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Abstract

The rare association of three persistent radio sources (confirmed PRS1 and PRS2, candidate PRS3) with repeating
fast radio bursts (FRB 20121102A, 20190520B, 20201124A) offers a unique probe into their magneto-ionic
environments. PRSs are attributed to synchrotron emission from relativistic charged particles of a magnetar wind
nebula (MWN), powered by spin-down magnetohydrodynamic wind or internal magnetic field decay. Using a
multizone hydrodynamic model, we track MWN evolution to constrain magnetar progenitor properties. For PRS1
and PRS2, we find an equipartition radius R.q ~ 0.1 pc that is consistent with the radio scintillation estimates
(>0.03 pc) and radio imaging limits (<0.7 pc). This compact size favors low expansion speeds and large initial
spin periods, P; 2 10 ms, ruling out millisecond magnetar progenitors. Given P; 2 10 ms, a current size of
~0.1pc, a supernova kinetic energy Esn ~ 10°°-10°!erg, and an ejecta mass M ~ 03-10 M., the PRS age is
t ~ 10-10? zr PRSs with # > 20 yr require an internal field (Bj, ~ 10'6-10'% G) with a decay timescale
tg ~ 10-10* yr. The slowest field decay (fqmax ~ 500 yr) favors subenergetic supernovae (Esy ~ 10%° erg) with
massive ejecta (M 2 10 M) and a low-ionization fraction (~3%). For the subenergetic scenario, for the
confirmed PRSs, we predict a cooling break at 100-150 GHz at 20-40 pJy and self-absorption near 200 MHz at
180 pJy. For PRS3, a rotation-powered MWN is viable only if # ~ 10 yr; an inverted spectrum beyond 150 GHz
would rule out this scenario.

Unified Astronomy Thesaurus concepts: Radio transient sources (2008); Radio bursts (1339); Radio continuum

emission (1340); Neutron stars (1108)

1. Introduction

Fast radio bursts (FRBs) are highly coherent radio
transients, typically of millisecond duration, originating from
extragalactic distances. Until now, thousands of FRBs have
been discovered (D. R. Lorimer et al. 2007; M. Rafiei-Ravandi
et al. 2021; E. Petroff et al. 2022). FRBs are broadly
categorized into two types: repeaters that repeat their activity
on widely variable timescales, and nonrepeaters that appear to
be one-time events (CHIME/FRB Collaboration et al. 2023).
Observationally, repeaters are rarer compared to nonrepeaters.
Only a small fraction of repeaters and nonrepeaters have been
localized to their host galaxies (S. Chatterjee et al. 2017;
B. Zhang 2023; L. Connor et al. 2025). Despite significant
progress in their detection and localization, the origins of
FRBs and their immediate magnetoionic environments remain
poorly understood (E. Platts et al. 2019; B. Zhang 2023).

Persistent radio sources (PRSs) are com]I:)act subparsec
(<1 pe), highly luminous (L, > 10*erg s~' Hz ') quasi-
steady continuum radio sources at GHz frequencies, found in
the off-nuclear regions of host dwarf galaxies, with luminos-
ities unrelated to star formation activity (C. J. Law et al. 2022;
A. L. Ibik et al. 2024). The association of PRSs with active
repeating FRBs offers critical insights into FRB progenitors
and their local environments. The PRSs linked to FRB
20121102A and FRB 20190520B exhibit similar luminosities
and negative spectral indices. Both sources show variable
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rotation measures (RMs), indicating turbulent environments
near their progenitors (S. Chatterjee et al. 2017; D. Michilli
et al. 2018; C. H. Niu et al. 2022; R. Anna-Thomas et al.
2023). A third candidate PRS, associated with FRB
20201124A, is less luminous and features an inverted
spectrum (G. Bruni et al. 2024). Notably, PRS luminosities
correlate with their RMs, suggesting a relationship between
nebular properties and the magnetoionic environments.
Section 2 provides a detailed discussion of these sources.

Magnetars are leading candidates (S. B. Popov &
K. A. Postnov 2010; J. I. Katz 2016; P. Kumar et al. 2017;
Z. Wadiasingh & A. Timokhin 2019; Y. Lyubarsky 2021;
P. Beniamini & P. Kumar 2023, 2025) for FRB progenitors,
supported by the detection of a low-luminosity FRB from the
galactic magnetar SGR 193542154 (C. D. Bochenek et al.
2020; CHIME/FRB Collaboration et al. 2020; W. Lu et al.
2020; B. Margalit et al. 2020). The link between PRSs and
FRBs provides a valuable framework to test the magnetar
progenitor hypothesis. In this interpretation, the PRS is
thought to arise from synchrotron emission produced by
energetic charged particles (relativistic electrons and posi-
trons) within the magnetar wind nebulae (MWN). However,
the power source of an MWN remains uncertain—it may
originate from rotational energy through magnetic dipole
braking or from the decay of the internal magnetic field.

For example, studies of the PRS associated with FRB
20121102A suggest conflicting origins. Some analyses indicate
the emission could be rotation powered (K. Kashiyama &
K. Murase 2017; M. Bhattacharya et al. 2024), while others
propose internal magnetic field decay as the dominant driver
(A. M. Beloborodov 2017; B. Margalit & B. D. Metzger 2018).
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Table 1
Summary of the Observed Properties of the Reported PRS Associated with FRBs

Property FRB 20121102A Ref. FRB 20190520B Ref. FRB 20201124A Ref.

FRB 2 (redshift) 0.193 1) 0.241 3) 0.098 )

DM [pc cm 2] 558 @) 1204 3) 413 )
RM [rad m %] 14 x 10° 5) [-2.4 x 10*~1.3 x 10 (8) 900 (10)
PRS v [GHz] 1-26 (6) 15,3,55 3) 6, 15,22 (10)
Roroj [pC] <0.7 (at 5 GHz) (7 <9 ) <700 (10)

F, [pdy] 180 (3 GHz) (6) (6) 202 (3 GHz) 3) 8 (6), 20 (15), and 30 22 GHz)  (9)
a (spectral index) ~ —0.2 (<10 GHz), —1 (>10 GHz)  (6) —0.41 £ 0.04 A3) 1+043 (10)

L, lergs ' Hz '] ~2 x 10% (2 GHz) ~3 x 10% (2 GHz) ©)) ~2 x 10*7 (6 GHz)

Note. Here, z denotes the redshift of the source, DM represents the dispersion measure, RM stands for the RM, v is the observational frequency, Ry, is the projected
radius of the PRS, F, is the observed flux density of the PRS, « is the spectral index (such that the flux density scales as F,, o< %), and L,, is the spectral luminosity of

the PRS.

References. (1) S. P. Tendulkar et al. (2017), (2) L. G. Spitler et al. (2016), (3) C. H. Niu et al. (2022), (4) A. E. Lanman et al. (2022), (5) G. H. Hilmarsson et al.
(2021), (6) S. Chatterjee et al. (2017), (7) B. Marcote et al. (2017), (8) R. Anna-Thomas et al. (2023), (9) S. Bhandari et al. (2023), (10) G. Bruni et al. (2023).

Evidence increasingly supports the presence of stronger internal
magnetic fields in magnetars (C. Thompson & R. C. Duncan
1996; S. Dall'Osso et al. 2012; R. Turolla et al. 2015; J. Granot
et al. 2017; K. Makishima et al. 2024). Specifically, J. Granot
et al. (2017, hereafter G17) demonstrated that Swift J1834-
0846, the only directly observed MWN around a known
Galactic magnetar, can only be powered by internal magnetic
field decay, reinforcing the plausibility of magnetic powering
of PRSs.

However, many open issues still need to be addressed in the
MWN interpretation of PRSs, and several key issues remain
unresolved. In previously published magnetically powered
PRS models, the assumed internal magnetic field decay
timescale (~0.2-0.6 yr) is at least 4 orders of magnitude
shorter than the decay timescale 74 > 10°yr, estimated for
Galactic magnetars (S. Dall'Osso et al. 2012, where ~1 kyr
and ~10 kyr were estimated for the dipole and internal fields,
respectively).

Additionally, M. Bhattacharya et al. (2024) argue that the
magnetic decay and rotation-powered scenarios are nearly
indistinguishable and largely independent of the supernova
progenitor. The nature of the progenitor itself is also debated,
with M. Bhattacharya et al. (2024) favoring an ultra-stripped
supernova (USSN), while K. Murase et al. (2016) and
B. D. Metzger et al. (2017) propose a superluminous
supernova. Both models, however, suggest a millisecond spin
period for the progenitor magnetar. Moreover, earlier studies
did not consider the potential role of enhanced supernova
remnant (SNR) expansion in selecting or favoring a specific
type of magnetar progenitor. Additionally, they assumed a
nondecaying magnetic energy content within the nebula,
which may lead to overestimates of the long-term magnetic
field strength. We address and expand upon these limitations in
Section 5. As we will demonstrate, consideration of adiabatic
losses has important implications for favoring a particular
magnetar progenitor (see Section 6 later for an expanded
discussion).

Furthermore, earlier studies of PRSs associated with FRBs
lacked access to many observational constraints that became
available later (see Section 5), leading to broad age estimates
ranging from a decade to 1000 yr. Besides, a crucial gap
remains in the lack of predicted observable signatures that
could definitively distinguish between competing scenarios.

A comprehensive investigation of the magnetar progenitor
parameter space, accounting for both rotational and magnetically

powered scenarios, is essential to satisfy the constraints
imposed by FRBs and their associated PRSs. This study seeks
to determine whether either scenario can be definitively ruled
out for powering the known sources. The objective is to predict
the self-absorption and cooling frequencies in the PRS
spectrum, as well as the age of the nebula. These predictions
can help differentiate between power sources or potentially
exclude the MWN interpretation entirely.

The structure of this paper is as follows: Section 2 provides
a detailed discussion of the PRSs associated with the three
FRBs. Section 3 outlines the evolution of MWN’s energy and
radius under combined rotational and magnetic decay power.
Section 4 constrains the magnetar parameter space for MWNe
and examines the implications of these constraints. Section 5
compares our findings with previous findings in the literature.
Section 6 summarizes our key results and suggests a future
observational campaign.

2. Observations

This section presents the key observational findings for the
three FRB-PRS systems. A summary of their properties is
provided in Table 1, and a brief description of each system is
given below.

1. PRS associated with FRB 20121102A. This source is the
most well-studied and well-monitored PRS. It is located
in a dwarf galaxy with a positional offset in the off-
nuclear region. Its radio spectrum has been monitored
from 500 MHz (uGMRT) to 22 GHz (Very Large Array
(VLA)). While earlier studies (S. Chatterjee et al. 2017)
indicated a cooling break at 10 GHz, later studies
(G. Chen et al. 2023) have shown that this identification
is spurious due to the effects of scintillation. The same
study suggests a robust lower limit on the source size
(>0.03 pc). Radio imaging studies such as B. Marcote
et al. (2017) imply an upper limit on the PRS size of
<0.7 pc. Radio scintillation studies (G. Chen et al. 2023)
point to an even compacter size ~0.2 pc (this is
consistent with results from equipartition analysis in
Section 3.4).

2. PRS associated with FRB 20190520B. Its spectral energy
distribution (SED) has been observed in the ~1-6 GHz
range (C. H. Niu et al. 2022), showing a similarly flat
profile, while its projected size is poorly constrained. The
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Figure 1. A schematic (not to scale) depicting the environment surrounding a
young magnetar (shown in pink) enclosed within an SNR. The accompanying
Table 2 gives the description of the various regions and their contribution to
the observables (see the text for a detailed explanation).

angular separation between the FRB and PRS is
<20 mas (S. Bhandari et al. 2023). Moreover, its RM
fluctuates significantly, showing sign reversals within a
few months (R. Anna-Thomas et al. 2023).

3. PRS associated with FRB 20201124A. This third
candidate PRS has been reported (A. E. Lanman et al.
2022; G. Bruni et al. 2024). It has an inverted spectrum,
albeit with large uncertainties. The PRS association with
the FRB remains tentative due to a positional offset
(angular separation ~56 mas) between the PRS and FRB
locations. G. Bruni et al. (2024) identified a potential
correlation between the luminosities and RMs of this
PRS, supporting a nebular origin.

The third tentative source differs significantly from the first
two. It has an inverted spectrum, a luminosity 2 orders of
magnitude lower, and a projected size upper limit (approxi-
mately kiloparsec), which is 2 orders of magnitude larger. Its
RM is much smaller, and the positional offset between the PRS
and the repeater FRB is much larger (approximately tens of
parsecs). These differences make it a candidate rather than a
confirmed association.

The next section lays the groundwork for a comprehensive
discussion of the observed properties and their implications for
the nature of PRSs.

3. Basic Setup

The objective of the present section is to describe the
environment around a magnetar and the effect it can have on
the observables. We assume a spherically symmetric multi-
zone model in which the physical properties within any zone
remain homogeneous.

Figure 1 illustrates a schematic depiction of the environment
surrounding a young magnetar system. The SNR of mass
Mgnr expanding at a velocity vgnr carrying kinetic energy
Esnr (hereafter referred to as the SNR ejecta) confines
an electron-positron magnetohydrodynamic (MHD) wind
launched by the central magnetar. Given the compact nature
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of the PRS, we assume that its age is smaller than the Sedov—
Taylor time, #4.., of the SNR ejecta. For times ¢ < f4ec, the
SNR ejecta remains in the free-expansion phase, during which
its radius grows linearly with time. The ejecta’s coasting
velocity, vsnr, can be expressed as

11
VsNR & 5.8 x 103 My 2 Egp s kms™!, €h)

where M3 = Mgng/(B3M) is the mass of the ejecta and
Esnrs1 = Esnr/ (1051 erg) is the total kinetic energy of the
ejecta; Egnr includes the mechanical energy from the super-
nova explosion, Egy, and the rotational energy, E., lost during
the spin-down phase.* During the free-coasting phase, the
nebula’s radius can be assumed to match the inner radius of the
SNR shell and is given by

1 1
Ry, = Rsng ~ 1.8 x 1017 My 2 EZ 119 cm for 1 < tgee, (2)

where t;o = #/10 yr. The Sedov-Taylor time f4.., beyond
which the free-coasting phase ends, is

501 1
taec = 517 MY Eqpd sy 1o 3y, 3

where n, = n/1 cm ™ is the particle density of the ambient
medium into which the SNR is expanding.

The MWN’s termination shock, located at radius Rtg, marks
the boundary where the ram pressure of the hot MWN
balances that of the cold MHD wind. The ratio of the
termination shock radius to the SNR radius Rys/Rsnr can be
expressed in the free-coasting phase as (see Appendix B)

r 1
Rrs _ |VsNR 0.14 E& M, 4 for t < tyec (€]
Rsnr c

Equation (4) shows that the volume enclosed within the
termination shock radius is minuscule compared to the total
volume enclosed by the SNR.

Interactions between the different media give rise to two
shock fronts: a forward shock (FS) propagating outward into
the slower material and a reverse shock (RS) propagating
inward into the faster material. The regions in the schematic
Figure 1 are numbered 1 to 7. Following A. L. Piro (2016), we
attribute some of the dispersion measure (DM) contribution
near the progenitor to the SNR ejecta. Regions 3 and 5, being
shocked, contribute to the ionization of the ejecta, while
Region 4, though unshocked, may also become ionized by
ionizing photons. The combined DM contribution of the SNR
ejecta (Regions 3, 4, and 5) is characterized by the average
ionization fraction fi,,. The observed DM is the cumulative
contribution from various sources along the propagation path
of the FRB signal. These contributions include the inter-
galactic medium (IGM), the interstellar medium (ISM) of our
Galaxy, the Galactic Halo, as well as the source and host
contributions, which are redshifted by a factor of 1 + z. The

4 In principle, Esng should also account for the magnetically power outflows
ejected during the field decay timescale, tg4, if #3 < fg4ec. However, for the
parameter space explored here, the decay timescale #4 is consistently longer
than the spin-down timescale fyq and the magnetic energy smaller than
max(E, Esn), allowing us to neglect the contribution of internal magnetic
field decay to vgng.
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Table 2
Description of Regions in Figure 1 and Their Contributions to the Observables
Region  Description Contribution
7 Unshocked ISM (light blue)
6 ISM shocked by the FS from the SNR-ISM
interaction (dark blue)
5 SNR ejecta shocked by the RS from the SNR-ISM DMgnr
interaction (dark orange)
4 Unshocked SNR ejecta (lighter orange) DMgsnr
3 SNR ejecta shocked by the FS from the MW-SNR DMgnr
interaction
2 MWN shocked by the RS from the MW-SNR PRS
interaction (dark green)
1 Cold MW carrying the majority of Ly
Rrs Termination shock radius, balancing hot MWN
and cold MW

Note. The color references in parentheses correspond to the visualization in
Figure 1. DMgnr indicates contributions to the DM from SNR material.

observed DM can therefore be expressed as

DMsrc + DMhost

DM = DMjgm + DMism + DMy, + T
Z

&)

Here, DMy represents the contribution from the IGM,
which arises from the large-scale structure of the Universe.
DM;sm and DMy, are contributions from our Milky Way’s
ISM and the surrounding Galactic halo, respectively. For the
analysis presented here, the DMy, is due to the MWN and the
SNR ejecta. This term is denoted as DMgng. The host term
arises from the host galaxy at redshift z, which contains the
source, and may also include contributions from its circumga-
lactic medium. The IGM contribution to DM from z of 0.1 and
0.2 is around 90 and 180pccm °, respectively (e.g.,
L. Connor et al. 2025). The host galaxy ISM also typically
contributes <60 pccm ° (e.g., S. K. Acharya & P. Beniamini
2025). Thus, most of the DM, after subtracting the contribution
from the IGM and the Milky Way, seems to be from the host
galaxy and likely even the immediate environment around the
FRB progenitor.

Furthermore, RM can only arise from unpaired electrons—
an MWN consisting purely of electron-positron plasma will
not contribute to the RM. For RM, we consider that the
contribution primarily comes from region 2’ (not shown),
which is embedded within the MWN, and contains both ions
and pair plasma. It is important to emphasize that the RM is
highly sensitive to the local environment and exhibits
significant temporal variations. Our one-zone model does not
account for this time variability, particularly the effects of
turbulence, which can be crucial in young, energized nebulae.
As a result, we do not impose constraints based on RM
measurements in this work. Instead, we refer to some fiducial
estimates in Section 6.5.

Table 2 summarizes the contributions of the various regions
to observable quantities depicted in Figure 1. Table 5 in
Appendix K gives a comprehensive list of symbols used
throughout the text and their meaning.

3.1. Requirements for Powering FRBs

Recent studies indicate that the energetics and high bright-
ness temperatures associated with FRBs suggest a very strong
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internal magnetic field (Bj, > 10> G) at their source (W. Lu &
P. Kumar 2018; P. Beniamini & P. Kumar 2025). In a
magnetar-based model for FRBs, the luminosity is thought to
be driven by the decay of the internal magnetic field Bjy.
However, Bj,, cannot be arbitrarily large. Numerical studies
(J. Braithwaite 2009) indicate B;, < 3 x 10'° G beyond which
the magnetic field energy density would overcome the crustal
binding energy. Moreover, the same numerical studies indicate
that the ratio of the dipolar magnetic field strength to the
internal magnetic field cannot be less than 1:30, otherwise the
magnetic field configurations become unstable. This sets a
lower 11m1t on the dipolar magnetlc field strength at
By = 10" G when By, = 3 x 10'® G. Following W. Lu &
P. Kumar (2018) we consider a fiducial dipolar magnetlc field
of at least 10'* G (and correspondingly Bj, = 10" G) to power
an FRB,

Bd min,FRB < 1014 G. (6)

3.2. Energy Injection

We consider here the two channels by which magnetars can
power an MWN. The first channel is the spin-down-powered
relativistic MHD pair wind, while the other is the decay of the
internal magnetic field that powers episodic electron-ion
outflows, the most dramatic of which are magnetar giant flares
(GFs). If the time between giant-flare ejections is smaller than
the system’s age, the rate at which the magnetic energy is
released can be approximated as continuous. An important
difference between the spin-down and magnetically powered
phases is that in the former, the charged particles are (almost)
purely electron-positron pairs, while for the latter, the
composition is (predominantly) baryonic electron-ion.

We consider a magnetar with radius Ryg and moment of
inertia / with equatorial surface magnetic dipole field B, and
angular frequency ). The spin-down power L4 is given by

-2
Ly(t) = Lo(l + L) for magnetic dipole breaking. (7)
I

The initial rotational energy E,, the initial spin-down
luminosity Ly and the spin-down time #,q are approximated as

En = lm% ~2 x 102P K erg,

_deRNS“ ~ 5.8 x 10YP % fB} sergs™,
_ Ic? 4p2 1
ta = pegr 3 X 1OPLfT Biiss, (8)

where we used the moment of inertia / = 10* g cm?, neutron
star radius Rys = 10° cm, initial spin period P; 3 = P;/1 ms
and the surface dipolar magnetic field strength By =
1014Bd,14 G. Here the quantity f is O(1). In the force-free
magnetosphere limit f = 1 + sin?6 such that 1 <f< 2. For
simplicity, we assume f = 1 in our analysis. During ¢y, almost
all of the initial rotational kinetic energy Lof,q &~ E,o 1s lost.

Following P. Beniamini et al. (2025) the evolution of the
internal magnetic field of a magnetar is given by

_2

Es(r) = EBO(I + af’) )
d
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which results in an average magnetic luminosity,
2
apt) @B
Lp(t) = Lyo| 1 + — : (10)
A

where the initial internal magnetic field energy Ep o, the initial
internal magnetic field decay timescale 74 and the initial
magnetic field luminosity Lg o can be represented as

1
Ego= gBi%nRI?IS ~ 2 x 10% Bi%nt,lG erg,

=~ 103 14,3 Bi;l(,y1B6 yr for ag =1,

agEg o
Lgo=

~ 5.3 x 103 133 BoM® ergs™! for ap = 1,
)

where we assume that the fiducial internal decay timescale
tq o< B®, such that 1,3 = 14/ (10° yr), which is an order of
magnitude smaller than found by S. Dall'Osso et al. (2012) for
galactic magnetars (f; = 10* yr for Bjy16 = 1). In contrast, all
the earlier magnetic decay power models assume 74 ~ 0.2 yr
(see Section 5). For the rest of the analysis, we will assume
ag = 1.

Equation (11) shows that the decay timescale has an inverse
relation with the internal magnetic field strength. Since a
strong internal magnetic field is a necessary requirement for
powering FRBs (see Section 3.1), the corresponding internal
magnetic field decay timescale is shorter. For a short decay
timescale, the injected energy in the nebula is degraded more,
and vice versa. Thus, adiabatic loss has a prominent role to
play in determining the energy content of the nebula as a
function of time.

We assume that the nonthermal electrons carry a constant
fraction €. of the injected energy in the nebula. The
instantaneous power L. of the nonthermal electrons can be
represented as

4

€eLgg for spin-down power,

L. = ¢.Lipi = .
e e {ee €ouln for magnetic decay power.

12)

Equation (12) shows that in general, only a fraction €, of
the magnetic power Lg goes into the nebula while the rest
(1 — eou) 1s channeled into thermal X-ray emission. For
maximum energy content in the nebula, we assume €y, = 1.

Post energy injection, adiabatic losses play a prominent role
in deciding the energy content at any given age. The expansion
of the nebula and corresponding adiabatic cooling are detailed
in the next subsection.

3.3. Adiabatic Losses

The objective of this section is to determine the time
evolution of the energy density in the MWN. To achieve this,
we require the radius of the system and the energy content of
the nebula at any given time. We present here a dynamical
framework to describe both quantities.

To estimate the energy content of the nebula, we adopt the
formalism of G17. At any given time, the energy content
reflects the cumulative energy injected up to #, minus the
adiabatic losses sustained by the injected energy. In the
absence of adiabatic losses, the energy content is simply
the time-integrated injection rate. However, when adiabatic
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Figure 2. Illustrative energy content in the nebula powered by a magnetar as a
function of time, taking into account adiabatic losses (see also Figure 8 in
Appendix E for behavior of the dynamical energy injection). The solid red line
corresponds to the rotation-powered MWN with P = 10 ms and By = 10'* G.
The solid red line corresponds to the internal magnetic decay-powered MWN
with internal B;y, = 3 x 10'® G with decay timescale 7y = 100 yr. The vertical
dashed black line corresponds to the time #, (see Equation (14)) when the SNR
(Msnr = 3M, Esng = 107! erg, fion = 0.1) becomes optically thin. The
shaded gray region to the left of 13 yr indicates that this region is not
accessible to PRS associated with FRB 20121102A (the absolute minimum
age for this source).

losses are significant, the energy content is reduced compared
to this cumulative value. The energy content at a given age, f,
is expressed as

E0 = [ " Eng(t)fy (1) d, (13)

where f,(t') = R(t')/R(t) is a dimensionless ratio that
accounts for the adiabatic dilution of energy injected at earlier
times as the MWN expands. If most of the energy is injected
early, it experiences greater adiabatic losses compared to
scenarios where energy injection occurs predominantly at later
times. A detailed summary of f,4 can be found in Table 3
of G17.

Figure 2 illustrates how the energy content in the nebula
varies as a function of time. For any injection scenario, the
energy content in the nebula increases, reaches a maximum
near the characteristic timescale of the injection mechanism,
and decreases beyond it (see Appendix E for a detailed
discussion). In particular, it can be seen that for the magnetic
decay-powered scenarios with an internal magnetic decay
timescale 74 > 10 yr, the maximum available energy in the
nebula is E, max =~ 4 x 10% erg, which is just twice the energy
injected in the last dynamical timescale, #4Lp(#4), (see
Equation (El) in Appendix E). The nonthermal electrons
carry a fraction ¢, of the nebular energy E,.. In our analysis, to
produce the most luminous PRS, we require a highly efficient
process with €, = 1.

Next, we can estimate the time at which the SNR becomes
optically thin. The number density of free electrons in the
ejecta can be estimated from n, = fionMsnr/ 47rR3mp, where
fion 18 the ionization fraction in the ejecta. The Thomson
optical depth in the ejecta is given as 7r = n.orR. Since the
radius in the coasting phase scales linearly with time, we can
estimate a critical time ¢, where the remnant becomes optically
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thin to Thomson scattering. It can be estimated as

1
tL(rr=1)~024f, M ESN2R’51 yI, (14)

where f_| = fion/0.1. Appendix I discusses the constraints
from free—free absorption. Adiabatic losses are discussed
further in Section 4.

3.4. Constraints from PRS Size and Spectra

Next, we describe the constraints on the age of a PRS from
its observed size and spectrum. In Appendix C, we
demonstrate that the radio emission from the shock that the
SNR drives into the ISM is expected to be negligible compared
to that from the nebula and cannot account for the PRS
emission. This motivates us to considler MWN as the only
viable source of synchrotron flux from the PRS.

The nonthermal distribution of electrons in the MWN can be
represented as

d N, 7
Ne _ (»r — 1)i1(£) forym<e<mwm & p >2,
dve Ym \ Ym

5)

where N is the total number of nonthermal electrons in the
nebula, p is the power-law index, ~, is the Lorentz factor of the
nonthermal electrons, and 7, is the minimal Lorentz factor of
the nonthermal electrons. For p > 2, the average particle
anergy in the nonthermal distribution is (7,) = %%n ~ Yo

For simplicity, we adopt a power-law index p = 2.5 for the
nonthermal particle distribution. The synchrotron frequency
associated with electrons of Lorentz factor v, is defined as
Vsyn = yB'yz, where the cyclotron frequency is defined as
vg = eB/2mmec. Here, —e and m, are the charge and mass of
the electron, and c is the speed of light.

Since MWN emits synchrotron radiation, we apply the
equipartition theorem (M. A. Scott & A. C. S. Readhead 1977;
R. Barniol Duran et al. 2013) to obtain an estimate of the
equipartition radius and energy for the nonthermal electrons,
which can serve as a proxy for the radius of the nebula for PRS
systems. For a synchrotron self-absorption frequency that
satisfies Vg, < Vm = Vsyn(7m) (as observed),

35 16 8

~ 17 ., 51 5, 51 7 17
Reg~24 x 10 Vg Vo3 Ly’ cm,
15 2 20
~ 49 717 17 717
Eeq = 1.2 X 107 vy, ¢y vo37 Lyys erg, (16)

where Vg,87 = Vs,/(500 MHz), 193 = v,/(2 GHz), and
Lys =L, /(2 x 10?° erg s7' Hz™!), which shows that for
the PRSs associated with FRB 20121102A (and FRB
20190502B) and FRB 20201124A the equipartition radii are
~0.1 pc and 1 pc, respectively. The equipartition radius
estimates for the PRSs associated with FRB 20190502B and
FRB 20201124A are more constraining than upper limits
based on radio imaging (see Table 1). Using the formalism
from R. Barniol Duran et al. (2013), we can express energy in
-6 11
the nebula as Eneb:Eeq[EB<Ri) + Ee<Ri) ] For a
eq eq
maximum energy content of the nebula, the largest nebular
radius consistent with all the observables satisfies the
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Figure 3. The spectrum of the PRS associated with FRB 121102 (aka QRS
121102 in some studies). The red squares represent observations from GMRT
(L. Resmi et al. 2021), the blue circles represent the observations from VLA
(S. Chatterjee et al. 2017), and the purple pentagons and the cyan diamonds
represent later observations demonstrating radio scintillations using the VLA
Ku band (12-18 GHz) and K band (18-26 GHz) (G. Chen et al. 2023). The
black solid line represents a best-fit model (1, = 2.5 GHz, p = 2.5)
corresponding to the synchrotron slow cooling spectrum 1 of J. Granot &
R. Sari (2002). The spectrum remains optically thin even until 500 MHz, while
radio scintillation effects in later studies suggest the cooling break v, > 22
GHz (see the text for a detailed discussion).

following relationship:

1
Rn,max ~ L Eneb,max 1
Req €e Eeq
_L

~12 ee ' for (Enehmas Feq) = (4, 1.2) x 10% erg,
17

where we have used the maximum nebular energy from
internal magnetic field decay (see Figure 2).

Figure 3 shows the PRS spectrum associated with FRB
20121102A. The shape of the spectrum shows that the self-
absorption frequency v, lies below the peak frequency vy,
while the cooling break frequency v, is higher than 1,
(corresponding to spectrum 1 in J. Granot & R. Sari 2002). In
general, v, reflects the age of the system, while v, is indicative
of its size. The size of the system R is related to its age through
Equation (2). The separation between v, and v, is governed by
the expansion history of the nebula. For a given nebular size, a
younger system (with a smaller #) will exhibit a wider frequency
separation, while an older system will show a narrower
separation. For an observed spectrum (4, Y, Ly, 1) and a
fiducial energy content of the nebula (assuming values for the
PRS associated with FRB 20121102A), the radius R, of the
nebula can be estimated as (see Appendix F)

5 5 3 131
~ 17,77 4 77 42 gl
Rym2 x 107 v 57 v Logs Ve it Esgs
_1
X Mo cm, (18)

where Esq3 = Egng/(2 x 10 erg) and My, = M/(10 M_,).
The age of the PRS can be estimated as (see Appendix G for a
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Table 3
Derived Parameters for the MWN
Scenario B (mG) ~ Nyep ~ E. (erg) ~
T 21, "1 2 . 1 z o7
V> Vi 20L,)W5287m}25 ugmmsRHS 2 x 1051L' V3 Ver, 0 SRS 4 x 1047L1/287m2 Ve, 0 1SR
3 9 3 I 1 3 3 1 3
V< Uy 3

3
IOL” zs’Ym ZVGHzggRH

Sly 4 .4 4 S—iR4
10 Lu,stmJVGHzU 4R|7

1
477 4 4 ;—iR4
2x10 Lu,287m,2”GHz‘7 4Ry

Note. B is the average magnetic field, Ny is the total relativistic nonthermal electrons, and E,,; is the energy carried by N,.. We assume p = 2.5 and use Q, = 10" for

any quantity x (in cgs units). Notation: vm2 = Y/ 10, vgn, = v/(1 GHz), L, 28

closure relation between the observables of the PRS)

SR 3 3
t =37 vokq vodt Vit Libs Eso} M} yr. (19)

Equation (19) shows that characterizing the spectrum of the
PRS can provide robust constraints on the age of the system.
The PRS spectrum also allows the estimation of the energy of
the nonthermal electrons E,, average magnetic field B, the total
number of nonthermal electrons N, and minimal Lorentz
factor (LF) v, and cooling LF . of nonthermal electrons as
summarized below,

5 1 3 10 303
e~14X1049V<a87Vm93Vc11Lg Eso5M,) erg, (20)
10 5 4 2 2 _2

B~ 23 12, V23 v & Lok EdysM;,7 mG, 2D
_10 _5 9 2 2

Neet & 2 x 1072 Vsa,%lﬂ ve3' Lyhs Esoi My}, (22)
S 8 2 1 11

Y R 175 v ¥y v2los v2l Ly s EsosMip, (23)
_5 _5 2 1 1 1

e~ 1223 v, 28 m492.3 Vﬁl Ly 5 Esoy My, (24)

For the subenergetic supernova parameters used above, the
1

SNR velocity veng ~ 1.4 x 103 EJ 4 le)% kms™' is larger
than the typical estimated transverse kick velocity of
magnetars (see Table 1 of G17). This is consistent with our
assumed setup where the neutron star is well bounded within
the SNR, as shown in Figure 1. The requirement of a massive
ejecta requires that the ionization fraction f,, in the SNR
ejecta be small so as not to exceed the DM contribution from
the source. This can be expressed as

DMsnr = 343 pcem £, 15 Mo Ri3, (25)

where fion. 1.5 = fion/0.03. In our model, we treat the ionized
fraction of the ejecta, fi,,, as a free parameter. In the earlier
work by A. L. Piro (2016), a constant ionization fraction was
assumed, which led to a substantial variation in the DM over
time. However, a more refined model by A. L. Piro &
B. M. Gaensler (2018) allowed fi,, to evolve as a function of
time/radius. This time-dependent treatment significantly
reduced the expected DM variation, yielding a value of
approximately 1 pccm > yr~' at an age of + = 40 yr for an
ejecta mass M| = 10 (see their Equation (17)). This estimate is
consistent with observational constraints on the long-term
evolution of DM in FRB 201211202A (L. G. Spitler et al.
2014; J. N. Jahns et al. 2023). Importantly, the estimate
provided by A. L. Piro & B. M. Gaensler (2018) accounts only
for ionization due to shock heating. Photoionization may also
contribute significantly. For instance, photoionization model-
ing by B. D. Metzger et al. (2017) (see their Appendix)

= L,,/(IO28 ergs ' Hz '), and Ry; = Rn/(1017 cm).

suggests that fi,, could range from 0 to 0.25. Given these
considerations, we choose to keep f,, as a free parameter in
our analysis. We further constrain fi,, < 0.03, based on the
requirement that the DM contribution from the SNR does not
exceed the total observed DM.

If the full shape of the spectra is not known, i.e., only the
spectral luminosity L, at a given frequency v is measured,
rough estimates of a few fiducial properties can still be made
as shown in Table 3.

In Section 4, we show what kind of magnetar parameter
space can account for the necessary MWN energetics to power
these PRS sources at their current age.

4. Constraining the Rotation/Magnetic-powered MWN
Parameter Space

We explore next the rotational and magnetic power
parameter space for MWN capable of producing PRSs. The
key question is identifying the conditions under which the
system can sustain its current radio luminosity and compact
size. The predicted features in the PRS spectrum can be tested
by observations to distinguish which among the two channels
is powering these sources or ruling out the magnetar
interpretation altogether. To ensure that the internal magnetic
field satisfies Biy > 10" G—a necessary condition for FRB
production (see Section 3.1)—we focus on dipolar magnetic
field strengths in the range By = 10'*—10" G (Section 3.2).

The evolution of the nebula is governed by six critical
timescales: the system age ¢, which determines its size
(Equation (2)); the optical depth timescale ¢, when the
expanding ejecta becomes optically thin to Thomson scattering
(Equation (14)); the spin-down timescale #,4, over which the
magnetar loses most of its rotational energy (Equation (8)); the
switching timescale fqyicn, marking the transition from
rotational energy loss to internal magnetic field decay
(Equation (27)); the magnetic field decay timescale fq,
representing significant depletion of internal magnetic energy
(Equation (11)); and the Sedov—Taylor time ?4., indicating the
onset of SNR ejecta deceleration (Equation (3)). The relevance
of t4.. depends on whether it is shorter than the other
timescales. At age ¢, the dominant energy source of the nebula
is determined by fgyicen: if fq < t < fswitch, TOtational energy
losses dominate, while if fywichn < t < 4, internal magnetic
field decay powers the nebula (see Appendix E for trends).

Any scenario that powers the MWN-+SNR system must
satisfy the following stringent conditions:

1. If the radio spectrum shows no sign of steepness until the
lowest frequency at which the PRS has been observed
(see Figure 3), it implies that the self-absorption
frequency must lie at an even lower frequency.

2. The cooling break must be higher if no cooling break has
been observed, even at the highest observed frequency.
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3. The source cannot be younger than the duration over
which it has been observed as a PRS.

4. The DM contribution from the source cannot exceed the
total measured value.

For both channels, we assume an initial spin period
P; > 10 ms (for which E,, < 2 x 10°erg). Under this
assumption, the nebula size at a given time, R,(?), is
determined by the ratio of the supernova explosion Egy and
the ejected mass M.

For rotational energy to effectively power the nebula, one
can estimate the maximum dipolar magnetic field that can
sustain the PRS luminosity vL, at age ¢, which can be
estimated (assuming magnetic dipole breaking) as (see
Appendix D for derivation)

1
Bamaxrot & 4 x 10 €2 (VL)% ty' G for m =2, (26)

where (VL,)33 = VL, /(108 erg s7!) and 1,0 = ¢/(10 yr).

However, for the two confirmed PRSs, the self-absorption
frequency vy, drops below 1 GHz only for ¢+ 2> 30 yr.
Comparing Equations (6) and (26), for vL, > 4 x 10 erg s '
at t = 30 yr, it can be seen (even assuming €, — 1) that the
maximum dipolar magnetic field supporting PRS luminosity is
lower than the minimum dipolar magnetic field required for
FRB production. Thus, the two confirmed PRS-FRB sources
cannot be powered by rotational energy loss for ages ¢ > 30 yr,
necessitating internal magnetic field decay as the only viable
alternative energy source. The rotational channel can sustain
the PRS luminosity and FRB production for only a very small
window of around two decades. However, for the third and
much dimmer candidate PRS (vL, ~ 10%° erg s_l), the
rotational channel remains viable with By ~ 10'* G at 1,y = 1.

For the magnetically powered case, there is a characteristic
time f.icn beyond which the dominant source of energy
injection into the nebula switches from rotational energy loss
to internal magnetic field decay. This switching time Zyicc, Can
be expressed as (see Appendix E for the derivation)

1 1 1 ap

tswiteh = 3.3 € 13 fdipz’_2 By 162 yrforag=1, (27)

where the fyip, > = fuip/ 102 corresponds to our fiducial choice

fdli{) 2 = zfd = %. The energy content in the nebula and its
int

radius at this time are given by (assuming ag = 1)

Tswitch
Eqyiteh = 2€0ut Epo| ——
Iq
1 1 1 B
~ 47 2 T2 fTa 1+5°
~ 1.3 X 10% €3y 143 fdip‘_2 B, 15 erg,
stilch = VSNR fswitch
o MAE ek b pot | piod
~5 % 10%° M3 > Egg 51 €out 143 Jaip 2 Bin1s > M.
(28)

Equation (27) indicates that a typical magnetar progenitor
capable of powering both FRBs and a luminous MWN remains
primarily in the rotation-powered phase for only about a
decade. The duration of this transition phase is largely
determined by the strength of the internal magnetic field,
Bi,. We revisit the feasibility of detecting such a phase in
Section 6.4. For t > t.yicn, the internal magnetic field decay
channel dominates and the optimal scenario occurs when the
internal magnetic field reaches its maximum allowable value

Rahaman et al.

Bintmax ~ 3 % 10'® G with e, — 1. Assuming the scaling in
Equation (11), this condition likely corresponds to the shortest
decay timescales 7y ~ 10> yr and the largest possible dipolar
magnetic field strength By ~ 10'° G, which consequently
results in a very short spin-down timescale. As a result, the
spin-down time is consistently shorter than the magnetic decay
timescale. The initial spin period plays a negligible role,
provided that the rotational energy does not exceed the
supernova explosion energy. Even under these conditions, a
more compact nebula can be achieved by increasing the ejecta
mass or considering a weak/subenergetic supernova.

Figure 4 illustrates that the rotation-powered parameter
space is excluded for FRB 20121102A (and similarly for FRB
20190520B, not shown). This is because, beyond 30yr,
rotational energy alone cannot sustain the high energy content
required to power the PRS. The supernova and initial magnetar
birth parameters for this figure are chosen to give the longest
possible age estimate ~100yr for an internal magnetic field
strength Bin 16 = 3 with a maximum decay timescale of
tamax ~ 500 yr (see the discussion in Section 6.1). The
predicted cooling frequency in the PRS spectrum lies around
v, ~ 70-100 GHz (which can be observed in the Atacama
Large Millimeter/submillimeter Array (ALMA) band;
A. Wootten & A. R. Thompson 2009), while the self-
absorption frequency is estimated to be vs, ~ 200-500 MHz
(which can be observed in the LOFAR band (see the
discussion in Section 6.2; M. P. van Haarlem et al. 2013).
The magnetic field strength within the nebula is found to be in
the range 10 mG < B < 30 mG, consistent with the results of
P. Beniamini et al. (2022b, see their Equation (59)).

Figure 5 shows that a rotation-powered MWN is allowed for
the candidate PRS associated with FRB 20201124A. However,
this scenario only works if the system is very young (<20 yr).
This scenario can be ruled out if the inverted nature of the PRS
spectrum persists beyond 150 GHz. This turnover can be
observed in the ALMA band.

5. Comparison with Previous Studies

Confirmed PRSs for FRBs 20121102A and 20190520B:

Our interpretation of the mechanism that powers PRS
associated with FRB 20121102A aligns with the models
proposed by A. M. Beloborodov (2017, hereafter B17) and
B. Margalit & B. D. Metzger (2018, hereafter MM 18), but
there are important differences that warrant further discussion.
Neither study considers the impact of the SNR ejecta on the
nebular properties. In their models, both the initial rotational
period P; and the total mechanical kinetic energy imparted to
the SNR (Esn + Ero) cannot be constrained. In our model, we
show that these magnetic-powered systems must necessarily
be produced in subenergetic supernovae (Esy ~ 10° erg) with
massive ejecta (M 2 10M) and large initial rotation periods
(P; > 10 ms) in order to satisfy the size constraints from
observations. B17’s estimate of the energy content of
nonthermal electrons E, is an order of magnitude smaller than
ours, since they considered the cooling break to be at
v, ~ 10 GHz. This was before later studies (G. Chen et al.
2023) revealed significant scintillation effects, showing that 1/,
remains undetected even up to 22 GHz. Consequently, their
estimate of the mean nebular magnetic field is ~3 times higher
than in our analysis.

MM18 suggested a wide parameter space associated with a
millisecond pulsar for the age of these systems viz.,
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associated with FRB 20121102A. The parameter values used are

e =1, €u=10=05p=25 P = 10ms, By1s = 1, Bin.16 = 3. Top left panel: shows the allowed region (in shaded cyan) of magnetar-powered MWN
in the #—~,, plane with magnetic decay timescale 74 = 500 yr for a subenergetic supernova embedded in massive ejecta M.; = 10 M. The constraints used are:
tons > 13 yr (horizontal pink dashed line), v. > 22 GHz (blue), v, < 1 GHz (dotted—dashed red line), the age must be large enough not to exceed the on-source DM
(solid green line), the source size should be smaller than the upper limit suggested by imaging studies (solid purple line), the energy content of the nonthermal
electrons cannot exceed the total energy content in the nebula (solid yellow). Left bottom panel: shows that no parameter space exists for the rotation-powered
parameter space. All the lines have the same meaning as in the previous panels. Right: shows the allowed parameter space in the magnetic decay-powered space in
the blue strip (for the same magnetar progenitor and supernova property as shown in the top left panel) for a fixed observable v,, = 2 GHz with L,,, = 2 x 10?° erg
s~ ' Hz'. The radius constraint from scintillation studies is from G. Chen et al. (2023), and its upper limit from imaging studies is taken from B. Marcote et al.
(2017). The equipartition radius (see Equation (16)) is shown as a purple horizontal dotted line in the lower subpanel. In the upper subpanel, the red arrow pointing
rightwards shows the left boundary of the blue strip corresponding to a lower limit on the nebular age of 45 yr is constrained by the self-absorption frequency. In the
lower subpanel, the purple arrow pointing leftwards shows the right boundary of the blue strip corresponding to an upper limit on the nebular age of 88 yr, which is
constrained by the upper limit on the nebular radius from radio scintillation studies (G. Chen et al. 2023 where they assumed a scattering screen at a distance of 1 kpc

from the source).

t ~ 10-10° yr and radius R ~ 0.1—1 pc. In contrast, we find a
very tight constraint on the age—that these systems can at
most be a century old. We also find a millisecond magnetar to
be untenable, as such a system will violate the observational
constraint on radius. Further, MM18 assumed the magnetic
decay timescale to be on the order of a year. Since the
magnetic decay time is assumed to scale as By," (M. Colpi
et al. 2000; S. Dall'Osso et al. 2012), such a short decay
timescale implies a much stronger internal magnetic field
strength (see Equation (11)) far exceeding the maximum
allowable value (Bjy > Binimax), Which appears physically
implausible. The requirement for a decay timescale of less than
a year arises from the fact that FRB 20121102A is one of the
most active repeating FRBs, and MM 18 makes use of the outer
magnetospheric blast-wave model (B. D. Metzger et al. 2019).
In the blast-wave model, FRBs are produced by the interaction
of GF ejecta with the magnetar wind. This model necessitates
the ejection of multiple GFs on short timescales to sustain a
high repetition rate. Besides, MM 18 assumed fixed supernova
ejecta velocities and neglected the SNR to the DM, leading to

an uncorrelated treatment of RM and DM-—contradicting
observational evidence (see Section 6.5).

An alternative scenario, proposed by K. Kashiyama &
K. Murase (2017; M. Bhattacharya et al. 2024, henceforth
B24), suggests that the PRS of FRB 20121102A could be
powered by rotational energy, assuming a dipolar magnetic
field strength of By<10" G (see Appendix H for the
implications of the proposed parameter space by B24). In
their model, PRS emission is driven by a neutron star with a
millisecond spin period, yielding a substantial rotational
energy reservoir of E., ~ 10°2 erg (see Equation (8)). The
low magnetic field strength prolongs the spin-down timescale
to t,q ~ 1 yr (see Equation (8)), and from this point onward, the
released E, is converted by adiabatic cooling into the MWN
+SNR expansion. After a decade, the nebula had already
expanded beyond 2 pc. Besides, this low B4 implies an internal
magnetic field of B;,, < 10"® G, which is 2 orders of magnitude
smaller than the minimum value required to produce FRBs
(see Section 3.1 for details). Moreover, low dipolar and
internal magnetic fields present additional challenges. In such
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Figure 5. Rotation-powered parameter space for candidate PRS associated
with FRB 20201124A. The parameter values used are o = 0.1,
p =25 P, =10 ms, Byys = 1, Msng = 3Me, Esng = 10°" erg. Top: the
shaded region shows the allowed parameter space in the t—,, plane. The
different lines have the same meaning as in Figure 4. Bottom: shows the
inverted spectrum of the source and the possible turnover at higher frequencies
shown in dashed blue thick line (v,, = 150 GHz) and thin line (v, = 40 GHz).
The red data points at 6, 10, and 22 GHz, along with the error bar on the
spectral index, are taken from G. Bruni et al. (2024).

environments, baryon-loaded outflows are less likely, compli-
cating the explanation of the observed DM-RM correlation
(see Section 6.5 for discussion within the framework of our
magnetically powered model). It is also more challenging to
channel magnetic field decay energy into the MWN, which
requires outflows associated with bursting activity. Thus, the
rotation-powered model fails to simultaneously account for
both the FRB and the PRS associated with these sources.
Previous studies (K. Murase et al. 2016, 2021;
C. M. B. Omand et al. 2018) have modeled the energy
evolution of nonthermal electrons and nebular magnetic
energy using different approaches. In their frameworks, while
the energy of nonthermal electrons is subject to adiabatic
losses, the magnetic energy of the nebula is assumed not to
decay. This is implemented by setting the adiabatic loss
coefficient for the magnetic field, cg, to zero. Consequently,
the magnetic energy at any given time ¢ is taken to be a
constant fraction, eg, of the total energy injected into the
nebula up to that time. This modeling approach is motivated by
SED studies (S. J. Tanaka & F. Takahara 2010, 2011) of
Galactic pulsar wind nebulae, where adiabatic losses are
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typically neglected. As a result, the model inherently assumes
a highly magnetized nebula, characterized by a large
magnetization parameter, 0. However, this high-o scenario
stands in tension with observational indications that the current
nebular size is near the equipartition radius, where the
magnetization is expected to be closer to o.q ~ 0.3 < 1,
suggesting a system closer to equipartition rather than one
dominated by magnetic energy. An additional point for these
previous studies is that, for the electron energy distributions,
the cooling Lorentz factor is assumed to be very high.
Consequently, these studies predict an absence of a cooling
break in the 100 GHz range, which is exactly the range where
we predict the cooling break should lie for these systems. In
our analysis, we treat both the nonthermal electron energy and
magnetic energy as undergoing adiabatic losses—namely, both
energies are modeled as a fraction of the current nebular
energy content, rather than the cumulative energy content for
the magnetic energy. Since the nonthermal electrons dominate
the energy content of the nebula, our model is inherently a
low-magnetization model that satisfies equipartition estimates.

Candidate PRS associated with FRB20201124A. The
rotation-driven model is applicable here due to the lower
radio luminosity, but the system must be very young (on the
order of a few decades). For the magnetic decay model to be
applicable for this source, the internal magnetic decay
timescale needs to be around a few decades (i.e., 3 orders of
magnitude smaller than what is inferred from Galactic
magnetars; see S. Dall'Osso et al. 2012; P. Beniamini et al.
2019). The system’s age can be determined by a turnover in
the spectrum. Observing this source at submillimeter wave-
lengths is crucial: if no turnover is observed up to 180 GHz,
the rotation-powered MWN model can be ruled out.

6. Discussion and Conclusions

The association of PRSs with repeater FRBs provides a new
opportunity to test and constrain an MWN origin for these
sources. Producing compact, bright PRSs with ages between a
few decades to a few hundred years requires a high energy
density of nonthermal particles. However, adiabatic losses
reduce the MWN’s energy with time, while its expansion also
further reduces its energy density. A high energy density at
present requires a relatively late energy injection, where most
of the energy is supplied close to the system’s current age. We
have explored the magnetar parameters necessary for achiev-
ing this within rotational or magnetic energy-powered
scenarios. Our comprehensive analysis shows that rotational
energy alone cannot account for the observed luminosities and
spectra of the two confirmed PRSs associated with FRBs
20121102A and 20190520B. Instead, we find that magnetar
systems with moderate initial spin periods and very strong
internal magnetic fields, with decay timescales ~10* yr, can
successfully reproduce the observed radio properties.

In the following subsections, we discuss our findings and
suggest observational strategies to corroborate our interpretation.

6.1. Constraining the Age and Powering Mechanism

The age of the nebula is a critical factor in identifying the
powering channel of the nebula. As discussed in Section 4, the
rotation channel can sustain FRB production and observed
PRS luminosity vL, ~ 10°°ergs™" only if the source is less
than two decades old. Beyond this, only the magnetic decay
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channel remains viable. However, the decay timescale for the
internal magnetic field needs to be close to the current age to
account for the observed radio luminosity. This, in turn,
suggests that only for the oldest age of the system, the slowest
decay channel can be accommodated.

Given the subparsec nature of the PRS, it is very likely that
the SNR is in the free-coasting phase, suggesting that the
radius of the nebula is equal to the radius of the remnant. The
age of the nebula ¢ must be at least equal to the time for which
the source has been observed ¢ 2 t,,; = 13 yr. For a given size
of the nebula, the current age of the PRS source is inversely
related to the expansion velocity of the nebula,

— IASNR \/—MSNR
2(Er0t + ESN)

1

N 25 R73 M32 Pi,—3 yr for E,o; > Esn, (29

1 1
63.4 Ry75 Ml%) E502 yr for E,,; < Egn.

R
¢ — JUSNR

VSNR

Equation (29) shows that for a millisecond magnetar
candidate, the subparsec size is achieved at a very young age
as the rotational energy loss boosts the expansion velocity of
the nebula to a very high value while the initial supernova
explosion energy remains subdominant. Since this age is
smaller than t,, this makes it a very unlikely scenario. This
also rules out the combination of an SLSN and a millisecond
magnetar scenario as suggested by B. D. Metzger et al. (2017,
hereafter M17), where the initial explosion energy
Esn 2> 4 x 107" erg. The unfeasibility of the latter scenario
is also consistent with the absence of FRBs in deep
radio surveys of SLSN at least a decade after the explosion
(T. Eftekhari et al. 2021)

The highest expansion velocity (and the youngest inferred
age ~ 0.4 yr for a subparsec size) is achieved for USSN with
mass M ~ 0.1M, with initial spin period P; = 1 ms. This then
makes the scenario preferred by B24 an unlikely scenario to
form a PRS (see Section 5).

The second line of Equation (29) shows that only a
subenergetic (weak) supernova with massive ejecta and a
slow-spinning central magnetar can provide the longest age of
the system ~100yr. In this scenario, the rotation channel is
quenched, and only the internal magnetic decay channel is
viable. To support this scenario, we examined the maximum
possible decay timescale #ypm.x (i.e., the slowest internal
magnetic field decay) that can sustain the observed PRS
luminosity. The conversion of the magnetic energy decay to
the nebular energy itself needs to be very efficient. This can be
understood as follows. The radius estimate from radio
scintillation is close to the equipartition radius (see
Figure 4), suggesting an energy content comparable to the
equipartition value, E, > 2 X 10% erg (see Equation (16)). As
the maximum energy in nonthermal electrons in the MWN is
5 % 10* € couBin 16 erg (see Appendix E), an internal field
strength close to the maximum value of B, 16 =~ 3) as well as
€c€our ~ 1 is required for powering the PRS.

In summary, the PRS must be as old as possible to
accommodate gradual internal field decay. However, the
PRS’s subparsec size sets a strict limit on its expansion speed
(which in the coasting phase matches that for the SNR),
favoring a slow expansion speed and hence a weak explosion
with massive ejecta. The combination of a weaker explosion, a
longer spin period, and a massive ejecta extends the system’s
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age to hundreds of years, allowing for the longest magnetic
decay timescale. This, in turn, makes the subenergetic
supernova the most compelling candidate for explaining the
PRS. Any other combination for (Esy, P, Msng) would only
reduce the MWN’s current age and require a very precise fine-
tuning to achieve a subparsec size.

6.2. Predictions for the PRS Spectra

For the subenergetic supernova scenario, the PRS can be at
most a century old (r < 100 yr), and our analysis provides a
lower limit on the mean MWN magnetic field, B 2 10 mG
(consistent with P. Beniamini et al. 2022b). The electron

. 6 - .
cooling Lorentz factor, v, = 7";;; , corresponds to a cooling
or

'yz vp (vp being the cyclotron frequency)

break frequency v, =
given by

ve ~ 170 B3 t;;3 GHz, (30)
where B_, = B/(10~% G) and t,o = /(100 yr). Thus, for these
systems, the cooling break is expected to lie in the
submillimeter band. A younger age would shift this cooling
break to higher frequencies.

The self-absorption frequency v, depends weakly on the
energy content of the nebula and is given by

_6 3 _1 3
Ve ~ 230 R;;3 BY vy 2 Lyy; MHz, 3D
which shows the self-absorption frequency is strongly

constrained and decided mainly by the MWN’s radius.

In summary, the observation of a cooling break in the PRS
spectra in the submillimeter band can validate the optimal
magnetar parameter space detailed above.

6.3. Implications for the a-{2 Dynamo

Our optimal parameter space requires an extremely strong
internal magnetic field of ~10'®> G with a longer initial
rotation period of P; > 10 ms. These conditions are incon-
sistent with the assumptions of the «a-{2 dynamo model
proposed by R. C. Duncan & C. Thompson (1992), which
requires an initial period of P; < 3 ms (convective time) for the
dynamo to amplify the seed magnetic field to 10'°—10'° G.
Instead, our findings favor the alternative flux-freezing model
proposed by L. Ferrario & D. Wickramasinghe (2006) as a
viable explanation. This is further supported by observational
studies of SNRs surrounding magnetars (J. Vink &
L. Kuiper 2006), which indicate SNR energetics comparable
to those expected in normal supernovae. In contrast, the
dynamo model predicts significantly enhanced nebular expan-
sion and kinetic energy due to the rapid loss of rotational
energy from a millisecond magnetar.

6.4. Observational Implications of the Rotation-powered
Phase of Ultra-strong Magnetars

Here we explore the feasibility of observing a luminous PRS
(L, > 10% erg s ' Hz ') at GHz frequencies predominantly
in the rotation-powered phase for ultra-strong magnetars with
Binie = 3 for any class of supernova explosion. For
simplicity, we assume an initial spin period of P; = 20 ms.
For this choice, the nebular expansion is predominantly due to
the energy imparted during the supernova explosion, Egy.
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Table 4
Rotation-powered Parameter Space for Bj, 16 = 3 and Initial Spin Period P; = 20 ms

Scenario (Esn, M) VSNR tr Rgwiteh Vsa(Rswitch) DM (Rgwiteh)

(erg, M) (10*kms™) () (pe) (GHz) (pe cm™?)
Superluminous supernova 10> erg, 3 M., 18.3 107! 1072 >6 52 x 107
Core-collapse supernova 10°! erg, 3 M, 5.8 4 x 107" 4%x1073 >25 52 x 10°
Ultra-stripped supernova 10% erg, 0.1 M, 10.1 4 %1072 7 x 1073 >13 5.8 x 10
Subenergetic supernova 10 erg, 10 M, 1 43 7 x 107* >207 5.8 x 10°

Note. For the (theoretical) maximum internal magnetic field strength B, 16 = 3 and assuming a internal magnetic field decay power index o = 1, the rotation-
powered phase lasts fyich &~ 0.7 yr (less than a year). The ionization fraction in the supernova ejecta has been assumed to be fi,, = 0.01.

Table 4 summarizes the observables in the rotation-power
dominated space for various cases of the supernova explosion
energy and the corresponding mass of the ejecta. We find that
in the rotation-dominated phase, irrespective of Egy , the
nebula is too compact, where self-absorption effects make it
unlikely for any significant radio emission to escape. Further,
the DM at these ages is too large, even assuming an ionization
fraction of just 1%, assuming shock heating (see Equation (16)
of A. L. Piro & B. M. Gaensler 2018, which suggests
Sion = 1072 from shock heating alone). This also makes it
highly implausible for FRB signals to be detected on such
timescales.

For the minimum internal magnetic field strength required
for FRB production (see Section 3.1), with By, ;5 = 1, the
corresponding transition timescale from Equation (27) is
tswiteh ~ 3.4 kyr, which exceeds the Sedov-Taylor timescale
(Equation (3)). This occurs because, for ag = 1, the internal
magnetic field decay timescale from Equation (11) is
tqg ~ 10 kyr. Consequently, most of the internal magnetic
energy is released too late, when the nebula has expanded
significantly and the corresponding low energy density is
insufficient to power the high radio luminosity of the PRS. At
this FRB-limiting internal magnetic field strength, the rotation-
powered phase persists throughout the free-coasting phase and
beyond. However, to produce a compact and luminous PRS,
the rotational energy must be extracted early, near the spin-
down timescale fq ~ 3 x 10° B, —2?B;{, s, when most of
E. is released. This is indeed the case for the low-luminosity
candidate PRS associated with FRB 20201124A, with a
Byj4s = 1and P;_, = 1, only if the current age is ¢ < 20 yr.

6.5. Speculations on the Correlated RM-DM Variation

Here we briefly comment on the RM-DM variation
(G. H. Hilmarsson et al. 2021) in the magnetar-powered
MWN scenario. We modeled baryonic outflows from GFs as a
continuous magnetic luminosity. In practice, these outflows
occur episodically as ion-electron GFs. The proper speed I'3 of
a GF can vary widely, ranging from ~1 to ~100, while the GF
isotropic equivalent energy output spans Egp ~ 10*—10% erg
(J. Granot et al. 2006; P. Beniamini et al. 2025). For magnetars
within an MWN, after a GF outflow is ejected, it decelerates
when it collides with the shocked wind behind the termination
shock, subsequently reaching pressure equilibrium with the hot
electron-positron gas expelled through dipolar spin-down.
Since these GF outflows contain unpaired electrons, the RM
predominantly arises from the unpaired nonrelativistic elec-
trons (see Equation (32)). If the same electrons also contribute
to the source’s DM, this naturally explains the correlated RM-
DM variations observed in these sources. The RM is
determined by the number of GF blobs intersecting the line
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of sight, while the motion of the blobs is governed by the
thermal pressure of the hot MWN and turbulence in the
medium (not accounted for in our one-zone model). Due to
significant uncertainties in blob motion, modeling the temporal
variation of RM lies beyond the scope of this work.
Nonetheless, as the sound speed in the MWN is =~c/ J3 ,
subsonic turbulence can potentially still lead to fast, large-
amplitude RM variations.

In what follows, we provide some fiducial estimates of the
RM contribution. The contribution to RM is primarily due to
unpaired nonrelativistic (thermal) electrons in the wind nebula
and can be expressed as

2

3 N (B)) R
RM ~ e X nr< H> no_ L17OO LV’29 rad m~— s

- 2rmic* (4/3)7R;} - ¢, R

(32)

where the nonrelativistic electrons in the MWN is represented
in terms of the relativistic electrons N, though the ratio (.
through N, = %, (By) is the average component of the

magnetic field aléng the line of sight and x represents the ratio
of unpaired nonrelativistic electrons to the total nonrelativistic
electrons. Equation (32) shows that in the one-zone frame-
work, RM scales linearly with the source spectral luminosity
(in agreement with the trend in Y.-P. Yang et al. 2020).

6.6. Summary and Observational Prospects

In summary, the properties of the PRSs linked to FRBs
20121112A and 20190520B suggest that they are powered by
a magnetar with an internal magnetic field of ~10'°-10'%° G
with decay timescale 4 ~ 10-10>, a dipolar magnetic field of
~10"-10"" G, and a moderate spin period (P 2 10 ms),
embedded in ejecta (M 2 3-10M.). The subenergetic
supernovae with massive ejecta favor the slower decay
timescales of the internal magnetic field. Such conditions are
rare, suggesting only a small subset of magnetars produce
these sources.

We recommend observing the PRS of FRB 20121102A and
FRB 20190520B to measure the self-absorption frequency
(~200 MHz) at a flux density of ~180 wJy and cooling break
(~150-200 GHz) at a flux density of ~40-20 pJy and using
high-resolution imaging to confirm a PRS size of ~0.1 pc.
Failure to detect these features would strongly disfavor a
magnetar model. We also recommend searching for an SED
turnover in the candidate PRS of FRB 20201124A; if absent
by ~150 GHz, the rotationally powered MWN scenario can be
ruled out with high confidence. We also encourage long-term
follow-up of the flux of the PRS at a given band to provide
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Figure 6. X2 fit to the flux variation of QRS 121102 at the L band of VLA. Left: shows the best fit (in red) (Equation (A1)) passing through the mean values of the
flux 250 = 39 ply at Ty = 57504.1 (shown as a red circle from S. Chatterjee et al. 2017) and the flux 235.1 & 39 pJy at Tops o, = 60092.6 MID (shown as a red
square from A. Y. Yang et al. 2024). The vertical dotted black line corresponds to the observation date Tgrp, 1 = 56233.3 of the first FRB burst from FRB 121102
(L. G. Spitler et al. 2014). The solid blue and dotted—dashed lines show the 1o deviation from the best fit with o, > awrand a < ayy, respectively. Right: shows the
fits as a function of the current age t = Typs2 — Thirn. Where the observation date is reported in A. Y. Yang et al. (2024) has been taken as the reference time of
observation. The vertical dotted black line shows the minimum age of the PRS t,in = Tops2 — Trrp 21 ~ 10.6 yr.

independent constraints on the ages of these PRSs (see
Appendix A for an illustration of QRS 121102).

Further observations of new PRS candidates (Y. Bhusare
et al. 2024; G. Bruni et al. 2024) at centimeter and
submillimeter wavelengths are encouraged to constrain
nebular energy and age. The implications for magnetar-based
models for nondetection of PRSs from FRB repeaters will be
pursued in a separate study.
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Appendix A
Flux Variation for QRS 121102—A Diagnostic of the
Current Age

Here we explore how the flux (at v, = 1.5 GHz) of the
PRS associated with FRB 121102 (aka QRS 121102) changes
with its age.

We assume the following model for the radio flux density at
a given radio frequency v,s as

F,(Tons) = K (Tobs — Thirn) ™, (Al)
where K is a normalization constant, oy is the flux decay index,
Tobs 18 the absolute time for the observation, and Ty;.q, is the
time of birth of the system. For comparison at the same
frequency, we use the flux measurement in the VLA L band
using observations reported in S. Chatterjee et al. (2017)
(Tobs,1) and A. Y. Yang et al. (2024) (Typs2) spaced ~7 yr
apart. The current age t = Tops2 — Toien 1S taken as the
difference Tops2 — Thirtn-

Figure 6 shows the fit x” to the two data points mentioned
above. It can be seen that for younger ages of the system, the
best-fit flux decay index oy is shallow, and vice versa. This

13

shows that long-term monitoring of the PRSs can shed light on
the age of these systems.

Appendix B
Termination Shock Radius in the Free-coasting Phase

The termination shock radius Rps can be obtained by
equating the ram pressure of the outflowing cold MHD wind

DPeam = to the thermal pressure of the hot MWN p, . =

47R3c
A 1 Et N 4
7 — Depep = Tlneb = i (where we assume ¥ = 3 for the

hot MWN). This can be e)zsﬁressed as
E Et Rrs
47TR%SC 47T(VSNRI)3 Ruep

A%
[SNR for tg < t < taee,
C

where we used the relation R,., = Vsngr?-

(BI)

Appendix C
Contribution of Synchrotron Flux from the Forward-
shocked ISM

We estimate here the synchrotron flux contribution from the
FS being driven into the ISM by SNR. Let us consider a strong
Newtonian forward shock being driven into the ISM by an
SNR. In the rest frame of the FS front, the quantities in the
unshocked upstream and the shocked downstream can be
labeled by 1 and 2, respectively. In the strong shock regime,
the adiabatic constant downstream can be taken as 4 = 3
while the particle density is four times the particle density in
the unshocked ISM (n, = 4n;). The conservation of mass
(n1vy = nyv,) across the shock front gives the relative velocity
of the upstream to downstream as Vg ~ 1VSNR. This gives the

. . . 4
internal energy in the downstream region as

1
€int = 2nmpv52NR ~ 1.1 x 107% n¢ Esnr.si M5! ergem 3,

(CDH
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where n, = n/1 cm " is the particle density in the unshocked
ISM. Assuming a fraction eg of the internal energy density is
channeled into the postshock magnetic field in the downstream
can be estimated as

1 1 1 _1
By = \[8meperim ~ 0.5 ¢3_,né Edgsi My 2 mG, (C2)

where eg_, = eg/1072.

Consider a nonthermal distribution of electrons due to shock
acceleration across the FS with a power-law index p > 2.5. For
synchrotron emission, the average LF of the nonthermal
particles needs to be at least mildly relativistic. This is difficult
as in the Newtonian regime, the available internal energy per
baryonic particle is much less than the rest mass of the particle,

i.e., % ~ 107° <« 1. This situation can be circumvented by

requirzing that a fraction €, of the internal energy density
(=€¢ €int2) 1s channeled into a very small fraction & < 1 of
shock-accelerated nonthermal electrons. In such a deep
Newtonian scenario (J. Granot et al. 2006; L. Sironi &
D. Giannios 2013; P. Beniamini et al. 2022a), the minimal LF
of the electrons can be mildly relativistic v, = v, = V2 (a
fiducial value). The corresponding minimal synchrotron
frequency can be estimated as
1 11 1

Vn = YanVB2 ~ 2.8 €3 _,n¢ Edwgs) M, 2 kHz, (C3)

where v, =~ 1.4 kHz is the cyclotron frequency corresponding
to the postshock magnetic field evaluated in Equation (C2). It
must be mentioned here that the minimal frequency is less
than the plasma frequency v, ~ 8.9 n /2 kKHz of the shocked
medium. The minimal LF is given by o, =y, =
P — 2 6 Mp Vg : :
e m 2 which can be inverted to get

E.~8x1

Egnrsi M52, (C4)

where g(p) = ';—j with g(2.5) = S and ¢._; = €/0.1. The

number of nonthermal electrons contributing to the emission is
N, = 43—”71'R3n§e, with each nonthermal electron contributing

mec

2
B ~ o orB,. The spectral luminosity L, at 14, can be

estimated as

1 1
L.~ 42 x 105 88 €3, nd 1)
g2.5)

3 3

X ESEI\IR!51 M; 2 ergs 'Hz ™!, (C35)

where 119 = #/10 yr. At vgp, = 1 GHz, the expected spectral
luminosity (assuming p = 2.5) is

(=1
2 7 7

2
LIIGHZ = Lz/m VG ~3 X 102] g(P)
Vi 8(2.5)
15 _
x Eg¥g 51 Ms

5 .3
€em1 € o 1S tp

Ev

erg s 'Hz™! < 10%° erg s~'Hz L. (C6)

Equation (C6) shows that the forward-shocked ISM has a
negligible contribution to the observed PRS emission at GHz
frequencies. This leaves MWN as the only promising source of
powering PRS. This is also expected on physical grounds as
the nonthermal electrons in the forward-shocked ISM are at
most mildly relativistic, while in MWN the charged particles
are ultrarelativistic electron-positron pairs. In Section 3.4, we
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examine how the MWN energy content and size (radius) of the
nebula influence key observables, such as the peak flux and
peak frequency of the radio spectrum.

Appendix D
Estimation of By max rot

In this section, we aim to estimate the maximum dipolar
magnetic field By ax o required to sustain a PRS with luminosity
VL, at age t in the rotational loss channel. The rotational channel
quenches for all By > By max.rot- Bd > Bd,max.rot-

The maximum dipolar field strength By max rot fOr sustaining
the rotational channel can be obtained by equating the energy
injection rate into the nonthermal electrons € at time ¢ to the
luminosity vL, of the PRS as (for ¢ > ty),

rYy " Ic3
6eLo(_) =vL, = By max,ot = Py s
Isd 2f O Rys

1
L, ™ |2a—m
x [ €eEror ] ’ (Dl)
which for magnetic dipole breaking (m = 2) is given as
_ el*® 11
Bd,max,rot - 4fRI?IS UL, 1
for m = 2 (magnetic dipole breaking). (D2)

While the derivation above always holds for fast cooling
electrons that must have been injected in the last dynamical
time. For slow cooling electrons, as is required for our
scenario, they can, in general, be dominated by injection at
earlier times (meaning the current nebular energy content)
despite adiabatic cooling. However, in our setup, for times ¢
faraway from the characteristic timescales 7,4 and g4, the
current nebular energy is comparable to the energy injected in
the last dynamical timescale, and thus, the derivation is still
valid.
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Figure 7. Illustration of the dipolar magnetic field strength, that for a fixed
initial spin period P; = 10 ms, can power a luminous source with radiative
output vL, = 7 x 10°® erg s~' (horizontal black dashed line) at time t = 10 yr
(vertical black dot dashed line) through spin-down due to magnetic braking
(m = 2) being efficiently channeled to nonthermal electrons with €, = 1. The
blue solid line corresponds t0 By max.rot = 3 X 10'* G (see Equation (D2)) that
can sustain vL, at time ¢ (represented as a black point). The red solid line
corresponds to By = gBuLma,(‘,rol > By max,rot- Evidently, it lies below the black
point, meaning it cannot account for the observed radiative output.
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Figure 7 shows that for a given vL, at time ¢, a higher
dipolar magnetic field (By > By max.rot) Shortens the spin-down
timescale and reduces rotational energy release at time .

Appendix E
Switching from a Rotation-dominated to a Magnetic-
dominated Channel

In this section, we aim to study the dynamics of energy
injection into the nebula through both the rotation and the
internal magnetic field decay channel.

For energy loss rate E through any generic channel energy
injected energy over a dynamical timescale ¢ is tE. Figure 8
shows how for both the spin-down rotational loss (shown in
purple) and the internal magnetic decay (shown in red), the
energy injected over each dynamical timescale first increases,
reaches maximum, and then decreases. The maximum energy
injected over any dynamical timescale is at a characteristic
timescale 7.,, which can be estimated from %(E't) =, =0
with the maximum injected energy over one dynamical
timescale being Emax,dyn,inj = tnE (). For the rotation loss
and the internal magnetic field decay, the characteristic
timescale is the spin-down timescale 7,y and the internal
magnetic field timescale 74, respectively. The maximum
injected energy at t = (fyq, tq) is given as

% = E:“ =5 x 105" P erg form =2,
Emax,dyn,inj = E E

u = B0 _ o5« 104831,“ 16 erg for ap = 1.

Dagt! 8

(EL)

Next, we aim to estimate the time fyicn When the energy
content in the nebula switches from the rotation-powered
channel to the internal magnetic field decay-powered channel.
We are interested in the limit when the switching time follows
the following ordering tq < fowiten <K fg. Under this
approximation, the time of switching can be obtained by
finding the intersection of the power-law approximations of the
rotation and internal magnetic field decay energy curves. The
first one is the power-law approximation to the decaying of the
rotational energy curve given as ‘jt‘ while the second one is

sd

EB of

the power-law approximation 2 for the rising internal

magnetic field decay curve. This can be represented as

Erotlsa €out EB,0fswitch | Erottatsa
= swich = |————
Tswitch Iq €outEB.0
3173 1
= |7 Jia, (E2)
2fRNs 2
foutBideip
. S . B
which can be simplified using Bf'p faip  (following

P. Beniamini et al. 2025) and followmg M. Colpi et al.
(2000) we have 14 o< B, *® as

323 1t
Tswitch = ——B, t
\/ZfRNS €2, fdl "
oul ip

a.[\,‘_
|
]
|

2 (E3)
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Figure 8. Illustration of nebular energy content switching from rotation-
dominated channel (shown in shaded purple) to internal magnetic field decay-
dominated channel (shown in shaded red). The pdrameters dssumed in both
panels are m = 2, tg = 300 yr, €5y = 1, Bine = 10'° G, By = 10'* G. The top
panel corresponds to an initial spin perlod of 10 ms, while the bottom panel
corresponds to an initial spin period of 1 ms. Top panel: the horizontal dotted
purple lines correspond to the initial rotational kinetic energy reservoir
E.o(P; = 10 ms) and the initial internal magnetic field energy reservoir
Eg o(Biny = 10'® G), respectively. The vertical, thicker dashed purple line
corresponds to the spin-down timescale #(P; 2, Bg14). Bottom panel: the
horizontal dotted—dashed purple lines correspond to the initial rotational
kinetic energy reservoir E.(P; = 1 ms) and the initial internal magnetic field
energy reservoir Eg o(Biy = 10! G), respectively. The vertical, thinner dashed
purple line corresponds to the spin-down timescale #4(P;_3, Bq 14). In both
panels, the vertical dashed black line and the vertical dashed red line
correspond to the switching timescale and the spin-down timescale,
respectively. The black dot in both panels denotes half of the total energy
content in the nebula at #y,;.p,. It can be seen that the location of this point does
not depend on the initial spin period (see the text for a detailed explanation).

such that the nebular energy content and the free-coasting
radius of the SNR (and the nebula) at f..;cn can be
obtained as

aB

1498
2EB ofswich | 41%c? Bm
Eneb (Eswiten) = P = [1 T (E4)
d ’VRNS 62 212
outJ dip fd
3123 1
R (fswitch) = VSNR fswitch = -
TRSs
Uul
1
il p=2-F 13 -3
X B * Egnr Msnw- (E5)
fd%p

Equation (E3) shows that the switching time is independent
of the initial rotation period P; of the magnetar. This can also
be seen from Figure 8. This is because for times much larger
than the spin-down timescale, the rotational energy loss
becomes independent of P;.
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Appendix F
Inferring Nebular Energy from Observables

We assume a nonthermal distribution as represented in
Equation (15). The average Lorentz factor of the particles is

-2
(e m L2 for p>2. (F1)
p—1
The spectral luminosity at L, is given as
1
L= [ @ B (22)
Tm de 14
:( - ! )ﬁNrelmeczy (F2)
3]7 -1 qe

where the upper limit for 7, is taken to be oo as for p > 2, both
the total energy and number of nonthermal electrons are
dominated by particles closer to ~v,,. We used the identity

2 'YZ
m m
U= D and B e =
v 42 and v, max 3q,

Equation (F2) can be inverted to get the total number of
nonthermal electrons in the nebula given as

Neoiec? = b
p—2

mec?

O'TB.

4.
UTB

L,,. (F3)

The total energy carried by the nonthermal electrons is

given as

Erel - (<’Y>e - I)I\Jreln'lec2 ~ <’Y>e]\'7reln'lec2

|| 2mmec 1/2£ 3p—1 Z/}H/ZL,,m

q. orl\p=2) B2~

The observables are peak spectral luminosity L,, and peak
frequency vy,.

(F4)

Appendix G
Inferring Nebular Dynamics from the PRS Spectrum

Using Equation (F4) the average magnetic field B in the
nebula can be estimated as

1/3 2/3 2/3
po (2] (&) |(2) e ner e
9. ok P — 2

(GD
The cooling LF can be 7. can be estimated as
6mmec 1 6mmec | 2mmec e q. —4/3
"YC = > _= _
orB- t or q. or
—4/3
« (317 — 1) V;2/3 L,j4/3 Eril/3l’ (G2)
p _ 2 m t
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while the cooling frequency v, can be represented as

2
187m.q, 1 1 p—2 1, _
Ve = ’yzl/B = —0.2: et_zﬁ = 9( 3p _ 1) ]/ml LUm2 Erzel t 2
p-2Y
=18 Er2e1 (ESN + Erot) R MS_NIR V;11 Ll/_mz’
3p —1
(G3)

where in the second line we have replaced ¢ by ¢ =

VSNR
(a relation valid for the coasting phase) and then we have

replaced the velocity of SNR by vgng = /W.
SNR

The self-absorption v, < 14, can be written as

_ 3/5
e 1 2mmec V3 9 1/3
* 8mme\ g, or

3p — 1 1/5
X(; —z) vl S LY EQ RS (G

The radius R can be eliminated from Equations (G3)—(G4)
to give the following relation:

5 1/3 1/3
ZC/S - 144772me( ”’"ec) (ﬂ)
VSE[ qe qe

7
-2\ _ , _
- (%) Vm1/3LVm10/3Er7el/3(ESN + Erot) Msxig-

(G5)
Thus, the following relation exists as

-5/3 1/3 10/3 __ 7/3 -1 _ K 7/3.,2
Vg Vm™ Lllm =K Erel Elol MSNR - 5 Erel VSNR>

(G6)

U3/ N3/ N7/3
where the constant K = 1447r2me(2”qﬂ) (‘;—T) (3‘;721)

and Esng = Esn + Ejo is the total kinetic energy imparted to
the ejecta.

Appendix H
Rotational Parameter Space of B24

Figure 9 shows the implication of the parameter space
proposed by B24. At the proposed age r = 25 yr (shown as a
vertical dot dashed vertical line), neither is the average nebular
magnetic field greater than 10 mG violating the findings of
P. Beniamini et al. (2022b) nor does it satisfy the constraint
that the radius should be around 0.1 pc as suggested by
equipartition analysis (see Section 3.4) and radio scintillation
studies by G. Chen et al. (2023).
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Figure 9. Unfeasibility of rotation-powered parameter presented space by B24
for QRS 121102 (PRS associated with FRB 121102). In accordance with B24,
we assume a neutron star P; = 1 ms and a dipolar magnetic field of
By =75 x 10" G in a USSN with initial explosion energy Esy = 10% erg and
ejecta mass Msnr = 0.1M,.,, and a conversion efficiency of nebular energy to
nonthermal energy of electrons to be €. = 0.99. The gray shaded region to the
left of the black dotted line (the minimum age of QRS 121102) is inaccessible.
The suggested age of the nebula r = 25 yr is shown as a vertical dotted—dashed
black line in both panels. For this analysis, we also fixed the observables
Vm = 2 GHz and L, =2 x 10% erg s ' Hz '. Top panel: shows the
rotational energy injected in the nebula as a function of time. Bottom panel:
shows the average nebular magnetic field (in mG) (shown in solid magenta
line) on the left and the radius of the nebula (in parsec) in red solid line
(accounting for SNR expansion boosting due to adiabatic losses) and in red
dotted line (without accounting for nebular expansion boost) (see the text and
Section 5 for an elaborate discussion).

Appendix I
Free-Free Optical Depth

The free—free optical depth from supernova ejecta is given
by (G. B. Rybicki & A. P. Lightman 1979),

7ir = 0.018Z% 2T ;% * nion g Re. 1)
Assuming n, = nj,, Z = 1, the expression simplifies to
2
Ti = 0-1gff( go;) Ve T 110 (1 + Enwn,s0) /2
9/2
M
X | —— , 12
(57 )

where T, = ; 04JK . We want to obtain the lower limit on the age

of the object when 7¢ = 1. Inverting the expression,

f 2/5
tio = 0.63g1/ S(H) v T30

9/10

M
x(1+E 172 .
( MWN,51) 3.

a3)

assuming g = 1, Ty = 1, and v = 0.4 GHz, the lower limit
turns out to be ;o ~ 1 and 0.2 for P; = 10ms and 1 ms,
respectively.
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Appendix J
DM Contribution from SNR Ejecta

DM observations associated with FRBs can provide useful
constraints. We estimate the upper limit to the ejecta mass by
assuming that the SNR ejecta alone provides the total on-
source DM contribution. Following A. L. Piro (2016), we
assume a fraction f;,, of the ejecta is ionized, which translates
to a mass estimate as

DM

— J1
340 pccm3) Jh

FonMsnr < 0.3 Mo, R 5 (

which shows that for the given DM, a massive ejecta should be
accompanied by a low ionization fraction.

Appendix K
Glossary of Symbols

Table 5 summarizes the symbols and text used throughout
the text.

Table 5
Symbols and Their Meanings
Symbol  Meaning
v Observation frequency
L, PRS spectral luminosity

B Nebular magnetic field
o Nebular magnetization

By Equatorial surface magnetic dipole field

Bine rms internal magnetic field strength

Jaip Ratio B{/Bj,

ag Internal field decay index

m Spin-down index (m = 2 for dipole braking)
tq Internal magnetic field decay timescale

VSNR SNR expansion velocity

Mgsnr SNR mass

fion SNR ionization fraction

Esn Supernova explosion energy

P; Initial neutron star spin period

1 Neutron star moment of inertia

O Initial spin frequency (=27 /P;)

E.o Initial rotational kinetic energy

Egg Initial internal magnetic energy

Lg Magnetic luminosity Eg

€out Fraction of Ly converted into baryonic outflow

€e Fraction of nebular energy in synchrotron electrons

E. Energy of nonthermal electrons

Esnr Total energy injected into SNR (E;o + EsN)
Ly Spin-down luminosity

teq Spin-down timescale

Vm Minimum synchrotron frequency

Ve Cooling synchrotron frequency

Vsa Synchrotron self-absorption frequency

tst Sedov-Taylor timescale (free-coasting to deceleration)

t, SNR optical depth timescale (77 = 1)

tip Free—free absorption timescale (7 = 1)

tswitch Timescale when nebular energy transitions from rotation-domi-

nated to internal magnetic field-dominated
P Nonthermal electron power-law index
Ym Minimal Lorentz factor of nonthermal electrons

Note. This glossary provides definitions for all key symbols used in the
analysis. Subscripts denote specific physical contexts (e.g., SNR for supernova
remnant quantities).
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