
g66I ,gI roqua^oN

UOIV IID

sruJoJ relnpour Jo sorlJodord ocuanr8uo3



6Z
LZ
9Z
9Z

V<J

tz
tz

IZ
OZ
6I
9I
qI
ZI
OI
6
8
8
L
9
I
I
I
v
,

v
v

I

. . td Jo seSeur alqrssod aql Z.t,
llnllz u ((d"l s )ryS' uI srot^a^ua3ra apa11 roJ suoll€luasarder crpel I €

suorleluasa.rdall rrp€-l t

stu.ro; dsn:r pue

(Z)oJ :oJ sa.ruon:3uo3 Z Z
I: ((dzIlqs uxp esex eqtr tZ

sarJas uralsuasrg uaan.+aq sacuenr8uo3 g

srolerado ar1ca11
r;n pord Jauur trossldldd dql

surcuop leltralrl"pund z I
(Z)of roJ srrrroJ r€lnpot\I 9 i

sarJes urolsuasrg q I
suorsuaurp Jo uorlelntlec ft v I

EerluarasrP pue srrrroJ rl?lnpou uaa,rlaq uorlcauuor eqJ t I
' sdsnr Jo uor?rppv Z'V'I

' o)"Jrns utr€rrarg e se 11\; I I I

. o':'31': ":*lt::'. ". r: :*rj"'J::,-,#o;r* I I '(z)z'ISd |zr
suLrur,oqrLs dJudLrJguoJ sl pue (V)27 g Z I

suortrunJ uo (g)fZJ Jo uortce -ry V II
eueld-ypq raddn aqr uo (g)_fZC Jo uorlrv t I I

' slurod no (I)IID Jo uortry Z'lI
' aull aarlcafo:d aq; I I'I

' suorlrunJ pue slurod uo (U)_fZt Jo uorlcv I I
sruroJ relnpotr^l I

s+ualuoc

6'I
8I



9V
07
z.a.
oc
9t

ot

6Z

:::.. (zt;.,;,,; 
saTdrrexs v'v

\ r r .t /(J JO UOTl"lnJI"C E V
sas€c olur uorsr^Tc z',

suorlluuecl L
sruroJ Jo s.rred go sarl.rado.rd ecuen.r8uo3 p

socuanJJuoc Jo uorl"uru{a O^rsuoJxg g €
I pour suroJ relnpotr{ v t



'lJd[oJd srq I Suunp

lroddns peleoTpep pue elrsualur srq roJ pue 'srea,{ 
11 ls"l oql ra^o froarl} Jaqrunu Jo

sea:e ,{ueur aru o} pa)nporlur Sur,req roJ lIIeqS-aC pnqg Jord ol palqapur ru€ I

'sreadde 1cafqns aqt uo {ro,lr u,u.o dru }o }sou 1€q} ra}d€qJ
slql uI sl lJ suolteraprsuoc crle:oaq1-dno:3 Sursn aurl aql Jo lsorl 'suorleluasa:da:

paq)"lle o.4al aql Jo lrnpo:d l)arrp aql;o ,,{pn1s aql ol peel sr auo araH surro; dsnr;o
srred ;o sarlradord ecuan:3uor ssnJsrp ol lC^S] ul seapr aq? asn 1 

'p raldeqr u1

'sluar)sooc aql Jo sarlraooro 3rp"-l aq? uo uorleuJolur urelqo
u?J auo uorleluesa:da: srql;o a8eurr eq1 8ur,{pn1s dg (d ol paq)"}}" rusrqd:oruoSne
snluaqord aq1) d dq paurrxralap luaruala u€ uo uorl€luosarda.r srql;o anle^ arll Jo ar".rl
eql o1 lenba sr /;o luarogaor rarrnoJ qt-d aql t€q1 rlrns '((rDrlC o1 dnorS srqt uro{
rustqd:oruoruoq E 'sr tpql) dno:3 srop8 aruos Jo uorleluasarda: lrpu-l l€torsuaTrrrp Z
€ l Jaqrxnu aurrd.r{:a.ta JoJ qrelle u?J auo 'sruro; dsnr ur"l-rat JoJ }"q} }tro surn} }I

( La*sl)
radq-uolrauuur.S C d H Jo alJrlre ur s,trolloJ uorleluasard srqJ suorl€luasardar rrpe
-7 ;o d:oaql arll Sursn 'sur:og dsnc ;o sarl:edo:d aluanr8uoc ssnJsrp I 'g :aldeqr u1

(fgq]) reded tuerar 
";o 

uorleluasa:d oql SullrtolloJ
'passnosrp aJ€ sorJas uralsuasrg pu" surJoJ dsnJ uoa,{laq sacuanr8uoc '7 :aldeqr u1

'paluasard sr su.roJ relnpou 3o leafqns oql o1 uorl)nporlur u€ T :aldeqc u1
'ur.ro; dsnc € palleJ urroJ B Jo sluarclgaot Suraq (z).r, pre sorras

urolsuasrg u" palleJ rtroJ e Jo sluarrsaor Suraq (u)II, arll 'sruroJ relnpour palleJ
suollJunJ xaldruoc Jo stuarJsao, raTrnod ar? (z)r pur (u)tto qloq l€q1 ?no surn? lI

I=z I:11
,TT, ., F--7

,z\"D 
- I) LID: uD(11)r. (

co@

ulo

,{q pJuljdp sI (t/)r poe ,,p3: (ii )rl, drdrl/^ u srd8dtur a,\rlrsod II€ roJ cploq qJlq,4

0Ag po*) (u)1. : (u)tto

(Z :aldeqc ut Pa,rord) atuan:8
-uoo aql paJa^o)srp oq,rL 'uefnueurug 

Jo lJo,trr aq1 ur pa8:arua lsJg s€q lcatqns srqtr
',ldar^ 

Jo slurod pra,Las uro{ stuJoJ J"lltpour

Jo sluarrgaoJ Jo serlrodord eluan:8uoc ;o 1rafqns eq] ssnrslp I asrleor] srql uI



v

l(np + n,nq + rn)l -_ l@,ql(11)
Iq (A),a uo 1ce (g)279 1ai a16

slurod uo (l)zlp Jo uorlcv Z.T-I

[(6 
,1)] <______+ oo

(a)tdl r [(1 
'r)] <------+ d' a o

Xq {-} n d rlqr!\ (.1),a:o slurod aq} ,{;11uap1 aL1

0 I y'(0'0) * (zx''t)t (4'rr)y - (zr'rr)

uorlelal acueprrrnba aql sr ru aJaq^a.

- /({(o'o)} \ ,a) : (g),a

dlaureu 'ur8r:o aql q8no:q1
Surss"d zJ ur seurl Jo las aql s€ (,4)rd aull a,trlralo:d eql augap a^\ dr plag e rod

aurl e,rrlcafo.rd aq; I.T.l

suorlcunJ puE sluroa uo (g)f f c Jo uorlrv I.T

'[rru] uI punoJ aq uec s;oord pal€loc .surroJ
J?Inpou Sururaauoc suaJoeql pu€ suorltugop lelueurepunJ aq1 e,rr8 e,r rald"qc srql uI

sruroJ r€lnpotr l

T rotdeqcI
I
t
I

L

t
L



9

J rol ry ry62en to urol r?.qdroulo?nD uD pallDc sr, J {o uoz?rD _31 aqt rapun
alqD?s sr, rtc?qn J {o Juauap uV .dnor6qns D aq (N) IID I J la? .t.t.t uortrugaq

. 
a uo (6) f7 p lo uot?cD _:l aq? 1r e) al4

'[t)"]l?)l : 
i(Q),@"))('d")t : 

iQ)d +Q!),n(zlo)! 
: qltlllz(z)tD(zD){ : ttdtllt"tl(z){

(u)fzp ) tl 
'o 

il arurs uollce ue sI sIqJ
(21{t(Jly roy ',tJ|12.17' dtrr^\ ud.lJo 1"qs a/a trorl€}ou Jo asnq" ,{A

ffitti;lt: ,,tpiZttoij){ - IzfI'tl! a^€q a.r ti 3;: t ,o1

iQ),1(zr)l 
- Q)ttLtlS

u€ atryap a41 .:a'alur ua^a u? ry pue ,{oo} 
" , *THffiflro,oo !T]*Jr?ji;L';

suorlcunJ uo (U)fZp Jo uor+)€ _ry v.I.T

{_} n U n }/ uo pue p uo (g) lZC
Jo uorlr" u" a^pq a.4a uaqJ .(eue1d_gpq reddn aqt) {O < 

" 
urr: 3 = z}: }/ augee .u8rs aures aql a^eq zL utz puv z u , naql ,0 < L lap;r relnrrl:red u1

, *r"lp+rtl: ,lp + rtl 
: ,lp,r rt, 

.*,:pi2*,_ (?c)u? 'Llep z ut(4 _po\ \p1?r)(ql2D) Qtzo*,

pue ,U\ 
J) zLa^Eq o.r uaqt ,(U)rZp = (il): L ,g\3: z raT

U\Ouof1a1e:edes
stce 1r 'oo n N[ uo st)e osp (g)z7p (g : g Fur4et) aaurg .{oo} n;r uo (g)z7p 7o
uorlr? u€ relncrl:ed ur pue ,{m} n J uo (J)z?, Jo uor}c" ue 1aB a.r.r. 3 : g Bur>1va

eueld-ypq .raddn aqt uo (U)fZp Jo uorlcv g.I.T

'oo ure8e sr JInsaJ aql as€r q)rq.4^ ul 0:, ssalun ,,1 sr lpsar eq1 ,m: z
JI oo sl ?lnsar aql '0 : p + z, Jr :s.r\olloJ se pala:d:a1ur aq plnoqs dlqenba ls€l aqJ

'n -L >'l

ffi:'ttrtt
(l)"tpJo uorlr" ue 1aB a.ra {-} n g pue (g)1a Jo uor}€)gr}uap, .* ,r1;J.?rfrJ; 'uorlJe u€ paepur $ ll }"ql puB rpaugap 

IIe,^a sr uorlJe srgl ?€q1 .,{lalerpaunur saos auo



'dno:8 reppou
acuenr8uoc ? sr J ra,reuaqia sdnorS:elnpour aluanr8uoa (Z)rlS = J,J/ urroJ arll Jo
(D"lSa;o sdno:3qns IIBf, osle II"qs o A (Z)"1S a .- (Z)zI S : z uorlcalord e a,req
e A 

'suorlrun] uo uorpe-ry slr augap,{1:egnrs u"J eIA .H uo.,{1nyq1re; slre dnor8 srqa
'{t+}l@)'ts : (z)z'ISd ausoP eM

',{1r1uapr aqt s" }/ uo 1)" qcrq,r (Z)"lS 
"t 

sacrrleru ,{1uo aq} erv I+ .Z

I+ sl (Z)ZIS Jo ratuar eqJ I
.,{;rral o1 .fsea a:e surrelc 8ur,mo1o; aq;

lz)zrsd vz'T

{0,t po*) r =p = D , (.^1)0J r (i i)} = {(l ?)} : (.,v)'.r

{@ po,u) 0: ) : (z)zrs r (i;)} : {ft 9)} : (.rr)0.r

:sdno:Sqns acuan:8uoc are 3ur,ro11o; aq;
(zN/nzrs

I t dnor8qns auros roJ @)r_Q :, uaql (11)J - i) - (I)J g ,asrr.,oc g6

JIo
paal eql parym sx N qrns lDrur,u?,ur, eqJ N -ta6a7ut aazy,tsod au,os .to{ (1,7)1 suzoluoc
1z lz dno.t 6 rDInpo?L acuan.tiuoc D pe1Dr s! (I)J /o d,no.t6qns V 

.t.Z.T uor+ruga(I

- > ld uttl: l(U)ll(1J 1l 
,uraroaql ursrqdrouosr lsrg aqt fq arurs dno:B

relnpou 
" 

paeput sl lI N pout dnot6 rolnpoui, acuant0uoc lod,ztuz.td aq7 (17)tr pe aL1

{(npo*) r=p ,0 = a ,6 = q ,r =o ,(Z)IZS r ([ 3)] : (lr).I

dlaureu ,ursrqdrourouoq srql Jo laure{ aq? (,,tI)J dq alouap a16
'N olnpoTn uorlcnper

Io (Z,N/V)z.IS ,- (Z)IIS : @ msrqdrourouroq aqt a^eq aIA .V17lV rcrc I tu"urur
-relap Jo serrrpru go dnor8 elrug eqt (ZttlZ)"tS pue ,:a8alur a.rr.rlrsod € oq r\,rf laT .sdnot6 .n1npout palle) aq ill^\ (I)J ;o sdnor8qns xopur_e?rurd

'(Z)"lS ) (;-'; ) : ,_tf i) ,1 : aq - p" Jr erurs dnor8 e sr 11 .dno.t6
rolnpou Un{ eqt \ 11€c pue ,(Z)rlS - (1).1 alou ilTrr\ aM .sdnor8qns str Jo aruos pu€

{t : 
"q 

_ pD,Z ) p b,q,D : (!,")} : @127g
dnorS aql ur eq IITrd lsaralur rno,(Z)zlS;o sdnor8qns eq1 Buomy

t
t
t
)
I-

I
sdno.r8qns aruanr8uor s+r prur- (Z)IIS Z.T



, .".. 
'J ra^o €rqa8F pap"r8 

" 
Io arn?)n:ls 3 seq 1I a)uaq pue

'runs 1ea:rp € sl (J){71/ f runs alrugur aq} }"qt ( I I Z eurual'[ryq]) tno surnt U

(J)z.r+ t{S, ) zlrt uaz17 (J)rrr.9 I r/
ftyouozyzppn t1 (J)"t+"t^ ) ztt{ uat11 (i"rltt ) zt '(i'lry > rl pI 'Z't'I rulelC

:dsea fre,L sr urr€l) 3ur.tro11o; aqa
'uorl3as lxau aql ur luaprla aJoul

arrroraq IIr,r daq; 1e:nlenun ruaas lq8nu {ir} sluangao) aql uo suor}rrr}sar aqtr
'll@)"lS ur lasor qr"a Jo a^rleluasa:dar auo ro; dluo ia :o;

suolllpuoJ aq1 .{;rra,r o} s"q auo'1 :o; uorlcun; rrqdrouolne ue sr / erurs l"ql a?oN
'(ru:o;-dsnc rc1 ut.ro{uazqzdg rrrral ueurra9 aq} roJ spu"}s (.t)uS ul g re11e1 aql)

; :o1 ry 1q8re.ra. Jo surroJ dsnr;o 3 ra,to aleds rolla^ aql : (f){S

3 :o; ry 1q8ta.nt Jo sluroJ .relnpoul Jo J ra^o areds :o1la.t aqJ - (J)lru
alou aA\

'nt.to! d,snc o t 17o:t an g: fn'Lp lipnuozytppn 11
urro!

rDlnpolu o I 71.m an uaq? (L nrafta Jot) 0 > u.tot g: i-n pun ttt1d.t"out o7ot1 os1n st, { 11

'u 
IIDuls fi4yuazcSns yo .rol g: in pun +ra : (z)Nb a.taqn

,*uio? :rult

puodra uoc euo t(Z)27 
S = L po .to{ '6

tr.to! q 7r76zan lo uotycunt tzrld-t ou,t oyno uo st, t 'y

:lr, tr.tol :1 7r76tan to uL^tot tnynpout tzqd
-roltroraut o { yot er14 'y uo uotpun{ ctqd.t ou,r,o"tau, o aq { 7a7 .I.t.I uorlruga6l

'iI 
la^al;o dno:S relnpotu acuan:8uoc 

" 
aq J 1o-I

srrrroJ relnpotrN t'T



d

'J ot padsar
q+?n 0z to rapro aql raqunu s2r11 nm aA4 'lozJl:,a 'H) 0z rol .7'7.I uor?ruga(l

dno.t 6 ct1cfic apu{ n sz o"Ju"rg 
Tut od czgdzlla uo sz oz fi .t.7.I euuroT

(t '+te 't g t uarooqJ '[ryq]) eurural 8ur,ro11og eql paau arra uorlTugap eql rod
'(J ol o, Jo rozrTlq"ls aql o'J dq

alouap a16) o'1) L auos roJ, irr ar" zL prrc z 1eq1 uaddeq lqSlur lI :patrUapllo-,!\
eq lou IIri lr eJurs ralauered aues aql a rF Jou uec a.rrr ,1urod crldqla ue sr z;1

z : ((z)u.)"t ,n = ,A

,{q ua,tr8 n r- "A: "? uor}cafTq e e^eq e/tr ueql
'\n)" : "A1nd 'I'r'I ?rurual ur se pooq:oqqSrau e eq11 tal pu€ ,(o;o 0z a,rrleluasarde:
aql uo puadap ?ou seop slql l"ql alou) lurod fr"urpJo ue sr 0z 1"ql lsJg errnssv
'("1'7) ralautered paol 

" 
pu" pooqroqq8rau e a,rr8 ol qsra. a.&r 'H\l= (z)y: o ro.f

H\l of 11 ruo:; uorlcalord aql Lz' dq alouaq

'yutod filouzp-t o uD z IIm am 'astm-taq76 z : zo ?D111 qlns J ) o sJszxa aJaU?
lz tr og Ttadsa.r q??n luxod t'r1dz77a uo sL z lvrl? nDs eA4 H ) z ?aI -Z-V.I uorlrugo6l

'Z 
L'I eurrrral'[ryq] yo yoord aql uro4 snohqo sr Burual aqJ

z:zL#a+nunL
'1 ) L fi'.t'aaa

ro{ 7Drl? qtns z lo n pooq.toqq1zau D s?sLra araq? H ) z ?uLod fruo .tog .I.7.I euruoT

'aceds gropsnell B lIrls sr slql '(Z Z I eurural pu€ 2.9.I
ure:oaq1) [ryq] .{g .{3o1odo1 luerlonb aq} ruU pue d3o1odo1 uerpr1Dng aql 14 a,rr8 a16

aceJrns uu€urarll e se l/\J I.v.I

'lceduroc 
1T a{"u ol sdsna peipr slurod;o req

-unu alruU € pp" ueql pu" 't 
U ol ec"Jrns uu"uerg Jo arnpnrls e a.r.r8 lsrg IITrd a A

'JX uo sl"rluaragrp-b d1a:aur aq ot lno urnl IIT.&I J JoJ srrrJoJ
ftFpoItr :J roJ sruroJ Jelnpour qllr\a palcauuor .,{ialeurlur oq IIr&! q)rq^r JX eceJrns
uueuat1l lceduoc e augop flrnd e16 'dno:8 repportr acueu8uoc e og. (Z)27 S d ) J laT

dno.r8qns aJuanJ8uoJ €Jo aceJJns uueurar?I aql V.I



o

.lru ol l/U Jo arnlruls areJrns uuEruaru eql pualxe ,$ou aM
'xapur elrug Jo J Jo sdnorSqns 01 J tuoq ra^o sarJrEt ,,])€dulo) sr

.g\9,, dlrado:d aqt Z 6I drelloror '[Ut] rq pu€ ,e.I.t rua:oaq1,[16] dq srql .uou1 a.ra.
@)zlS: J roJ ecurs lceduror sr lr pu" ,1./.I eruural,lltr i] fq gropsneq sr areds srq;

atnds [.topsnnq qtnduoc o s? ./d\J .g.t.I ruaroaqJ
'lr\J utqt a:otu slurod Jo raqunu alrug e .{1uo seq

-4\.1 aeeds .rau rno acueH olrtrg q ({oo} n fo)\.1 aeuaq pue (V)IIS ur xepur a}rug

" 
s€q lI'dnor8 relnpou acuan.r8uol e sr J aJurs .4\.1 aceds aql reprsuoc ^\ou aM

'0 < i l"ar 11e roy {z} n{7 < (so)tut : H) s}
slas aql spooqroqq8rau ;o rualsds I"luau€prrnJ aql se a{€} pue oo : z, l"q? qrns
(Z)rlS = , e{"} a,r 1oo} n O ) z roC 11 ;o d8olodol aq} ur se ua1s.,{s pooq:oq
-r{drou l"?uaurepunJ eql a{€l ar H ) z rod :s.4^olloJ se *// uo d8olodol e augap a14

'11uap-trnba-(Z)z?S' a.r" slurod pappe aql II€ ?Eq1 alou)

{-}nOoH:_H

aueld-;1eq .raddn aql Jo uorsuolxa u" augap sn lal ?srrd .sdsnl
pallec sturod Jo raqrunu alrug e Buqrpe .{q }l {Jrlredruoc aL1 .lreduor 1ou sr 4\.1

sdsnr Jo uolllppv Z.V.I

'n ) zA o."(zd) : ((z))L)"1

pu€ ,(i?).]/ : "/t augap uer a,4d. pue

o',? = ?\,("'r) = ir\"r - (i?)r\J

srusrqd:oruoauroq a^"q a,^a aroJoq s€ uar{J .,yr d : ? augap pue n - 'X 
r d

t€q1 qcns q8noue leurs .r, 1cr4 {"r, > l"i , O ) z} : 'y auUaCI .aroJaq s" , a{"1 a1V\
'o,rl -'l f .,{q

>l = >r\a('"J)
srqd:oruoaruoq ue sa,lr8 srqa

'{t - *e > { t 0 : fr} sla8ue ur suorl?loJ;o dnor8 oqt sr tl urdrodql sJ.zre,rqJs
dq af,uoq '0 saxg pu" y uo ,{11n;q1re; slce qrrq.^A dno:F cgcfc elrug e sr ,(0"1)

.g : ozd
pue'{I > lzl : O ) ,} : N: Hd IE1I qcns (g)z7g 3 d auros slsrxa araqt.roN



OI

o.J:rLcalnvnL

3ur.,{gsrles *H u\ oz Jo pooqroq
-q8rau e s7 araq.la. (p)r ur:o; aq};o s.{u,r1e s D lo "A pooq:oqq8rau aq? }€q} IIeraU

'rXf(oz)r:DIa.I

qn u',1 I rA (r)ed, : {x)-(,3-)(jr)'9
+y

luql r{rns {"@} roor1r.,,,; pp" ol qsr,4a a,la.4 oN JX uo

"x>"{("1'"n)} s:alaure:ud I€Jol Jo s"ll€ u? uorl)as snor^ord aq} ur paugap a^Eq a \
'Jy uo Irn FrluoraJrp-zlr u" ?r ol qJelte Ileqs aM

(Z > *) 11rZ: :l lq8ra,r Jo rxroJ relnpou crqdroruolnr ue aq / 1a.I rX uo spllua
-:agrp crqd:oruoloq su J JoJ sru.roJ J€lnpotu;o uorlrla:d:a1ur ue a,lr8 a,t 'pasruo:d sy

SIeI}
-uoraJrp pue surroJ relnpour uaa.&\laq uorlcauuoc aql g'v'I

'1 
{o ato{lns uunu"

-a?21 aql tx nDr puD rl nq H\t atn!.tns uuntuazy aql alouap a,M 'L'V'I uorlruga6l

__:*d - (zo)rit: ((.)r)"+

pue (14)-u:"1 rugrp rroJaroqt aA\ (0: (m),y' augap fltpqdrur
ar,r) e a:(z\nio' " a = J dJdu./{'t/ JSID dul or lrud:ourooutou sr rds lspt du I ' r'rr ' r'rz-

({-} n {i < (z)u.rz, r})\{Z I ut J (,/L ? )} = .a "\,_"0'J, = .,tr4\o'J - (14),/\J

uaqtr euulal oql ur se 14 pu€ I rq ol€l eM
6 :0zo t"qt qcns (Z)rl S >, a{"} 0.4.. dsnr e aq (oz)tL: n p1

'(q z I dre[o:oc '[ryq] uoq s.,r,ro11o;1:ed puocas
aql pue Z '1rB '? 9 I uaroarll 'lrytr] ur punog eq u"r Eurrual aq1 ;o lred 1s:g aqa)

AfuufulLalz:zL

uaqy'{z} a{1 < Qo)ur: H) s}: AypuD r7 < 7 {t,'laaoalou

{z = *l (,L ? ) +} : {r+} . r,o" Jo

lDUl Urns Z)q> 0 sls?,ra araq! ueUJ c).:zt?DrllWns (Z)27 S ) o
puo {a} nO f z 'dno.t6lnppotu acuant|uo:t D aq (Z)zI S - JpI 

'g'?'I Errrurorl

\



II

d-'"o3: Ge)(tetl!)

?uaudola^ap * 
"^Jo "^ 

'urroJ r€lnpour Jrqdrourorar[ e sr / a)urs
oz W (z)y o o? Jo uorlrunJ arqdrouroloq e sr (zo)(11, "ll/) 1"q1 a.r.o:d o1 srrcurar U

--((2)x o Di)( zr)('tr "ll/)r : - -((z)r " "tl * t 
ri!, 

ltz) !.,t -- ( z )r o'a

/ r,,-\ _ r in/:I
ue1+ ui \lacl - , +Ltu

zpu ' l.\\' ^n4 L
, -1.)!v +--

\zo)p !)12

(z) 6 :,_(z),1 *ie#-" ne) 
(z) !,"_(z),1 :

zp
((z))L o "t)p

aJuJq

{z > _ (rr_?)+} : {rT}.,_ro,J,

pu" (oo - ozo'(Z)ZIS l, araq,r 
oi*a: 

(z)u.o"11eq1 lecag /oo"i;,

'o 7n tttqd"tozuo-tau sr. "Q '8'?'I urlelC

{r} \ ]4 uo Dp uor}ctrnJ lrqdroruo:aru € saugap
af,uaq pu€ luerre.tur-L sr 61eq1 uru8e 1a3 aa -_((GF",rtpZ)(r){ - (z)f uorlenba erues
eql fq (H ur sr tos sFIt) {02} \ p uo (z)d augap tsrg e,11 dsne € sr D }€q? ,trou eunssv

'sr 6 acurs 'rrqdroruo:aru sr "@
uorlrugap lg (z)6 : (z):t o'O SurdJsrl"s "A no "Q uorlrunJ e s?srxa araql aroJararlJ

c-7I;
/ t"'1t \/-/\. /^,\t

l,u-\ zp I\

((z)LdLa"1)P

(rrqdrouolne-; sr / pue v: L o st arurs) ueq;

,zp
*-t (t€ln oW)\z)J 

: \z)D

,{q 12 uo (z)d uorlrun;
e ([1111] 8urno11og) augep a.n dsnc e 1ou sr r 'sr ]eqt 'H ) oz Wqt eurns$ ]srg a A

({*i n {7 < z t"ur, : z} w (u + z <4 z) suor}"lsu"r} ra8alur ;o dno:8 e se slce 0".1

uorle8nfuoc rage uaq] dsnc e sr ?r Jr pue 'iy rslp aruos uo suotlelor Jo dno:3 e se slre
0'.1 uorle8nluor alqe]rns e JalJ" uaq] erldqla sr 1r 7r 

'1er.tr:1 sr srql 'freurpro sr oz ]r arurs)

t1 :DL+o'J)L
a^€q osls aM, l"ql elou



ZI

(!)"'-'p"o= : ({)"o
l-

au{ap am 'dsnJ D ?ou sx D tI
:smopol so (l)"o au{ap a14 ''ty 1 (oz)tt: n

'7.tot uL,7 : tl lrl6r,an lo u,t.t ot rDlnpour cztld.t ou,t o.tau.t o aq ! 7a7 '6'7'I uorlruUaq

(L)rg pue (l)xW lo suorsuaurp aql el"lncl"t
ol uaroaql qcog-uueuery eql pu" ln ,= { ecuapuodsa:roc eql 'JX asn .y!ou a A

suorsuarurp Jo uor+EIncIEc v'v'I

'1q8re,,u ua,ta i{ue ;o
sruJoJ J"lnpou crqd:orno:eur lsrxe sde.rle oJaql leql 1e3 a.,v' ursrqdrourosr arroqe aq1 dg

'6mlm:6ln (zq (r? slq8ra { Jo surroJ Jelnpou
ctqd:oruo:aur 6'{ tol sagsrl€s }r 'arouuaq?Jnd JX uo sl"rlueJagrp-ui, crqdroruo:aur
pu" J roJ luz : q lqSra^r Jo srrrJoJ J"lnpou crqd:oifio:aur uaa,4^laq saceds :o1Ca.r 3o
urstqd:oruost ue sr (/rn *: /) fe{f (Ot a '[Uru] eas) 1no surnl tI (f1sea palceqc aq
ue) (r)s@ : (r),-(:#)(r)"P uorlrpuoc aqt) /rn prlue:agrp-u; u€ paugap snql a^"q aIA

s.rorror rrnsel eqr qu- ; :^fi:Tff;#;':,Hr::
J:u J=u J=u

", 
F--7 

". 
r---7 ^. f---7

p ) tt 2"D ( : N a-D ( : tt )"D (
2tt.4 \ut.!z \---\ G+"t;;q !--\ 

"t"z 
!-l

@

te8 e,tr

",4---7
---LauD.<:(2)d zltlz \-.l

oo
ecurs

Q+")a:Gi)p:p1d

t€q1 oas e.r t.-"J|y' : d lnd a.r g h-"Jl;' : (i ?) I r'-a1y e / :'1"( { ? ),-"11;
atrcy1 ((g)27 gd Jo luaurala ue se ([ ! ) 1e 3ur-4oo1 dq u8rs 4 eq1 arou8r a,r 'acueru
-a,ruor ro;) J I ,({!)r-o arreq a,1a putq raqlo aq} uO 'lJ 

I q r*qt acnpap aA

{Z=*l(oL?)+} - r-oo"tro: 
€(,-o.1o)l (i ?)

aJuaq
'oo: m(,1 9) 

'po=q roqlo aqt uO r_rJ, I (;9)o^"q a.la. relncrlred rI 'voJo

11 (ru)f '(Z)rlS > (ru)l eculs pue 'J r (11)J a^pq oIA 'J 
Jo le^el eql st rV araq^ri.l '1

I



TI

I=a

(."s 3 - l(o{)oppDt = (iqs'a
1

(l(ol)oppDt = (,irw 'r

SACDd,S
.t o7caa lo su,tstqd,Jor.uosx aaDq en uaql .(ut.to! o lpns s?sxm sfiom1o atat11 ?oU? uaas anDq
an) tr.tol tu7: t1 7r16zan lo rtr.r.o! rDlnpout tzqdl out otaru o aq o{ Ia7 .II.Z.I euureT

'r raqrtrnu lear e Jo ped ler8alur aql salouep [c] a:aq7q

r- , F-=
Dt"rjl : lpl

augap arr O I (f6)o26. ) o"" k: p rod
.dsnc n fl D ueqm 0: j au{ap an pul ,rX 

lo snua6 at4 sr 6 a.nqm

d . r___7 Z, ,
(; - t). ( i + fi - 6bt : ((flalp)6ep

4

"11 
- 17 ^9, * (tn)arp: (!lazp T -{

aaDq an (g'g'6 ual oaqq,[r,71]) .0[.7.I uraroaql

:uoroaql 3ulu,o11o; oql ul pazrraurulns sr (/r'?)"o pue (rf)"a ueaaleq uort"lar eqtr
O A (JX)olO (e.r (JX 

Jo sturod
aq1 dq palereua8 appour$ aoq aqt Jo tueurala re se (!)n1p preBa: aL1 :rpo"*-n,
Jo requnu altug e dpo surcluoc (l)opp lo uorlmgap aql ur runs oq? l"ql oloN

Jxf"
r ^'- l-

D(J ) "rt, I _ (t)a?p

sn { lo loetatp aqy au{ap a114
.J: (t)"a au{ap puo

J=u ,L-u
- ,. -'7

u\lz))Lo "t)-0 
I 

-- _J_a"D l: (zo)('tr-,ll/)

aoy"o"p 't.io uo1,79u{ap ,ri u, * o?,t1,o aqo1 am ,dsnc o sr, o {1



VI

'r-1+f:((1)r5)zzppue
6 : ((illry)utzp eleq e.& tZ: rt rol teql sluarunSre relturs .{q uaoqs aq usr lI

t + ((ilts)1lttP : (fi)z w)*?P

_ I=x

?(I - :)+ t(: - l:]]7+ (r - n)(1 - s): (Q)\iupp
S I ry'?

uaqq '1{o sdsnc {o raqunu aql t puD rrx uo syur,od tpgd147a {o
srepro eq+ snua6 aqy aq 6 7a1 'tr 

< q uaae uD ro4 .SI.V.I ruaroar{I

-1a3 airt 's1ce; aq1 1e dn Sururruns 'aro;a:aq1 pue

z- 6z < (^s3 - le!)nlpl)6ap < (l(o{)azpl)oap
1

a.r.eq sfe.ra.1e e.,\\ f < ry roJ teqt (OS A'lU^{]) tno surnl lI
'r+6-(p)6ap:(p)t*tp

uaql Z - 67, < (p)6ap qcrq.{. roJ rosr^rp e sr p JI :uraroaql q)og-uueruelg eql Jo
.f,:rloroc Suriirollo; eq1 asn on '(J)oS pon (ilW lo suorsueurp aql pug ,rou uec eM

'IDuoxsueuxp-alzu{ sfiom1n s? (J)"tW '71'7'1 f.re11o"ro3

! (gS a '[m] aas) f1:egurs pa.tord sr ped puocas eq;

(l(ol)o'tpl)t : {o ? (01)npp + @)app So s: QlFx)x ) Q} =

{o < (o!)o1p + ({)otp ro 0: ! 'oV > lll} =

{o < (01)atp + (l)opp ro 0: I '0Y ) !10! {} :

{o 7 (l)o'P ro 0 : I'qY > {ll} : 6.)'w
,!fON

'oV ) 
! rol (o)at'P: (!)atP'(.tY)Y 3 tn

pue '0'. = (rX) )I oa"q a,lA uaql 'JX uo suortrunJ rrqdrouroraur 3o plag aqt ("X)y Xq
puts J JoJ ry lq8rarvr;o surroJ relnpou crqd:ouro:arn;o aceds eql ry}/ . q alouaq '!oo.t4

. . f^ ^.1-^- ^.t. ^,6 1^ r.. tI^ . 'JJU sustlr aql dru 'q Lq eJeqAL



,blu)sozvys - r: G\sE

.b(uYo3;rz + r: (z)vs
a:e saldurexa ?sJg aql

r=u t-

.b(u)r,re3# _ 1 : 121t9\7 
)!! : 

e),rs

sarras uralsuasrg pazqeurou paller-os aq1 1aB o1 (rtDZ fq jr, apr^rp aM

.lP o-ry 'rp3: (u)ro puo 
*tA 3 

: \:" uotsuod.ta

.to1fl.o1 aq\ ftq uaaz6 atn (s.t"aqtunu ft,ynouta g aq?) 1g ,r_" 
Z : (l)) a.ra1&

\uDruJt rD 
- (; - I)(+))z - (z)r9

m 
'lG

s? ,rD 
lo uozsundra_b aqtr .g

lZ)zl S .tot t1 7t16zan .tol u,t.to! .to1npou1 D sz yD .6

Hlo
Tasqns pndul oc fi,-taaa uo fi1zu"tolzun ,7ua6-tanuoc 

eaTn1osqn s2 't p -to{ ,"r"r, iitr .y

(7y7-66y aa,[oy]) .I.q.I uraroaqJ

e+g'z)@*u,ot : e)te

H ) z to! augop aM .:a8alur ua,ta ue aq , < ry 1a.l

,aJeJurod pall"c uorlrulsuoc leraua8 aJorrr € Jo asec :e1ncr1:ed e aJ? saTras ,r"ff:::;
'.{:oaq1 raqrunu

.{-reluaurala Jo suoT}cunJ cr}euqlrJB Jo saniE^ aJ€ s}uarrgaoc uorsuedxa_b Jraql aJurs 'droaql raqurnu pue suroJ Jelnpou uaandtaq uorlJeuuoc ;o aldurexa lsrg eq1 sn a.or8
daq; sarras urelsuesrg pall.c (V)27 g roJ srrrJoJ r"lnpour ltnrlsuoJ e.4 uorlras srql uJ

sarJos urolsuasru q.I



9I

's((zz)tt(z)tt) : s1

,(q paleraua8 sr pue l"uorsueurp-auo q ((Z)0J)8S (OS-Of'dd'[qS]) 
"rq,f,

711zrtta : vzltb'.tuza: b eJeq.d

I-u

Gn - DIJ,zrJ: P)tt'

'acrds srql aqrlcsap ", ft,l"r:rTth}
< ((Z)0,f)qS ?L?p qcrqia roJ ry tq8re.l.r. ptururu oql sr g 'sdsnc o.u1 seq k)\Du,u,DDX acurs ,acua11

C : ((z)o,t)8Zy uzp prv .z
: ((z)o.t)nru u?p,z: (((z)o.lrW u?p,r : ((z)oi"W ulzp pB alrr tr.r.r rnaroaql Burs11

(Z)oJ ;oJ srrrroJ relnpotrN g'T

'u.4aou{ sr 1r ;o ;oord dreluaruala
ou 1nq 'suorlrun; ,{:eluaurala .rt1uo sa,Lloriur }r asn")aq ,3ur1r:1s alrnb sr.{1r1uapr srq;

I =ru

(uL - u)tD(u-L)to f ozr + (u)to : (t1)Le
I-u

1eB a,la. ,D Jo sluarrgaoc
aq1 Surreduroc ,{q acuaq pu" '8g : zr7 IE1I uorsuedxe-b aql ur pueururns }u€lsuoc
aq1 8ur:eduoc ,tq 1eB pue (OO a'[m] aes ' g1'7 1 ruaroaqt Sursn lq 1aB a.u qcrq,ra)
I: ((dz7 S)BW ut?p wql lc"J eql asn a,lt 'sauas uralsuosrg Jo uorlecqdde raqlou" sV

T ,bzsz* "bvz- 
n: n!!- : elv za e€

,(Z)zI S ro; 61 lq8ra,ra. go urro; dsnc e lrnrlsuor sn 1e1 ,eldruexa rog
'srtrJoJ r"Inpou a:oru {uern rtrJo} u"c ar'r, Z.t.I urr"lD pue serJes ura}suasrg aq1 Bulsn

-, .^- l-

"b(u)Eto 3rZ 
- 1: Q)vtg

- TAO
,b( u)r te'

s ozqqg

.b(u)6o\nsz - r: (z)or7

,b(u)1o30ffi + r: (z)ss



LI

vA pun z, uz lozu.toufi|od n so ti\anbzun
uaryxrm aq uoc ((7)o 1)t 1,11 u7. tu"t,ol nraag 'Z. s1 uaaa fl,.t aaa .tog .I.g.I uaroaqtr

7'E 
- 

,zTv 
- hg 

zzgg : 8{9Lg

,{q 8/ ssaJdxa uec a^r aJoH
',fl 

,zg' rzg' rt, :((6)0.1)s7,1 :og o

sg:tqzgt- 
tzgv

dlrluapr eq1 1eF
e.aa. suorsuedxa-b;o uost:eduror dg 9!r sauas uralsuasrg aql aJeql a^€q osl€ aM

.bgzg ' 
tzg :((6)01)s7y rog o

',{lrugur 
1e suorsuedxe-b rraql

;o uotlaadsut .{q luapuadapur are .{aql t"q} .aou{ aM ig'r"E ,((Z)oJ)uW ,og .

,((Z)oJ)olt, qr"a ot srseq e a,tr3 o1 ((@)rl S)rW Surpuods
-aJJoJ aql ur are qcrq.n) " 'sE'rg serJas uralsuesrg freurpro aql p[" z!, asn ,4aou a A

-lP
(z)lil2W ur sr 'ppo sr LL uaq,l.r 0 q (*)r, pur ,1p 3 : (z)rr 616qa.

r |-u

-b((i),"2 - (u)to) fvz + r : (')zs

uortrrrnJ aqt .I"ql taB pup
(Z z'ltlt]) ur peqlrlsap 7 : :y lq8rairr. Jo sarras ure?suasrg Jo uor]cnr]suor aqt esn ar$

,((Z)0 i"W :o; :o1e:aua8 p a,rr8 .trou Iila e,,1A

/ --_,\ / o" _-,\
'''Tubgs- 

,b8z+"b8-b: (r,*,r,,6,(r-) 3 I l-n",,,,u,(r-) 3 lu:,,rltt
s\ - / n\ & /

aJurqlA

'( + nrr - rrb - rb + sb + zb - b - r)vz/tb : 
t**b.(t. )Z u"trb : (")t"

'(ggg ura:oaq1'[611] aas) ralng Jo dlrluapr ue fg



8I

g : ,1"'-l 1"r"--,

1eB an jg .{q Surpr,rrp uodn

'tu :a8atur a.Lr.;rsod .,{ue ro;
q uaae

1eq1 1aB errl'; dno:8 relnporu acuan:Suoc.,{ue rog 1ra:rp sl (J)?t/ f, uns aq} aculs
.e1lug

sT Iuns aql uT spu€ruruns orezuou Jo Jeqrtrnu oql pue ,oJaz oJ? {'ro aq? IIe }ou eJoqj\d.

0:Igfuttof

al€q aa\ ueql 'lou;1 anbrun sr uorleluesardal srql 1"ql .&ou a^oJd sn loT
'rorl)Ip"rluoc € sr r{rrq,r 't > ((d0J)8W u,t'lp

1eB ppo.ra. a.& '((Z)0J)8S 
l?uorsuaurp-auo aql sl uorl"ruroJsu€rl srql Jo laura{ aql

aruls 'a)uaq pue o1!\l ueqt ralleuis eq plno^\ (((*)/,(O)/) .-, /) rq (Z)ol)tW So
a8€urr aql Jo uorsuaurp aq1 'reln8a: 

lou aJe.t\ xrrl"ru a oqe aql ]r pu€ ,(k)o,l)BW

uBds 8J' qtr,ra raqleSol 'o,ral osaql t€ql uaes a^"q o.r !],r[J .zbg : z! ( 
zzTrg : V roJ

:t1n8ar sr xrrleu a oq" aql 1"ql i.loqs ot diuo a.teq aN\ ,((Z)IIS :oj uro; r"lnpotu
e sl tA) I : (0)t? : (-)? $uS '_Lzqzlg pue zzTvT are srtrroJ o,tAt qrns

re1n8a: ., (ls]ff [:]:i) zt 'r{ JoI uor}rpuoc }uarJgns e '1eura4

reeu{ e q (((oo)/'(0)/) <- /) acurg '[? t, 
J1; ;o uorsuedxa - b aq1 urluourola luelsuo, eql aq o? (O)/ p"e ,f yo uorsuedxa

- b eq1 ur ?uatuela luetsuoc aqt aq ot (oo)rf augap a^ ((Z)o,f){nl ug ,f urro; , uy rog
'aJ€osqns ltrarlonD aql

ueds pue rg(zg n\ qeiurouflod arts qf,rqlr z/,V surloJ arorrr ora+ pug ol surcmar lI
tI t I ueroaql dq '6 sr uorsuaurrp-o) slT pua tftgtzg ur qerruoudlod (srsaq1od.,tr1

uortcnpur aq1 dq) a:r stuoruole stl .((Z)0J)8-{n/. 8J' ecedsqns r€aurT eql le {ool aM
'slqJrJA Jall"rus

roJ anrl sr tnarooq? eq? teql pue ((Z)oJ){ru 3 / 
,Of < ry teq} asoddns -g,g,V,Z

: ry roJ rrrrBlc Jno per\o:d dpeaqe o^Brl e a .ry uo uorlcnpur .,{q enSte a64 -{oo.t4

,,rt lz

3

lv+.2,

3 o:\s\fl,to

xIJleIn aqt leql sr aJ"ds luarlonb aq1 ueds o1
str ut $ ((Z)0.I)8-r,ft. 8J' pue uorl"rnroJsu€rl



6I

nlart: nlaJ^l: n?D^|: .4?Da: zl

'Jaqlo qJ€o ltosJelur lou op pue uado eJe ntD aqI ecurs anJ?

l)?on: (nooo)lug : (2tnn)yup : z2

a)uaH
st flqenba tsPI aql

al"q a^\ (zg)9u1.: z2 tog

JIL u>ttr JIL

1'rtO: ,rtoL ) ll : ry "tl"tttl
uaql

'inna,: 
?tasa16 roJ O : (Z)rtS +nqlos(Z)IIS )uD' ''rlo sa.rrleluasa:da: e1e1

u") aM 'co > [l , (Z)zl S) e]urs uaq] 'dnor8 relnpou ecuanr8uol e eq 1qa1 !oo.t4

uxDutop lDluaunpunl o sotl dno.t 6 ln1npout acuan.t|uoc fiuV 't.L.I d.re11o:ro3

(Z)rZ S "ol 
uxDruop lDJuaulnpun! o sz

{r i l.l p"r! t G)aa ) 9- , t+> z): .q
Lt

uot6a.t aq? (['I'lII uo'!,!zsodo.t d' [oX]) 
'z'Z't uraroaql

A - nu nL ,(IZ\J> L.tog .6

Jf ,L

rLO:H a

N:T T

:1,1, 1.to{ utourop lD?uauDpunl o g Un erl1 .l L.T uorlruga6l

.d 
Jo rorralur aql

eq , lal pve H Io lasqns pesop 
" 

aq Jr lel .dnor8 relnpour acuanr8uoc e aq J la.I

suretuoP Fluaurepur\f L.I

! slooJ Jo reqrrnu alrug e .,{1uo seq leruroudlod
oJezuou e seeJaq.r 'y ) z taqi* sanlea' Jo Jaqurnu alrugr u€ saurnsse e)uaq pu" // no

uoll)trnJ crqdrouoraur luelsuoJ-uou e st 4F 
'pa,tord arreq a.r se lng . 

,rt't"-*o-ft'

iernroudlod eql Jo toor e sl 1!+F 
,H ) z lll roJ ueqt 6 a:e f',o a^oqe aql IF tou JI



0z

'(,J){,9 ol (r)qs '(,.I)Vt ot (t)tw saqor tlol (q)
dno.t6 -mynpout acuan.t1uoc n s1, ,tr (o)

:enDq an J U DJr_D : ,tr 6ur,7gnd ,(b) jlC > 
" "ol

(,r)qS > { *O.rol 0 < < {'{ > .

'7

<6't>:<{'6>
(< 6'{ > 2:< 6c'l >)

puoras eq? u?, rDeurl-tJuD puo eIqDuDa pl{ aq? uz (A.taao) roeuq sL < , >

suoxJxpuor 6uzmoyo! aql sa{s4os < ' > 't

.(OqW ur, ro (J)ttW ur, 6 ,t -tapzsuot
an req?eqn lo Tuapuadaput st, < 6't > {o uozTtu{ap eq? uaq+ (,tr)ag uz sz 6,{
{o euo puo (,J)rW S 6'l +orll qcns dnot6 rDlnpou atuaru|uoc req+ouv s? ,JlI 

-6

' g {o acmqc aqy uo puadap you
saop enpa syt pun gua0laauoc fi1aynyosqo sr,7n-t6a1ut aaoqD aqJ ./ .I.g.I rrraroarll

'(fr9 + x: z a:aqrrr)

frprp

r | -- /-\7-^1

,fi(z)6(z){ | 
Lr' ' \4't" t5t :< 6'{ >

JT

ausop e A (.I)1S ui 6 'rf yo euo ts€ol ?e qtr.n (l)tW > 6 ,{
pu" 'J roJ uTerrrop leluauupunJ e eq d lal dno:3:eppour ecuan:3uol 

" 
oq J laT

'J 
Jo uorlce -ry aql rapun luErr€ ur aq ilLr qrq.& (J)qS

Jo slualllala pu? (J)V{ Jo sluoluale uaaaloq lcnpo:d r"lecs e augap a.!l uoT}cas srql uI

lsnpord rauur uossralad oqI g.T

D eiz oql Jo uorlrugop aq1 Suilcrpe:1uoC 'J ) 
,_!,oop + (J)Z > ,-lrort + (l)Z

) ?DLFla + A - nu 1)taLr-!a a 
"q 

plno.& a,rl '}ou 
Jr a)urs 0 : nlp Ll ntoL pae

u> !'?rr

ntaun?oL ) :zngzTL

a eq a,u. (.1)7\.1 > l, rog
'uorJeJeprsuoc aru€s aql dq enrl sr llqenba lsel aql



tz

'f1sno
-euelinrurs s,(z)"1 aq1 IIe roJ srolta^ua8ra are qJrq.r srrrroJ dsnc ssnrsrp .4..ou II"qs aM

g S IIA uorlcas '[ag] ur punoJ aq uet s;oo:d aq;

r < u puD d au,tt.t,d rot (b"d)JF,p + G+"d)J: ea)t@)t
1 : (u'uL.) ranauaUn (uu.)a: (")t@)t a

'a?nututor 
\u)t rW nV f 'g'6.1 uorlsodo.r4

':o1e:ado r?auq € sr (z); flsnor,tqg

'l@)a sz os uaqy u-r,.t ol dsnt n sz t fil1ouozytppo lt 
'(lqW = I@),t .2.6.I tulelC

P>9>0 P>9>0
?rp 0t u=pD't.o u-pD I?D

(z) te ;tl; 3 : (#^){, p 3 : Q)U(")t) .r.6.r uor}rusocr

'(r)qftl ) 
/ lal

'dnorB :elnporu aluanrFuol due
JoJ pr1€^ sr q)rq.^ uorlJnJlsuoJ leraua8 a:oru € sr araql q8noqlle ,1 ro; rgrtads aq 11,r
uorpugap rno (J)Vtl uo (u,).1 srole:ado reaur1Jo acuanbas olrugur u" augep II"qs arv

(z)zIS : J la{ a'ln uol}tes srq? uI

sroleJado a{JaH 6.7

'; 
;o sdsnt Jo roqumu aqt Eenba

slql 'tl'l 
I rueroaqt dq 'l 

? ry roJ (J)rS u1?p - Q)qW 1u?p : (J;qN u,Lp e^pq aM
ueqJ 'J ro; ry lq8ran Jo sorras trrolsuosrg 3o eceds rolra^ aql (,f)W Xq atouap a/A

'sal,res uxa?suas1.g uo (1)tg lo slueuap aq? nD o? lo1nttpuadlad sr. tlctqn (tr)'t7,y
ut u,t.to! fruo IIDJ en J dno.t6 .to1npoul acuant|uoc fi.totyzqto uD rol .t.g-I uor+rugo6l

.9.1 
7 flqenba pu€ 0I.g.Z ureroaql ,[14] uro4 s]lnsar 

"ruural 
aT{J

0:< {'lC > uaqJ .fr 
? q uaaa uo "to{ ((V)z1g)qs = t pI .2.8.I eururaT

(Z)"lS ueql raql€r sdno:8 :elnpour acuenrSuor
JoJ serJas uralsuesrg Jo uoryugep ?ceJlsqe ue sa:rdsur lcnpo:d Jepcs uossJelad oqtr

'LV'9V'9V'LI suorlrsodo:d ,111 :e1deqa,[oy] aas;oo:d aq1 rog

< lf"l16,,t"ll/ 2:< 6,{ > (t)



ZZ

I < u puD d, auz.td .t ot (.r__a1t r_rA a (*"d)t : Qa)t@)c
1: (u'tu) raftaueqn (uu.r,)c : (u)c(u,t)c

anoU am luaroeqt aaoqD aUl lo suozldtunsso aql rapun .9.6.1 d.re11oro3

-1aB e.ra. 9.6.1 uorlrsodo:d qll.{t raq}a8oJ,

'! . (")" : l@)t I < ?rA uaqt I: (t)c 7,tr17 aulnssl puD ,n@)cDf
: (z) { 'u,t.to!ua6.ta aqca11 D aq (J)qW ) { te1 (/.g.m uot1cas ,[ag]) .9.6.1 -""orql

'sru:o;ua8ra alraH Jo srseq e seq (f){S ,ry 
II" roJ }"ql

u.roqs oEe eq u€c !r lnq 'I : \ilqstupp uaq,tr suaddeq ,r(lsnor.tqo uouaurouaqd srq;

's,(u)aeqy po .to!
.toTcaaua5za ur: sz 7z tz u,t-t olua|n aqraH D s? (J)qW > { lorl+ fios all .V.6.1uorlrugag



Chapter 2

Congruences between Eisenstein
series and cusp forms

Let Bp be the,ktt Bernoulli- number ana ff the reduced fraction of f. In thrs
chapter we show (following [DG]) that ...iuir. 

"oog.,,.nces 
between the Eisenstein

series .81 and cusp forms hold mod. ,A,/a.

2.1 The case d im Sr tSLz&\)  -_  l
Def in i t i on  2 . I . 1 .  Le t  a ,&  e  e ,  1  <  N  €  Z .  We sau  tha t  a :  b (modN)  , i f  a_b  e
NZg11, i.e, zn the reduced fract.ion a - b : \. ,e houe (1V, d) : I anrt N'l n

For k :  16, 18, 20, 22,26 we have t l i ,nt  Sk(SLr(Z))  :  1
We then have the following

Theorem 2.1.2. For the ueights k listed aboue,, let f 1" d,enote the unique cusp Jormol wezght k normal'ized, so that its f,rst Fourzer coeffic,ient is 1 . Then

t)

f r - - j f ,E*modNu

Proof . We have
o t -  m

Er:t - 
f iL, 'o-,tn)o"' -  

n = l

We can f ind natural numbers f,s such that 4f* 6s: k. Define f _ En_ EqtEa",
then / is a cusp form of weight ft.

23



Since Ea, Eo have integer coefficients we have f : E1" (mod.1) (by this we mean that
/ - E* has integer coef8cients). Since di,m Sp(SLr(Z)): I, f is a multiple of /r. by
comparing the coefficient of q we get that / : (- ff + oS yn for some integer a. hence
f : (# * a)/r. Together we ger

D ,
E* =  ( f f  +  a ) f  r lmod 7)

,^/, N,_
- 

Oo"n 
: tt + cLfi)f* = fr(modN*)

Corollary 2.1.3. For k : 12 we haue the cusp form

n1"; :  i ,1n;q"
n=0

and (sznce r(1) : 1 and Np: 697) we get the congrue,nce

r(n) -  on(.n) mod 69I

first obserued by Ramanujan.

2.2 Congruences for fs(2)

We wish to find a congruence which is similar to Ramanujan,s congruence

r ( n ) :  o 1 ( n )  m o d 6 9 I

but pertains to some Mk(10(2)), by a method similar to the one used in [DG].

Lemma 2.2.1. Ea(z) and Ep(22) Jorm a basis to the space of Ezsenstein series in
Mk(ro(2))

Proof. E1(22) is in Mr(ls(2)) by [Ko],chapter 3,proposition 17.
Er(z) and Ep(22) are s.rely independent because the q-expansion coeficients
Ea(22) at infinity vanish for odd powers of q.

!
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I
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