose L 

′ 
ν′ and/or bulk- � vary with θmj 

ccording to the angular structure profile. 
When � mj = �( θmj ) of the MJs/patchesis varied in the sample,

hree important effects occur that are not present in the earlier case
f a global top-hat jet. First, the angular size ( ̄θmj ) of the MJs/patches
ill vary according to the measure ξmj = ( � mj ̄θmj ) 2 , where for a fixed

mj the angular size θ̄mj ∝ 1 / � mj will gradually grow as � mj declines.
he lowest physical value of ξmj is unity since that represents the 
mallest angular scale o v er which the jet remains causally connected,
nd any smaller scale large amplitude inhomogeneities in the flow 

ill naturally expand to this size over a dynamical time. To be able
o see the polarization trends in a simpler manner, we instead assume
 broken power-law approximation for the growth of θ̄mj with θmj , 
uch that 

¯mj ( θmj ) = max 

[ 

θ̄mj , c , 

√ 

ξmj , min 

�( θmj ) 

] 

, θ̄mj , c = 

√ 

ξmj , c 

� c 

= θc 

√ 

ξmj , c 

ξc 

, (10) 

here ξ c = ( � c θ c ) 2 , ξmj , c = ( � c ̄θmj , c ) 2 , and θ̄mj , c = θ̄mj ( θmj = 0).
hen being more conserv ati ve ξmj , min = 1, but here we also allow for

he possibility of ξmj , min ≤ 1. In the ultrarelativistic limit, the abo v e
ondition can be expressed as 

mj = ( � mj ̄θmj ) 
2 = max 

[ 

ξmj , c 

(
� mj 

� c 

)2 

, ξmj , min 

] 

(11) 

≈ max 
[
ξmj , c � 

−2 b j , ξmj , min 

]
. 

t implies that the angular scale of the MJs/patches remains constant 
or a given ξmj, c and � c � 1 or θ c � 1, until it becomes smaller
han 

√ 

ξmj , min / � mj after which point θ̄mj = 

√ 

ξmj , min / � mj . In the
ltrarelativistic limit, this critical angle is given by 

mj � = θc 

[ (
ξmj , c 

ξmj , min 

)1 /b j 

− 1 

] 1 / 2 

(12) 

or b j > 0. In the limiting case of ξmj , c = ξmj , min , θmj � = 0 and
he growth of θ̄mj occurs for all angles θmj . To maintain a uniform
o v ering factor locally when θ̄mj grows with angle, the probability 
ensity in equation ( 5 ) is modified to 

 ( θmj >θmj � ) ∝ 

sin θmj 

θ̄2 
mj 

∼ θmj 

θ̄2 
mj 

, (13) 

here the approximate expression on the right is valid for θmj �
. Finally, since the MJs/patches have different bulk �, the radial 
istance R 0 travelled by them before they start radiating can be 
ifferent. For simplicity, here we assume that all MJs/patches start 
o radiate at the same radius R 0 . 

The co v ering factor in this case is calculated from 

 = 

∑ 

i 

[
θ̄mj ,i ( θmj ) 

θmax 

]2 

, (14) 

nd a round number of MJs/patches are obtained for a given F .
econdly, assuming that the initial comoving spectral peak frequency 
 ν ′ 

0 ) at R = R 0 is the same throughout the flow, the observed
requency of these first photons received along the LOS of an 
n-axis observer for each MJ/patch will be different according to 
 0 , mj = ν/ν0 , mj , where ν0 , mj = 2 � 0 , mj ν

′ 
0 / (1 + z). For a fixed ν ′ 

0 , this
nly depends on the angular profile of the global flow, such that
 0 , mj ( θmj ) = x 0 ,c [ � 0 ,c / � 0 ( θmj )]. Thirdly, the normalized arri v al time
f these first photons (accounting only for the radial time delay), 

˜ 
 mj = t/t 0 , mj = 2(1 + m ) � 

2 
0 , mj ct/R 0 = 

˜ t c [ � 0 ( θmj ) / � 0 ,c ] 2 , will be dif-
erent for each MJ/patch. In practice, at most one MJ/patch intersects
he LOS and the true arri v al time of the first photon is larger
y the corresponding angular time (and their Doppler factor is 
ower). 

Fig. 6 shows the polarization evolution of several top-hat 
Js/patches within the aperture of a global jet with power-law 

ngular structure in both the emissivity ( a j = 1) and bulk- � ( b j =
), and for an observer with q ≡ θobs / θ c = 0.25. Polarization trends
imilar to that shown in Fig. 2 are obtained here. The main difference
s that due to the power-law angular profile in emissivity, MJs/patches
ithin the core make the dominant contribution while those outside 
f the core remain insignificant. In addition, the growing sizes of
he MJs/patches due to the bulk- � angular profile limit their total
umber for a given covering factor. 
Fig. 7 shows the effect of a larger viewing angle with q = 1.25.

ere, the emission is dominated by a single MJ/patch, with θpatch/mj >

obs (but θ̄patch / mj < θobs ), closest to the observer’s LOS. Even though 
he MJs/patches at θpatch/mj < θobs that contribute to the emission are 
ntrinsically brighter, they still do not make a dominant contribution 
ue to the Doppler de-beaming of their emission caused by their
arger angular distance away from the LOS and their larger LFs. 

Fig. 8 shows an even more extreme case with q = 2 and much
teeper angular profile in emissivity ( a j = 3). It shows qualitatively
he same behaviour as was seen in Fig. 7 . This arises since
he huge Doppler de-beaming of the emission from MJs/patches 
ithin the jet’s core still wins by a large margin o v er their larger

ntrinsic brightness even for fairly steep jet emissivity angular 
rofiles. 
Fig. 9 shows the effect of a larger angular size of the MJs/patches

n the core, or equi v alently of larger ξ patches/mj, c . This increases the
olar angular scale θmj � out to which the MJs/patches maintain a 
xed angular size before they start to grow. For ξ patches/mj, c = 4
nd b j = 1, θmj � /θc = 

√ 

3 . Due to the fixed angular size of the
Js/patches, this case looks rather similar to that shown in Fig. 4 , but

he important difference between the two cases is that here the bulk � 

nd emissivity of each MJ/patch changes with the global jet angular
rofile. 
Fig. 10 explores an interesting scenario where the global light 

urve now shows two separate peaks. This is in contrast to all of the
arlier cases that show only a single peaked light curve. In a global
et with angular structure in both emissivity and bulk �, two effects
lay an important role in determining the flux of a MJ/patch when
he LOS of the observer is outside the aperture of that MJ/patch,
.e. q patch/mj > 1. First, if the observer is off-axis w.r.t. the symmetry
xis of the global jet, with q = θobs / θ c > 0, the MJ/patch at θpatch/mj 

 θobs will be intrinsically brighter than the one at θpatch/mj > θobs ,
epending on the exact power-law decay in emissivity with angle 
patch/mj . Second, when q patch/mj > 1, emission from the MJ/patch 

s Doppler de-beamed, making it dimmer. In the case shown, the
J/patch that forms the second peak in the global light curve is much

loser to the LOS compared to a few other MJs/patches that have
pproximately the same θpatch/mj but have a larger angular distance 
rom the LOS. 

The effect of different ξ patch/mj,c is shown in Fig. A4 . As before,
he larger angular sizes of the MJs/patches curtail the contribution 
o the total emission from larger number of MJs/patches, whereby 
nly a single MJ/patch may make the dominant contribution in most
ases. This leads to less chaotic changes in the PA where it remains
teady o v er longer fractions of the pulse duration. 

When the global jet has a much steeper power-law profile of bulk-
, the issue of having only a few MJs/patches contribute to the total
mission becomes even more pronounced. In the example shown in 
ig. A5 , as b j becomes larger (steeper profile) only those MJs/patches
loser to the LOS start to dominate o v er the entire pulse. 
MNRAS 527, 12178–12195 (2024) 
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Figure 6. T op: T op-hat MJs/patches within the aperture of a global jet with power-law angular structure in both the comoving emissivity ( a j = 1) and bulk- � 

( b j = 1). The global jet has a core with normalized angular size ξ1 / 2 
c = � c θc = 

√ 

30 . The angular sizes of the MJs/patches are assumed to scale according to 
equation ( 10 ) with ξpatch/mj,c = 1 and a co v ering factor F = 0 . 3. Here, the red circle represents the 1/ �( θmj ) beaming cone around the LOS (shown with a 
plus symbol) located at q ≡ θobs / θ c = 0.25. The angular sizes of the inner and outer grey shaded discs are θ c and 2 θ c . Bottom: Pulse profile and polarization 
evolution for different B -field configurations. See Fig. 2 and the text for more details. 
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The effect of different jet core sizes is explored in Fig. A6 , where
maller core sizes, corresponding to smaller ξ c values, means that for
 giv en co v ering factor only a small number of MJs can be introduced
ithin θmax = 2 θ c . It also means that the angular sizes of the MJs
ill start to grow much closer to the jet symmetry axis. 

.3 Angular structured MJs/patches inside a top-hat jet 

he angular structure of the MJs is not limited to the highly idealized
op-hat profile. Therefore, we consider here MJs with a power-law
ngular structure inside a uniform global jet. The angular structure is
onsidered only for the comoving emissivity alone, with a uniform
ngular profile in � mj , such that 

′ 
p L 

′ 
ν′ 
p , mj = L 

′ 
0 , mj � 

−a mj 
mj , � mj ( ̄θ) = 

√ 

1 + ( ̄θ/ ̄θmj ) 2 , (15) 

here the angular profile depends on θ̄ , which is the polar angle
easured from the symmetry axis of each MJ, whose core angle

s θ̄mj . The luminosity normalization L 

′ 
0 , mj = ν ′ 

p L 

′ 
ν′ 
p , mj ( ̄θ = 0) is the

ame for all of the MJs. 
Here, we do allow for the possibility for the patches to also have

 similar angular structure in emissivity. This is mainly done for
omparison between the different B -field cases. In reality, large
missivity gradients should be short-lived after a shell collision
nd the patches must become approximately uniform in a region of
ngular size ∼1/ � o v er a single dynamical time. On the other hand,
he emission may last only o v er a single dynamical time, during
hich significant gradients are not yet efficiently washed out. 
NRAS 527, 12178–12195 (2024) 
The top-panel of Fig. 11 shows the distribution of MJs/patches,
here the non-o v erlapping condition is set to having the centres
f the two MJs/patchesbe apart by at least 4 ̄θmj . Since there is
l w ays material emitting along the LOS when the MJs/patches have
ngular structure, the pulse onset is without any offset and starts at

˜ 
 = 1, even from the distant ones. In the shown set-up, the MJ/patch
entred closest to the LOS makes the dominant contribution o v er
he distant ones. In the B ord case, the global polarization is reduced
ue to partial cancellation owing to contributions to the emission by
ther MJs/patcheswith different PA, even though their contribution
s subdominant. A similar reduction in the initial global � does
ot happen for B tor , at least until ˜ t ∼ 10, since the PAs of all the
ominantly contributing patches are rather similar, which a v oids
ancellation of the polarization. In the B � and B ⊥ 

cases, the initial
olarization at 1 ≤ ˜ t ≤ 2 is very small due to almost complete
ancellation of the polarization vectors owing to the fact that within
he beaming cone the prescribed angular structure is insufficient to
trongly break the symmetry around the LOS. Ho we ver, after the
ulse-peak at ˜ t > 2, when high-latitude emission starts to become
mportant, the polarization starts to grow and reaches a mean value
efore declining again. In all cases, the evolution of the PA tracks
hat of the MJ/patch that makes the dominant contribution to the total
mission. 

Fig. 12 shows the effect of a much steeper ( a mj = 4) emissivity
ngular profile of the MJs/patches. The greater variation of the
missivity within the beaming cone offers a way to increase the
olarization of the MJs/patches that are closest to the LOS and
lso contribute dominantly. As a result, the global polarization
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Figure 7. Same as Fig. 6 but with q = 1.25. 

Figure 8. Same as Fig. 6 but with a j = 3 and q = 2. The four grey shaded discs have angular sizes θ c , 2 θ c , 3 θ c , and 4 θ c . 
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Figure 9. Same as Fig. 6 but with ξmj,c = 4. 

Figure 10. Same as Fig. 6 , but with ξ c = 4, ξmj , c = ξmj , min = 1 / 4, q = 1, and F = 0 . 3. The four grey shaded discs have angular sizes θ c , 2 θ c , 3 θ c , 4 θ c . 
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Figure 11. Top: MJs/patches with a power-law (comoving) emissivity profile, with power-law index a mj = 2, within the aperture of a global top-hat jet. The 
two shaded discs within each MJ/patch show the angular size θ̄mj = 

√ 

ξmj / � and 2 ̄θmj . The colour gradient reflects the gradient in the emissivity. The red circle 
shows the angular size of the 1/ � beaming cone for comparison. The light curve is normalized by the maximum flux density from an MJ/patch observed on-axis. 
Bottom: Pulse profile and polarization evolution shown for different B -field configurations. 

Figure 12. Same as Fig. 11 but with a steeper ( a mj = 4) emissivity profile of the MJs/patches. 
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lso increases. A second effect of having a steeper profile is the
nhancement in the contribution of the MJ/patch closest to the LOS
 v er the others. This results in reduced cancellations in the Stokes
lane and thus a higher global polarization. Finally, neighbouring 
Js/patch scan dominates the total flux during the tail of the pulse

eading to secondary peaks in the polarization and larger changes in 
he PA. 

Fig. A7 shows the variation of � and θ� 

o v er the pulse profile for
if ferent v alues of ξmj = ( � ̄θmj ) 2 . To keep the same number of MJs
hile ξmj is increased we fix the ratio ξj /ξmj = ( θj / ̄θmj ) 2 = 10 2 .
arger levels of polarization over the pulse is obtained when ξmj 

s smaller. This can be simply understood by noticing that for
 smaller ξmj , the angular size of the observed region 1 / � =
−1 / 2 
c, mj θmj is a larger fraction of the core angle, which then permits
 larger variation of the emissivity within the observed region 
or a given a mj . As ξmj is increased the angular size of the ob-
erv ed re gion shrinks w.r.t the core angle, which leads to smaller
ariations of the emissivity in the observed region, and therefore 
maller levels of � . Correspondingly, the change in the PA also
iminishes. 
MNRAS 527, 12178–12195 (2024) 



12190 R. Gill and J. Granot 

M

Figure 13. Polarization evolution of multiple (left: N pulse = 10, and right: N pulse = 20) o v erlapping pulses, shown for different B fields. All else is the same as 
in Fig. 2 (namely top-hat MJs or uniform patches within a top-hat global jet) except for the fact that each pulse is obtained from a different random realization 
of the distribution of MJs/patches inside the global jet. The dashed lines in the middle panel show the time-integrated polarization. 
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 MULTIPLE  OV ERLAPPING  PULSES  

n the earlier sections, we only considered a single pulse that would
esult from an isolated energy dissipation episode, e.g. a single
ollision between two shells in the internal shocks scenario. Ho we ver,
uch cases are rare and typically prompt GRB emission shows
ultiple o v erlapping pulses with a variety of pulse widths. The onset

ime of the i th pulse, e.g. in the internal shocks scenario is given by 

 onset ,z,i = t ej ,z,i + t 0 ,z,i = t ej ,z,i + 

R 0 ,i 

2(1 + m ) � 

2 
0 ,i c 

, (16) 

here t ej, z, i is the ejection time of the shell and t 0, z, i is the radial delay
ime. This equation is strictly true for spherical shells or if there
s emitting material along the LOS. Otherwise, the arri v al time of
he initial photons incurs an additional angular time delay, as shown
n equation ( 4 ). In addition to the abo v e, emission from each shell
ollision can last o v er different ( � R ) i / R 0, i radial distances, giving
ise to different pulse durations. In the Poynting-flux-dominated
ase, the ejection time can be replaced by the timescale o v er which
n MHD disturbance occurs. To keep the treatment simpler, here
e dispense with the details of the shell energization process that
roduces multiple pulses, and instead shift the onset time of each
ulse by � t onset, z, i with respect to the onset time of the first pulse.
his time shift is drawn randomly from a uniform distribution with
 ≤ � t onset, z, i ≤ � t max . 
In Fig. 13 , we show the polarization evolution with B -field

onfigurations for N pulse = { 10, 20 } o v erlapping pulses with � t max / t 0 
 { 10, 20 } and ( � R ) i / R 0, i = 1. The rest of the setup is the same as

n Fig. 2 , but each pulse constitutes a different random realization of
NRAS 527, 12178–12195 (2024) 
he distribution of the MJs/patchesinside the global jet. The polariza-
ion curve shows multiple peaks that display a weak correlation
ith the peaks in the lightcurve. Since there could be multiple
 v erlapping dimmer pulses, addition of their Stokes parameters
ight enhance or diminish the net polarization and change the PA 

ccordingly. 
The time-integrated polarization, shown as horizontal dashed

ines, is the highest for the B tor field, due to its modest variation of the
ime-resolved PA. When integrated over the duration of the emission
pisode, such a steady PA results in very little cancellations in the
tokes Q − U plane, thus yielding high time-integrated polarization
ith � ∼ 45 per cent. In contrast, even though the B ord field also

eatures a large-scale ordered field within each MJ/patch, the extra
egree of freedom of having a randomly oriented B -field results in
reater variation of the PA o v er the emission episode. This leads
o a significantly reduced time-integrated polarization, with � ∼
5 −20 per cent, due to cancellations in the Stokes Q −U plane.
ikewise for the B ⊥ 

and B � fields, since the plane of net PA from
ach MJ is randomly oriented, the large variation in the global PA
mong different pulses again tends to cancel out the polarization
nd yield only small time-integrated polarization at the level of a
ew per cent. Furthermore, the time-integrated polarization remains
pproximately the same for all the B -field configurations as the
umber of pulses are doubled. A caveat is that we have only shown
wo random realizations of the whole process of generating N pulse 

ulses, and a different random realization may show a somewhat
ifferent temporal evolution of polarization. However, the time-
ntegrated polarization is expected to be more robust and remain
teady for large N pulse . 
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Table 1. Most rele v ant symbols and their definitions. See table 1 in Gill & 

Granot ( 2021 ) for a complete list. 

Symbol Definition 

a Comoving spectral luminosity 
radial power-law (PL) index: L 

′ 
ν′ ∝ R 

a 

a j Global jet comoving peak luminosity 
angular profile PL index 

a mj MJ/patch comoving peak luminosity 
angular profile PL index 

b j Global jet bulk- � angular profile PL index 
b 1 , b 2 Asymptotic band-function spectral indices: 

dln F ν /dln ν
d Comoving peak frequency PL index: ν′ 

pk ∝ R 

d 

F MJ/patch co v ering factor 
� c Core bulk- � in a structured jet 
m Bulk- � radial PL index: � 

2 ∝ R 

−m 

N pulse Number of o v erlapping pulses 
in an emission episode 

ν0 νF ν peak frequency of first photons emitted 
from R 0 along the LOS that arrived at time t 0 

� Polarization degree 
q θobs / θ j (Uniform global jet) 

θobs / θ c (Structured global jet) 
R 0 Radius at which emission turns on 
� R Radii o v er which shell emits continuously 
t 0 Arri v al time of first photons emitted 

along the LOS at R 0 
˜ t Normalized observer time: ̃  t = t/t 0 
θ� 

Polarization angle 
θ j Half-opening angle of the global jet 
θ c Core angular size in a structured global jet 
θobs Observer’s viewing angle 
θ̄patch / mj Half-opening angle of the patch/MJ 
θ̄patch / mj ,c θ̄patch / mj at θpatch/mj = 0 in a 

structured global jet 
{ θ , ϕ} patch/mj Polar and azimuthal coordinate 

of patch/MJ symmetry axis 
x 0 Normalized observation frequency ( ν/ ν0 ) 

for a uniform jet 
x 0, c x 0 for θobs = 0 in a structured global jet 
ξ j , ξpatch/mj Uniform global jet: ( �θ j ) 2 , ( � ̄θpatch / mj ) 2 

ξ c , ξpatch/mj, c Structured global jet: ( � c θ c ) 2 , ( � c ̄θpatch / mj ,c ) 2 

ξmj , min Minimum allowed ξpatch/mj in a 
structured global jet 
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 M O D E L  PARAMETERS:  W H AT  C A N  BE  

O N S T R A I N E D ?  

he model described in this work entails a fairly large number 
f parameters (see Table 1 ) that describe the dynamical, spectro- 
olarimetric, and structural features of the global jet as well as the
Js/patches. While being comprehensive in addressing the different 

ffects caused by the different features, this parametrized model also 
ffords a fair degree of flexibility when compared with observations. 
herefore, it is not advisable to try to constrain all of the model
arameters using a gi ven observ ation, as the parameter space is
egenerate. Instead, we recommend to only constrain a few of 
he most important model parameters, as allowed by the effective 
umber of constraints from the data, while keeping the others fixed. 
ased on the type of observ ation, dif ferent model parameters can be
onstrained: 

(i) Pulse profile : The pulse profile of emission from a single 
J/patch at a fixed normalized energy x 0 = ν/ ν0 , or inte grated o v er
 given energy bin �ν/ ν0 , is most sensitive to the jet dynamics,
.g. the PL indices a and d that describe the radial profile of
he comoving spectral emissivity, � R / R 0 , and m that gives the
cceleration profile of the global jet. When multiple MJs/patches 
ontribute to the emission, that now also features a steep to shallow
rend, the location and co v ering factor, where the latter sets the
ensity of MJs/patches near the LOS, becomes important. Evidence 
or multiple MJs/patches can actually be obtained in bright single 
ulse GRBs or those that show isolated broad pulses. There is some
e generac y between the co v ering factor, location, and angular size
 ξ patch/mj ) of the MJs/patches when describing the pulse profile. 

(ii) Spectrum : The spectrum o v er a given energy range is used
o constrain the two spectral indices b 1 and b 2 . These are impor-
ant for determining the absolute maximum local polarization for 
ynchrotron emission. 

(iii) Polarization : Both the time-resolved and time-integrated 
olarization are sensitive to the magnetic field configuration, albeit 
ome de generac y between the different cases considered here is
till expected. In most cases the ordered fields typically yield �
 20 per cent. This rough dividing line can be used to separate out

he ordered fields from the small-scale shock-produced axisymmetric 
elds. 

The best constraints are achieved in a joint time-resolved pulse- 
rofile and spectro-polarimetric fit that offers the most number of 
onstraints. One sensible way to learn about the jet properties is to
ither assume a KED or PFD flow, which will fix a , d , and m a priori.
hen, one can choose to interpret the observations using either a
niform jet or that with angular structure. 
All of the model degeneracies that affect the single pulse case

re naturally more pronounced when multiple o v erlapping pulses 
ontribute to the emission. Ho we v er, the time-inte grated polarization
nd PA in this case can yield the smoking-gun evidence for a
arge-scale ordered B -field, e.g. a globally ordered toroidal field. 
urthermore, the distinction between the B ord and B tor fields can only
e made more robustly with mulitiple o v erlapping pulses and not so
uch in a single pulse GRB. 
Finally, all of the results shown in this work are based on a single

andom realization of the distribution of MJs/patches. A different 
istribution will yield slightly different results (as shown in Fig. 
1 ). Ho we ver, it is expected that different random realizations
ill statistically yield broadly similar trends of pulse profiles and 
olarization evolution. Therefore, to be more prudent, one should try 
 number of random realizations for an y giv en scenario to test the
obustness of the fit. 

 C O N C L U S I O N S  A N D  DI SCUSSI ON  

n this work, we hav e e xtended the treatment in Gill & Granot ( 2021 )
f time-resolved polarization from different B -field configurations. 
he introduction of multiple radially expanding non-axisymmetric 
Js or emissivity patches lead to a gradual and continuous change

f the PA. Some notable features that have emerged in the different
cenarios explored here are as follows: 

(i) Continuous change in the PA : A continuous change in the
A is the most important outcome of the MJ/patches model and
t is obtained in all B -field configurations considered here. Such
ehaviour cannot be obtained in axisymmetric jets. 
(ii) Polarization dilution : When several MJs/patches contribute to 

he flux, the incoherent nature of the emission leads to a random
alk in the Stokes Q ν and U ν parameters space. As a result, the net
olarization is diluted to � ∼ � 0 / 

√ 

N where N are the number of
MNRAS 527, 12178–12195 (2024) 
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Js/patches observed (i.e. ef fecti vely contributing to the emission) at
n y giv en time and � 0 is the polarization from a single MJ/patch that
akes the dominant contribution to the flux. This becomes important

or time-resolved polarization model fitting in which emission from a
niform flow will yield a significantly different polarization evolution
s compared to one with multiple MJs/patches. In particular, the
olarization from a large-scale ordered field, e.g. B ord and B tor , in a
niform flow (or when q = θobs / θ j � 1), can also decline in the tail of
he pulse, but the PA remains constant. This feature serves as a good
iagnostic that can distinguish between emission from a uniform and
on-axisymmetric flow containing multiple MJs/patches. In addition,
he decay of both the light curve and polarization in a uniform flow is
xpected to be much smoother in comparison to that obtained from
ultiple MJs/patches. 
(iii) Time-integrated polarization : The single-pulse time-

ntegrated polarization remains consistently higher in a scenario
onsisting an ordered B -field ( B ord and B tor ) in comparison to a small-
cale shock-produced field ( B ⊥ 

and B � ). This feature is similar to
hat is also found in uniform jet models with q < 1. 
(iv) Steep-to-shallow pulse profiles : In uniform jet models with q
 1, the pulse profile of a single pulse shows a power-law decline

fter the emission from the shell terminates and is dominated by
he high-latitude emission. With the addition of two jet breaks, the
ulse profile can only become steeper (see e.g. fig. 7 of Gill &
ranot 2021 ). In the MJ/patchy-shell scenario, a steeply declining

ight curve can become shallow due to contributions from other
Js/patches outside of the beaming cone whose emission peaks

t a later time. Therefore, this represents one possible way of
btaining a steep to shallow behavior in a given energy band across
 temporal break in some GRBs that show a single-pulse prompt
mission. 

(v) Distinguishing features of an ordered B-field : Since an ordered
 -field necessarily breaks the symmetry, at least locally, the polar-

zation is high at the start of the pulse, regardless of the viewing
eometry. Comparably high initial polarization is also obtained for
 � and B ⊥ 

but only when q mj ≡ θ̄/ ̄θmj > 1, i.e. the MJ/patch is
iewed from outside of its own aperture. 
(vi) Structured MJs/patches : When the MJs/patches have angular

tructure in emissivity, the difference between large-scale ordered
elds ( B ord and B tor ) and the small-scale shock-produced fields ( B ⊥ 

nd B � ) becomes even larger and more readily apparent. An ordered
eld will al w ays yield very high polarization during the rising phase
f the pulse, whereas the B � and B ⊥ 

cases will al w ays yield nearly
egligible polarization during this time. Furthermore, the angular
tructure plays an important role, and a steeper profile yields a higher
lobal (time- resolved and integrated) polarization over a shallower
ne, regardless of the B -field configuration. 
(vii) Multiple overlapping pulses : The level of time-resolved po-

arization for the B � and B ⊥ 

cases is significantly reduced for multiple
 v erlapping pulses as compared to a single pulse. In contrast, the level
f polarization remains high for a large-scale ordered field. With the
xception of B tor , the time-integrated polarization of an emission
pisode with multiple o v erlapping pulses is significantly reduced for
 ord , B � , and B ⊥ 

fields due to larger time variations of their global
As. Since the B tor field is axisymmetric about the jet symmetry axis,
he PA remains approximately steady, which produces a high time-
ntegrated polarization. Therefore, B tor is the only field geometry
ut of the four considered here that can consistently yield time-
ntegrated � � 40 per cent. The same conclusion was reached
y Gill, Granot & Kumar ( 2020a ) who carried out a statistical
NRAS 527, 12178–12195 (2024) 
tudy using different B -field configurations and axisymmetric jet
tructures. 

The time-resolved analysis of a single-pulse GRB 170114A re-
ealed a trend of growing polarization over the rising phase of the
ulse where it reached � ∼ 30 per cent (Burgess et al. 2019 ; Zhang
t al. 2019 ). During this time a continuous and gradual change in
he PA was also noted, due to which the time-integrated analysis
 v er the entire duration of the pulse found a low level of polarization
ith � ∼ 4 per cent . When interpreting these findings using the
J/patches model, any ordered field scenario is ruled out since in

his case initially large polarization that declines during the rising
hase of the pulse is expected. Furthermore, the single pulse time-
ntegrated polarization for an ordered field tends to be much higher
 � � 40 per cent) than what was measured. These observations are
ost consistent with the shock-produced small-scale field ( B ⊥ 

and
 � ) scenarios that do not show an initial spike to large polarization
hen q mj < 1, and may only reach a time-resolved polarization of

t most � ∼ 40 per cent in many cases. Their single-pulse time-
ntegrated polarization can also be modest with � ∼ few per cent
n some cases. Some of these features are in fact similar to what
as seen for GRB 170114A. We caution the reader, though, that the
odest statistical significance of these observations does not allow

o draw strong conclusions from them. 
The time-binned analysis of GRB 100826A, observed by

KAROS-GAP, claimed a firm change in the PA at the ∼3.5 σ
evel between two 50 s time intervals that comprise multiple o v er-
apping pulses (Yonetoku et al. 2011 ). Best-fitting values of � 1 =
5 per cent ± 15 per cent and � 2 = 31 per cent ± 21 per cent with
A of θ� ,1 = 159 ± 18 and θ� ,2 = 75 ± 20. Given the lower
ignificance of the detection with large uncertainties, it is difficult to
ule out any B -field configuration discussed here. Except for the fact
hat, at face value, the measurements do find a significant difference
etween the time-integrated PAs of the two emission episode. This
eature cannot be accommodated by the B tor field for which the time-
esolved and time-integrated PA of multiple overlapping pulses is
long the line connecting the jet symmetry axis and the observer’s
OS. 
A continuously evolving PA is also obtained in time-resolved

on-axisymmetric photospheric models of prompt emission. This
s demonstrated in the recent work by Ito et al. ( 2023 ) where
hey use three-dimensional hydrodynamic simulations for outflow
roperties and then post-process the numerical results with Monte-
arlo radiation transfer simulations to calculate the time-resolved
tok es parameters. Earlier w orks (e.g. Parsotan, L ́opez-C ́amara &
azzati 2020 ; Ito et al. 2021 ; Parsotan & Lazzati 2022 ) used a similar
umerical technique to calculate time-resolved polarization but
sed two-dimensional simulations. This made the outflow geometry
xisymmetric and, therefore, restricted changes in the PA to only
0 ◦. 
To gain a better understanding of the prompt GRB radiation mech-

nism and non-axisymmetric structure of the flow, we have to wait
or the launch of more sensitive and dedicated GRB polarimeters,
amely POLAR-2 (de Angelis & Polar-2 Collaboration 2022 ) and
EAP (McConnell & LEAP Collaboration 2016 ), that can finally
rovide highly statistically significant measurements. Once they
ecome available, models like the one presented in this work will
ave enough complexity to fit to observations and deliver robust
esults. 
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Figure A2. Same as in Fig. 2 but with different ξpatch/mj parameters. 

Figure A3. Same as Fig. 2 but with different co v ering factors F . As F (and correspondingly N patch/mj ) is increased, new MJs/patches drawn from the same 
distribution are added to the previous ones. 

Figure A4. Same as Fig. 6 but with different ξpatch/mj,c . 
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Figure A5. Same as Fig. 6 but for ξpatch/mj,c = 2 and with different b j values. 

Figure A6. Same as Fig. 6 but with ξpatch/mj,c = 2 and different ξ c values. 

Figure A7. Same as Fig. 11 but with different values of ξpatch/mj = ξ j /100. 
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